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2.8 - The Derivative Function

1. This is the difference quotient for f(z) = Inz.

2.

ron cos(x + h) —cosx
g) = h=0 h

3. This is the derivative of sinz at © = %.

. Sin(% + h) —sin(%) B .
iy D

o5

4. This is the derivative of F(z) = 2° — 4z at x = 2:

5 _ —_ (95 _4. 5 _ _ —
oy T 42 (2°-4-2) _ i (&~ 42) (32—-18)
x—2 x—2 T—2 x—2

F'(r)=52"—4 = F'(2)=5-2—4=280—-4=T76.

5.
2
ax®+b, x <2,
flx) =
3x+1, x>2.
Continuity at 2: da+b=3-24+1=17.
One-sided derivatives:
L (2) = 4a, fi(2) = 3.
Differentiability: 4a =3 = a=3. Then 4(3) +b=7=b=4.
3
Answer: a = -, b=4.
4
6.
(a) g(z) = |z|>/®. Use the definition:
h|?/3 -0
'(0) = li [l
which diverges to +oo from the right and —oo from the left. Not differentiable at 0.
(b) h(z) = z|z|. Piecewise: h(x) = 22 for x > 0, and h(x) = —2? for x < 0. Tt follows that h is
differentiable at 0 with A/(0) = 0.
7.

(a) Yes, f is continuous at x = 1.
(b) Derivatives: for x < 1, f/(x) = 2x; for z > 1, f'(x) = 1.
(c) fL(1) =2, fi.(1) = 1. Since 2 # 1, f is not differentiable at x = 1.



4.3 - What f’ and f” say about f
1. For each of the following graphs of f(z), sketch the graph of f'(x).

(iii)

(iii)

increasing: (—2, 0.25) U (2, 00).
decreasing: (—oo, —2) U (0.25, 2).
concave up: (—oo, —1.1) U (1.25, o0)

concave down: (—1.1, 1.25).

increasing: (—oo, —1.3) U (3, 00).
decreasing: (—1.3, 3).
concave up: (2.4, 00).

concave down: (—oo

increasing: (0, 00).
decreasing: (—o0,0).
concave up: (—1.8,1.8).

concave down: (—oo,—1.8) U (1.8,00)

, —1)U (0.8, 1.6).

8

(vi)

(iv)

increasing: (—oo, —3.2) U (0, 3.2).
decreasing: (—3.2, 0) U (3.2, c0).
concave up: (—1.6, 1.6).

concave down: (—oo, —1.6) U (1.6, 00)

increasing: (—oo, 0).
decreasing: (0, c0).
concave up: (—oo, —1.5) U (1.4, c0).

concave down: (—1.5, 1.4).

increasing: (—0.4, 2.3).

decreasing: (—3.5, —0.4) U (2.3, 3.5).
concave up: (—1.8, 0.8) U (3, 3.5).
concave down: (—3.5,—1.8) U (0.8, 3).



3.1 - Derivatives of Polynomials and Exponential Functions

1. f(z)=2%* -2z +10

f(x) = 54253 — 2.

2. g(z) = ta® — 9z + 20

g (z) = %xQ -9.
3. f(t) = 12¢!
df t
Y _ 19
at =~
4. F(t) =t —e* (e*is a constant)
F'(t) = 6t°.
5. 17(2) =273/ 4 275
r'(z) = —% 2752 _ 5,76,
2 3 1/2 —4
— _ 1
g (x) = —x732 412270 = 3

7. f(z) = 2%(x — 5)? = 2%(2% — 10z + 25) = 2* — 1023 + 2522

f'(x) = 423 — 302% + 50z

T+4r 5 4 _9

21 4
/I 21,.—4 -3 _
e

12
xd

21 + 8z
274




3.2 - The Product and Quotient Rules
1. Differentiate y = (222 — 5)(2® + 4x).

y = (22% — 5) (23 + 42) + (22% - 5) (23 + 4z’
= (4z)(2® + 4z) + (22% — 5)(32% + 4)
= da* +162% + (62 — T2 — 20)
= 102" + 92* — 20.

