7.2 Trigonometric Integrals
Integrals of Powers of Sine and Cosine

We begin by considering integrals in which the integrand is a power of sine, a power of cosine, or
a product of these.

Save a factor of sinz to create du:

m—1

m odd sin™ z cos” x = sin x cos™ x (sinx).
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m—1

Rewrite sin x usiyfg sin® z = 1 — cos? )

U = COS X, du = —sinx dx.

Save a factor of cosx to create du:

n odd sin™ z cos™ & = sin™ x cos" !  (cos x).

Rewrite cos™ 1 & usinhcn use

u = sinx, du = cosx dzx.

/ sin™ x cos" x dx

——
Y

If m and n are both even, reduce powers using

\

m,n even Then simplify and integrate term-by-term. A useful
identity is

sinx cosz = 5 sin(2z).

Idea: Try to create the derivative you want and then use identities to rewrite whatever is left.

e If you can save a factor of cosx, then u = sinx and you rewrite any remaining even powers

of cos x using cos? z = 1 — sin® .

e If you can save a factor of sinz, then © = cosz and you rewrite any remaining even powers

of sinx using sin? z = 1 — cos® z.
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Example. Find /
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Example. Find/sin4xdm. All even Qovers — vedoute wan:) hol§ —w-nlr.
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Integrals of Powers of Secant and Tangent

Now we consider integrals in which the integrand is a power of tangent, a power of secant, or a
product of these.

Save a factor of sec? z to create du:

v even - tan™ z sec” z = tan™ z sec™ 2z sec? z.
Use sec?z = 1 + tan®z to rewrite the remaining
sec™ 2z, then substitute.
Save a factor of secx tanz to create du:
‘ m odd t Ilm n —t nmfl n—1 ( tan )
/tanmxsecnxd:c . an™ x sec” x = ta T sec z (secrtanz).
‘ Use tan’z = sec?x — 1 to rewrite the remaining
tan™"! z, then substitute.
. 1, — 2
Need o know: l+den"% = set” %
. 1
J ‘ 1 = . . .
T$ 3° BU\‘ LY R+SnTR =) Harder case with no single standard trick. General
ideas: rewrite in terms of sinx and cosx
L™ ey L .
— == = ; ¢ sin
G C > anx = secr =
Cov% Ax cosxz’ cosx’

m even, n odd
[+ {—M’l* = se ka then tr}./ u=sinzoru = cqs z. Alt.ernatlvely, convert
everything to sec z and use integration by parts.

Idea: Try to create the derivative you want and then use identities to rewrite whatever is left.

e If you can save a factor of secztanz, then u = secz and you rewrite any remaining even
powers of tan x using tan? z = sec® x — 1.

e If you can save a factor of sec? z, then u = tan x and you rewrite any remaining even powers
of sec x using sec?z =1+ tan? .
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Example. Evaluate [ tan® x sec* z dz.
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Example. Find [ tan®fsec” 6 df.
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Remark. In some cases, the guidelines for integrating powers of tan x and sec x are not as straight-

forward. We may need to use trigonometric identities, integration by parts, or creative problem-
solving techniques. Two important integrals to remember for these cases are:

/tanxda: =In|secz|+C

and

/secxdm =In|secz + tanz| + C.

Example. Find [ tan3z dz.
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Example. Find [ sec® z dx.
W= Sec ¥ N = Ao x

du= Secx onx d% dv = sed x dn
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