5.5 The Substitution Rule — Reverse the chain wle

Theorem. Let u = g(z) be differentiable on an interval and suppose f is continuous on the
range of g. Then

[r6nd@r = [ s

In particular, if you see an integrand that looks like f(g(x)) - ¢'(z) , you can simplify the
integral by making the substitution

u=g(x) and du = ¢'(x) du.

Note: the symbols dx and du are called differentials. For a deeper discussion of differentials,
see Section 3.10.

Example. Find /x?’ cos(z? + 2) du.

Let u=xl2. Then du=4ddx =

Heace j % cos (x¥42) dx = Jﬁoﬁ(u}- —',_Telu

= %\ sin(w) + C
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Example. Find /— dz.
P V1 —4x?

let w= 1-Yy*

Then A\A:'?x-dy\ S %.dx = -1 dw
X (
A% = S —_— - Ldk 3 -_‘_ “'
‘[ \-4> = g ? S Ju v
= -1 -
7l
= -\ )
§ 2u't C
= R | "7_
q u +C
= - (i)
o imd + C
Example. Calculate / tanzx dz.
“Write  Jtanxdx as JSM* dx
cosx
B - sinx-dx
= -dw = siax.dx
"Hence  [4anx d _j‘__ : |
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Example. Calculate / e da.

let w=5x. Then du =Sdx = dJdx = +du

S
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K = C"SA\L'SseA\k—‘S'C + C
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Example. Calculate / 2 dx.

L&“‘ w= —\): . Then du= --;z""d‘/\ > -du = #_dx
e\)* 3 R w w "
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Example. Calculate / zvVr — ldx
Let u=%-1. Then du = dx

Hove an extma % e, Note: X=Wx |\

jx\)x_-\ dv = S(UHB-R du
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Example. Calculate /1‘5\/1 +22dx. = j %q- X- \l L+ w2 dx

£

Let u=1+x"  Then duz 2¢ dy = X-dy =

dw
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Have an extm Y factor. Note: Yo (x*) = N
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j X Jiaxr dn = j(u-ql.ﬂ. 1du
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Theorem (The Substitution Rule for Definite Integrals). Let u = g(x) be differentiable on
[a,b] and assume ¢’ is continuous on [a,b]. If f is continuous on the range of g, then

b g(b)
/ flg(@) ¢'(z) de = / F(u) du.
@ g(a)

How to use it. Set u = g(x), so du = ¢'(z) dz, and change the bounds:
r=a = u=g(a), xr=0b = u=g().

Then rewrite the entire integral in u-language and evaluate.
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Example. Evaluate / V2z + 1 dz.
0

Let uz=2%4\. Thea du =284 = dy = T du
Chomze, Lounds

When x=0 : W=20+\| =
When x=Y :
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Example. Evaluate / ze® da.
0

le¥ w=x* Thea du=2x-dx = x.ax = +d

When w=o: w= o
when X=2:
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= w=Y

T
j x-et dx = j et T
x= w=9
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Note: For delnle \n’«zﬂmlg we dbn'} need 10 buck - &bs%»l—u\-g_ we Pt
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Example. Calculate / e dx.
1 X

Let w= In(x)., Thea du-= —;' dx
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when X=e . \Lt\nLQX:l
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