2. Differentiate f(x) = x%e**.

= (2% e* + 2% (e¥) = 2w e® + 22 - 2e** = e**(2x + 22°) = 22¢*" (1 + ).

)
3. Differentiate g(x) = —f =bre "
e
_ _ _ 51 —x)
/
g =5e"+5x(-e") =5 (1 -2) = ——2—
4. Differentiate h(t) -3
. Differentiate = .
t3+1
. @)t +1) — (12 = 3)(3t%) 2" +2t—3t1 4+ 912 —t' 49> +2¢
- (t3 +1)2 B (t3+1)2 (P +1)?
1
5. Differentiate y = e .
3+ e
;o (DE+e")—(1+x)(e”)  3+e" —e’ —ze® 3 —ze”
V= B+er)? T Bren? (Bren?
2, x
6. Differentiate y = re
1+
) (@) (1+2)— (2%")(1) _ e"(2x+27)(1 + ) —a’e”
' (Lt o) ) (1 +p
(2w 4307 + 2% —2?)  e"a(a® 4224 2)
B (14 )2 B (1+ )2
2
7. Tangent line to y = gy at (2, %)
()20 - ()20 S
B (4 + x2)? C 4+ a22)?
, 8-2 1 _ . )
Atz =2: m=19'(2) = @ =7 Point-slope through (2, 5):

L_Lo g — -1



8. Given f(2) =3, f(2) =-1, ¢g(2) = —4, ¢'(2) = 5. Compute:
s (e (e

(F9)'(2) = f'(2)9(2) + £(2)4'(2) = (=1)(—4) + (3)(5) = 4+ 15 = 19,

<f>/ @)= P92 /@@ _ DEH-B)E) _4-15_ 1L
g WP (-4 oo
<g>/ ()= $IR) — 9@ _ (5)E) = (L) _15-4_ 1

; TP » v



3.3 - Derivatives of Trig Functions

1. Differentiate p(t) = 4cost — 3sint.
p'(t) = —4sint — 3cost.

2. Differentiate y = secx — 2tan z.
d
4 _ secx tanz — 2sec? .
dx

d
3. Evaluate Tu (u3 + cot u)

Tu (u3 + cot u) = 3u?® — csc u.

4. Differentiate h(f) = 02 sin 6 cos .

d , . ) d
W) =6%. 0 (sinf cos ) + sinf cos b - 70 (6%)

d d
_ 2 . . el e . .
= 6% |sind pT] (cos @) + cos b 7 (sinf))| + 20 sinf cos

= 6? (C082 0 — sin? 9) + 260 sin 6 cos 6
= 6% cos(26) + Osin(260)

5. Differentiate y = cot z 4 csc z.

dy_ 2
— = —c¢sc” z — c¢scz cot 2.
dz

6. Find the 205" derivative of sin z.

Differentiate a few times to see the repeating pattern:

d(]

@ sinx = sin Z,
a .

o1 Sl = cosz,
d? . :

@ SINx = — ST,
a3

——sinx = —cosx

dx3 ’
dt . .

G2 5ine =sing (cycle repeats every 4).
x

So the n-th derivative depends on the remainder n when we divide by 4:
n=0: sinx, n=1: cosxz, n=2: —sinz, n=3: —cosx.

Since 205 =4 - 51 4+ 1, we have 205 = 1 (mod 4). Therefore

d205

m SINT = COSX.

7. Find the 1900 derivative of cos z.



10.

11.

Again, observe the 4-term cycle:

dO

—— COST = COST

d;lo | 7

——cosxr = —sinz

ddx; 7

— COST = — COST

— cosx = sinx

d;f’ 7

7 00ST = cos (cycle repeats every 4).

So the n-th derivative depends on the remainder n when we divide by 4:
n=0: cosz, n=1: —sinx, n=2: —cosz, Nn=3: sinx.

