7.1 Integration by Parts

Every differentiation rule has a corresponding integration rule. For instance, the Substitution Rule
for integration corresponds to the Chain Rule for differentiation. The rule that corresponds to the
Product Rule for differentiation is called integration by parts.

Theorem (Integration by Parts, Formula 1). If f and g are differentiable functions, then
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Proof.

1. Recall the Product Rule.
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2. Integrate both sides.
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3. Rearrange to isolate [ f(z)g'(z)dz.
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We usually omit “4+C” in the integration by parts formula, since any constants can be ab-
sorbed into one; when applying the formula, add a single “+C” to the final antiderivative.
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The formula for integration by parts is often written in the following form:

Theorem (Integration by Parts, Formula 2). Let v = f(x) and v = g(x) in the theorem
above. Then du = f'(x)dx and dv = ¢/(x) dx. We obtain:
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Choosing u and v. Integration by parts is most useful when differentiating one factor
simplifies it, while integrating the other factor is still doable. A common guideline is LIATE,
which ranks function types from “best choice for u” to “worst choice for u”:
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L (In, logs) > I (inverse trig) > A (algebraic / polynomials) > T (trig) > E (exponential).

In a product [ f(z)g(x)dz, pick u to be the factor that appears earliest in LIATE (so u
gets simpler when differentiated). The remaining factor becomes dv, so that v = [dv is
something you can actually compute.
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Question. In the above example, what would have happened if we had instead chosen v = sinz
and dv = x dx?
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Example. Evaluate / 22 Inzdx.
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Example. Evaluate / In x dx.
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Example. Find / t2et dt.
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Definite Integration by Parts

If we combine the formula for integration by parts with the Evaluation Theorem, we can evaluate
definite integrals by parts:

Theorem (Definite Integration by Parts).
u d\l w-vo b V. dw
[ @ - [f@s@)]. - [ F@o@d
1 -
Example. Calculate/ tan~! (z) d. U = Foa (0D Vv = K
0
d = “ d\l"— d
w | +w? A* *
U dv V- duw
L %
O S Yo' (YA = ‘\un"(%\ “A — ‘[ dv
o o

@ [‘l‘an"(.x\.x}:’ = tan (D)) - Yan'(e) O = 1;

O Com‘au\-o, 5 \ dx. led u= 1+ %" Then du= 2%-dn when x=0, u=)
+‘f\ \
> ‘37—2-du= ® an Whea % =), =2
wW=12
X =\
R ) | =22
— . - - A AN
s dv = J " Sduw = [ 5 ‘A(IMI)]W, = z\n(z}
X0 - -

@ Ta fotad, Slhn“bo dx = %— 2 a(2)
[9)



