
5.5 The Substitution Rule

Theorem. Let u = g(x) be di!erentiable on an interval and suppose f is continuous on the
range of g. Then ∫

f(g(x)) g→(x) dx =

∫
f(u) du.

In particular, if you see an integrand that looks like f(g(x)) · g→(x) , you can simplify the
integral by making the substitution

u = g(x) and du = g→(x) dx.

Note: the symbols dx and du are called di!erentials. For a deeper discussion of di!erentials,
see Section 3.10.

Example. Find

∫
x3 cos(x4 + 2) dx.

1

-> Reverse the chain rule

Let n = x "+2
.
then du = 4x3dx = Xdx = Yd

HenceJ xcos(x*+ 2) dx = (cos(u) . Yode

= [sin(u) + C

=

I sin (x+
+2) + C



Example. Find

∫
x→

1↑ 4x2
dx.

Example. Calculate

∫
tanx dx.

2

Let u = 1-4x2
.

Then du = -8x . dx = X . dx =
-Edu

↓ x = ) : -du = -) d

=-5 . Judu

=

- . 2n
+ C

=

-yu + c

=

- -(1 -4x2)"2+ C

Write Stanxdx as Sid

Let u = cosX => du = -sinX . dx

=> - du = sinx . dx

Hence Stanxdx = Six sinxdx = St-du
=-S du

== In)ul + C

== In (0x) +



Example. Calculate

∫
e5x dx.

Example. Calculate

∫
e1/x

x2
dx.

3

Let u = 5X
.

Then du = 5dx = dx = Ide

Je
**

dx = Je"Edu = /edu = Ye + c

= -ex + c

Let u = 5 .

Then du = -- dxE-du= d

Jedx = Je-du = -Jedn =+

=

- ex
+ C



Example. Calculate

∫
x
→
x↑ 1 dx

Example. Calculate

∫
x5

√
1 + x2 dx.

4

Let u = X- 1 .
Then du = dX

Have an extra x factor. Note : X = u+

Jxdx = f(u +1) . Judu

= /n + ukdu

=I

= -(x-15 + E(x-1 + c

= (x . x .N+ x2dx

Letu= 1 + X? Then du = 2x . dy => X . dx = Edu

Have an extra X" factor. Note : x" = (x2)" = (n-1)2

Sxs . Nx2dx = J(u-12 En . Edu

= )(u"-2u+1) . Fu du

= 2)uSk - 243
+ u du

= ! (Ent - 2 . Eu + z) + C

= =(1 +x2)72 - -(1 + x4)
*

+ 5) +x2) + C



Theorem (The Substitution Rule for Definite Integrals). Let u = g(x) be di!erentiable on
[a, b] and assume g→ is continuous on [a, b]. If f is continuous on the range of g, then

∫ b

a
f(g(x)) g→(x) dx =

∫ g(b)

g(a)
f(u) du.

How to use it. Set u = g(x), so du = g→(x) dx, and change the bounds :

x = a ↓ u = g(a), x = b ↓ u = g(b).

Then rewrite the entire integral in u-language and evaluate.

Example. Evaluate

∫ 4

0

→
2x+ 1 dx.

5

Let u = 2x + 1
.

Then du = 2dx + dx = Ide

Change bands :

When X = 0 : u = 2 . 0 + 1 = 1

When x = 4 : n = 2 . 4 + 1 = 9

X = 4

J dx = ) w . Edu = [5 . zu312]"
= 9

X= 0
i u = 1

= (32]u

=. q_t . Pl=

O O

These areas are the same !



Example. Evaluate

∫ 2

0
xex

2
dx.

Example. Calculate

∫ e

1

lnx

x
dx.

6

Let u = X2
.

Then du = 2x . dx EX . dx = Ede

When X =0 : u= 0

when X = 2 : u = 4

X= 2 u= 4

I X . edx = edu=
X = 0

= je" - tea

= e

Note : For definite integrals,
we don't need to back-substitute

,
we just

get a final answer.

Let u= In(X)
.

Then du=* dx

When X = 1 : u = In(1) = 0

when X = e : n = In(e) = 1

X = e

(dx- d =( =
X= 1