Since 1900 = 4 - 475 4+ 0, we have 1900 = 0 (mod 4). Therefore

d1900

WCOSI = COST.

d
Compute e (e” cscx).

d—(excscx) = ¢”csca + €"(—cscx cotx) = e”cscx (1 — cotx).
x

d
Compute Is ( sec s tan 3) .
s

d
d—(secs tan s) = sec s tan” s + sec s sec” s = sec s (tan? s + sec” s) = sec s (2sec’ s — 1).
s
tanx
Find f/(z) if f(z) = ———.
Fa) i (o) =
tanx
f(z) = —5—= =sinzcosz = f'(z)= cos® & — sin? 2 = cos(2z).
sec? x
CoS T
Find ¢ if = —.
ind /() i g(2) = 22
Let u = cosz and v =1 —sinz. Then v/ = —sinz and v/ = — cosx. Hence
J(x) = u'v —uv _ (—sinz)(1 —sinz) — cos z(— cos x)
v? (1 —sinx)?
Simplify the numerator:
(—sinz)(1 —sinx) + cos’z = —sinz +sin?z + cos’z = 1 — sinz.



Therefore .
1 —sinx 1

/ = = .
g () (I1—-sinz)?2 1—sinzx

(Equivalent form.) Using cos?x = 1 — sin®z,

1 1+sinx 9
= =secx tanx + sec” x.

1—sinzx cos? x
Both forms are correct.

. Tangent to y = e*sinx + cosz at (0,1).
Slope:
d
Y (x) = %(ex sinz) + @(cos x) = e*(sinx + cosx) — sin .

At x =0: m =¢/(0) = 1. Point-slope:
y—1=1(z-0) = y=x+1
m
. Tangent to y = cscx at ¢ = 3

Value: y(7/3) = csc(n/3) = Slope: y' = —cscx cotx, so

2
7

2 1 2
m=v()= -~ . - _=2
Line through (g, %) with slope —%:
2 2 ( 77)
e — x _
/3 3 3
. Find all z in [0, 27] where the tangent to g(z) = sinx + cosx is parallel to the line y = —=z.

Parallel to y = —x means slope —1. Compute

g’(:):) =cosx —sinz = \/§ COS(.CL‘—|— 2)

Set ¢'(x) = —1:
1
V2 cos(a:+ Z) =-1 = cos(x—i— %) = _\ﬁ.
Thus
n T 3T n T 57
r+—-—=— or x4+ - =—
4 4 4 4
So the tangent is parallel to y = —x at x = E, 7 on [0, 27].

. Where does the tangent to y = tanx have slope 3 on ( -5 %)7

2z, solve sec’z = 3. Equivalently, 1 + tan?z = 3 = tan’z = 2 = tanz = +/2. On

( -5, g) this gives

Since y = sec

x = arctan(v2) and = — arctan(v/2) (equivalently, x = + arccos(1/v/3)).



3.4 - The Chain Rule
1. y =sin((3z — 1)*)

(a) Leibniz notation:

Yy = sinv, v=w", w = 3x — 1.

Chain rule:

@_dy dv dw

de ~ dv dw dz’
Compute the pieces:
dy dv 3 dw

- = — =4 — =3.
dv ~ Y dw dx
Assemble and substitute v = w?, w = 3z — 1:
dy _ 3.5 )3 e
T = cos(v) - 4w’ - 3 = 12(3z — 1) cos((3z — 1)*).
x

(b) Function notation:

Chain rule:
(fogoh)(z) = f(g(h(x))) g (h(z)) h'(2).
With f/(u) = cosu, ¢'(t) = 4t3, h'(z) = 3:

% = cos((3z — 1)*) - 4(3z — 1)* - 3 = 12(3x — 1)* cos((3z — 1)*).

2. y = (cos(2z — 1))5

(a) Leibniz notation:

— 0 — _
Yy =", V = COS W, w=2zx — 1.

Chain rule:
dy dy dv dw

dr ~ dv dw dz’
Compute the pieces:
@:51)4 @:—sinw d—w:
dv ’ dw ’ dx
Assemble and substitute v = cosw, w = 2x — 1:
dy

i (501) (= sinw)(2) = —10(cos w)* sinw = —10 sin(2z — 1) cos*(2z — 1).
x

(b) Function notation:

Chain rule:



With f/(u) = 5u?, ¢'(t) = —sint, b'(z) = 2:

% = 5(cos(2z — 1))* (= sin(2z — 1)) (2) = —10 sin(2z — 1) cos*(2z — 1).

3. y=+/1+cot(a? — 1)

(a) Leibniz notation:

y:ul/g, u =1+ cotw, v=2a" — .

Chain rule:
dy dy du dv

de  du dv dx

Compute the pieces:

d d d
ﬁzlu—l/Q ﬁ:—csc2v7 —U:2x—1.

du 2 ’ dv dx

Assemble and substitute u = 1 + cot(z? — z), v = 2 —

dy (22 -1) csc?(z? — o)

do 2/ 1+cot(z2 —x)

(b) Function notation:
y=flg(h(x),  flu)=u"? gw)=1+cotv, h(z)=a2>-z

Chain rule:

(fogoh)'(z) = f(9(h(z))) g (h(x)) (),

which gives the same derivative as above.
4. y = 32z—sina:

(a) Leibniz notation:
y=3Y, u =2z —sinz.
Chain rule:
dy dy du dy du

W_w W ggyge Do s
dr du dz’ du (In3) 3%, dx oS

Substitute u = 22 — sin z:
dy

e g2e—sinz | 3 (2 — COS:E).

(b) Function notation:

y = f(g(x)), flu)=3% g(x) =2z —sinz.

Chain rule:
(fog)(z)= f(g9(x)) g (x) = In 3 32¢—sinz (2 — cos ).

5. Y= (1 + ex3)7

10



(a) Leibniz notation:

y=a', a=1+Db, b=e" c= a3
Chain rule:
dy _dy da db e
der  da db dec dx’
Pieces: J d b d
Y 6 a c C 2
4y _ =1 ZE o B )
PR N S e o

Assemble and substitute a = 1 + exs, c= a3

dy 36 3 2 2 3 3\ 6
%:7(14-6%) e 3% = 212%™ (1+ )",

(b) Function notation:

Chain rule:
(fogohok) = f(g(h(k))) g'(h(k)) W' (k) k' (),

which yields the same expression 21$26$3(1 + 6I3)6.
6. y = etn(/VE) (1> 0)

(a) Leibniz notation:

y=e", uw = tanwv, v=a"12
Chain rule:
dy _dy du dv
de  du dv dz’
Pieces: i i p
Yy ) v 1,..-3/2
%—e“, Iy = S, i /2,

Assemble with u = tan(1/y/z), v =1/y/x:

Z—i =—3 z73/2 gtan(1/Vz) sec?(1/y/7).

(b) Function notation:

Chain rule:

giving the same derivative.

7. y=+/1—tan(2z)

11



(a) Leibniz notation:

y:m1/27 m = 1_Q7 q:ta'np7
Chain rule:
dy _dy dm dq dy
de  dm dq dp dx’
Pieces: g P p
dy 4 ap o dmo_ o odg
dm 2" " dg " dp SeCPs

Assemble and substitute m = 1 — tan(2x), p = 2a:

dy sec?(2z)

dr /11— tan(2z)

(b) Function notation:

p = 2.
dp
— = 2.
dx

y = flg(h(k(2)))), f(u)=u'"? g(v) =1—v, h(w) = tanw, k(z) = 2,

SO

(fogohok) = f'(g(h(k))) g'(h(k)) W' (k) K'(x)

reproduces the same result.

8. y = ZL‘2 peos

9. vy

(a) Leibniz notation:

y=1f-g, f=a% g=75", U = COS Z.

Product rule + chain on g:
,_ d du
d

Compute and substitute u = cos x:

dx

(b) Function notation:

Then

dy_ / / _ u :
*x—fg—kfg, g_dudx_(ln5)5 (—sinz).

d
Y = 9g 5908% 4 g2 50052 |5 (—sinz) = 5% (22 — 2%In5 sinz).

v =pq+pd, ¢ =1'(s)s =In55" (—sinx),

which gives the same simplified expression.

7tan x
= — = 7T cgc
sinx

(a) Leibniz notation:
y=F-G, F=7" wu=tanuz,

12

G =cscuw.



Product & chain rules:

dy , , ,  dF du ,  dG
dx * ’ du dz’ dx
Pieces:
F du
CciTu = (In7) 7", e sec?z = F' = (In7)7"sec?z, G' = — cscx cot .

Assemble and substitute v = tan x:

dy
dx

— tanz csc:c(ln? sec x — cot x)

(b) Function notation:

10. y =

Product rule with chain on p:

(PQ)/ =p'q+pd, p = t/(S) s ¢ = —cscx cotx.

Here t'(a) = (In7) 7* and s'(z) = sec? z, so

p = (In7) 7% sec? ¢ = —cscx cotx,
and therefore p
d—y = tan csca;(ln? sec? & — cot :U)
x
e 2 4\-3/2
=e (14+2%)”
TETDEA

(a) Leibniz notation:

y=A-B, A=¢", v=2? B=w3? w=1+2"

Product rule and inner chain rules:

dy / ,_dAdv ,_ dBdw 3, —5/2 3
- AB+AB, A =TS0~ (o), B_dwdx_( 3w )(4x).

Assemble and substitute v = 22, w = 1 + z*:

d
ﬁ — v (22)(1 + x4)_3/2 — 6$36x2<1 + x4)_5/2.

Factor to simplify:
dy 2z e” (1 — 322+ z%)
dr (1 + z4)5/2

13



(b) Function notation:

Product rule with composition rules:

2 /

y=pa+pd, P=F(9)d=e"(22), ¢=1(s)s= < 301+ 934)_5/2> - (42%).

Thus ) ) A
Y = e (20)(1+ )2 — Gater (1428 P2 = 22 ex(l( 123;/; =
11.
fA) =2 F)=-3, g@)=-4,¢@=5 h-=1K(4)=7  H@x) =h(g/(@))
Chain rule:

Evaluate at x = 1:

12.

Chain rule:

At z = /2, we have 23 = 2, so
C/(V2) = g(£(2)) - 1) -3(V2)* = ¢ (1) - (=5) -3 V4 = | 60 V4|
Vv 1+cosx

1+ a2
Write y(z) = (1 + cosz)/2(1 + x2)~ L.

13. Tangent line to y = at x = 0.

v 14+ cos0 _ 3.

y(0)="—=75

Differentiate:
Y (x) = (%(1 + cosz) M2 (— sinz))(l +2%) 7+ (1 + cos x)1/2< —(1+a2*)72. 2:U>.

Evaluate at = 0: sin0 = 0, so both terms vanish and ¢'(0) = 0. Hence the tangent line is

)= V3|

14. Find all z in [0, 27] where the tangent to y = e~ * sinx is horizontal.

14



A horizontal tangent means y'(x) = 0. Differentiate:
Y (z) = —(e "sinz) = (—e *)sinz + e “cosz = e (cosz —sinz).
Since e™* > 0 for all x, we need

cosr —sinz =0 <= cosx=sinx <= tanz=1.

Thus z = Z + km. On [0, 27] this gives

om
) 4 *

xr =

=1

15



3.5 - Implicit Differentiation

1.

P +ay+yi="7
Differentiate implicitly:

20+ (xy) +2yy =0 = 2x+zy +y+2yy = 0.

Solve for 7/:
;. 2z+y
Y =TT 2y
23+ =6y
Differentiate:

322 +3y%y = 6y+6zy.

Collect 3/ terms and solve:

2y — x2
o, 2 2 /
3y —6x) = 6y —3 = = —=.
y (3y” — 6x) y— 3w y e
22y +xy’ =6
Differentiate:
2, \/ 2\ __ 2.7 2 !’
(z*y) + (zy®) =0 = (Q2x)y+2y +y° +2zyy = 0.
Solve: )
2xy +y
1.2 2 /
y' (2% + 2xy) (2zy + ) y 2§ 2y
sin(z 4+ y) = xy
Differentiate:
cos(z+y)(1+y) = =y +y.
Solve: &+ )

. cos(xy) +y==x

Differentiate:

—sin(zy) (zy) +y =1 = —sin(zy)(zy +y)+y = 1.
Solve: , . ' / 1+ ysin(ay)

y'(1 —zsin(zy)) = 1+ysin(zy) = 3y = T zsim(zy)
ety — g2 _y
Differentiate:

TV (1+9y) = 22—y
Solve: op — o7
Yy (e +1) = 22— = Y = v 1



10.

11.

12.

22 + y? = sin(zy)
Differentiate:
2z +2yy' = cos(xy) (zy) = cos(zy) (zy +v).

Solve: (29) 5
Y (2y — zcos(zy)) = cos(zy)y—22 = y = %.

tany = xe¥

Differentiate:

seclyy = eV +aely.

Solve:
y’(sech—a:ey) =¥ = 4 = ¢
sec2y — eV

)

ey

Equivalently, using sec?y = 1 + tan?y = 1 + 22e?¥: ¢/ = .
(Equivalently, using Y + tan“y +x7e y 14 x2e2¥ — gev

22y +y? =4 at (0,2)
Differentiate:
(*) +W*) =0 = 2zy+a*y+2yy = 0.

Solve for 7/:
2xy

2242y

y(@+2y) = 20y = ¢ =
At (0,2): ' = 0.

sin(xy) + = =y at (0,0)

Differentiate:
cos(zy) (zy +y) +1 = y'.
Solve: () y+1
y —xcos(zy)y = cos(zy)y+1 = o = oY) YT
1 — z cos(zy)
At (0,0): ¢ = 1.
e™ +y =22 at (1,0)
Differentiate:
ey +y)+y = 2z

Solve: 5 oy

ez 41) = 2w—ey = o = — - F

y' (e +1) x — ey y e

At (1,0): ¢/ = 1.

2?2+ 92 +e® =2 at (1,0)
Differentiate:
2z +2yy +e™(zy +y) = 0.

At (1,0): 2(1) +2(0)y +e°(1-y +0)=0=2+y =0. Thus ¢ = —2.

17



13. 2% +y? =25 at (3,4)

Differentiate:
20 +2yy' =0 = o = -
Y

3
At (3,4): m = ~7 Tangent line (point—slope):

(Equivalently, y = —%x + %T‘:’)

4. y¥* + 23 =2 at (1,1)
Differentiate:
22
3%y + 322 =0 = ¢ = ——.
Yy

At (1,1): m = —1. Tangent line:

y—1l=-1(z—-1) = y=-z+2

15. 2%y +y =z at (0,0)

Differentiate:

(%) +9y =1 = 2zy+a2%/ +y =1
Solve for 3’:
1—2zy

/(.2 _ I
yE‘+1l)=1-2zy = ¢ = o

At (0,0): m = 1. Tangent line:

y—0=1(z—-0) <= y=uzx.

18



3.9 - Related Rates

1. Circles and Spheres

1. A spherical balloon is being inflated at 60 cubic centimeters per second. When the radius is 5
centimeters, how fast is the radius increasing, and how fast is the surface area increasing?

(a)

d
Given: dit/ =60 cm?/s

Want: d—: and i at r = 5 cm.

(b) Relationship. Sphere formulas:
4
V= §7T7“3, S = 47,

(c) Differentiate. With respect to time ¢:

dv _, dr dS dr

dt a’ at ar

dav
(d) Plug in & solve. At r =5 cm and pr 60 cm3 /s,

& 1 dV 60 3
il il cm/s

Then s P 3
EzSWrd—Z:87T-5.5—7T:24cm2/s.
2. A melting snowball’s surface area is decreasing at 20 square centimeters per minute. When the radius
is 4 centimeters, how fast is the radius changing? Then, at that same moment, how fast is the volume

changing?

(a)
Given: % = —20 cm?/min

Want: d—: and s at r =4 cm.

(b) Relationship. Sphere formulas:

4
S = dnr?, V= §7TT‘3.

19



(c) Differentiate. With respect to time ¢:

as dr av dr
2 = 4nri
i~ Sar a a
dS dr
Plug i lve. F — = —
(d) Plug in & solve. From o 8nr I
dr 1 dS -2 5

T8 @ 8 A= & cm/min ~ —0.199 cm/min.

Then use d—v = 47r7“2ﬁ at r = 4:
dt dt
awv. 9 5\ 5\ 3, .
s =4m(4) < 87T> —647T< 87r> = —40 cm” /min.

3. A circular ripple on a pond is expanding so that its circumference is increasing at 0.5 meters per

second. When the radius is 6 meters, how fast is the area increasing?

(a)
Given: dc =0.5m/s

dt
Want: @ at r =6 m.
dt

(b) Circle formulas:
C =2, A =mr?.

(c) With respect to time t:

A _, dr A, dr
a Ta a T a
dC dr
(d) Fromd——QwE,
051
dt 27 4w '
Then at » = 6 m,
dA dr 1

- = — —_ — 2
g7 2mr p 27(6) <47r> 3 m*/s.

2. Rectangles and Boxes
1. A rectangle’s length is 10 cm and increasing at 2 cm/s; its width is 6 cm and increasing at 3 cm/s.

At that instant, how fast are the area and perimeter increasing?
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w rectangle

(b) Relationships:

A="{w,

(c) Differentiate with respect to time ¢:

dA dw

dt

(d) Plug in and solve:

— = (10)(3) + (6)(2) = 30+ 12 = 42 cm?/s,

dA
dA . dP
a—42cm /S, E—locm/s

al

%‘i_w%,

Given: ¢ = 10 cm, Z—f = 2 cm/s;
6 cm, i 3 cm/s.
P .
Want: — and — at this instant.
dt dt
P =2({+w).
dP

NCL
S \at  dt )

dt

dP
o 2(2+3) =10 cm/s.

2. A rectangular garden has a constant area of 24 m2. The length is increasing at 0.6 m/s. When the

length is 6 m, how fast is the width changing? State whether the width is increasing or decreasing.

(a)
d

d
— = +0.6 m/s, &

dt dt

(b) Relationship: A = ¢w = 24 (constant).

(c) Differentiate with respect to time ¢:

dA dw

dt - dt

N
dt

0

al
Given: A=24m? pri 0.6 m/s, ¢=06m.
Want: dw when / = 6 m.
dt
pdw e
e dt’

(d) Compute w first: with fw = 24 and ¢ = 6, we have w = 24/6 = 4 m. Then

dfu; o w dl
dt ¢ dt

dw . . )
o = —0.4 m/s| The width is decreasing.
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3. A cube’s volume is increasing at 300 cubic centimeters per second. When the edge length is 10 cm

how fast are the edge length and the surface area increasing?

(a) v
: 3
Given: pr 300 cm®/s, s =10 cm.
y Want: @ and E at s =10 cm.
dt dt
cube, edge s
(b) Relationships:
V=53, S =652
(c) Differentiate with respect to time ¢:

av st as ds

= = =2 =195

dt a’ At dt

(d) Pl d solve. F' ﬂ—B — with s = 10:
ug in and solve. From o 52 5 With s
ds _ 300 —@—1&11/5
dt  3-102 300 ’
Then S p
s 2
— =125 — =12(1 =12 .
7 7 (10)(1) = 120 cm*/s
%zlcm/s, %leO cm? /s

3. Cones and Cylinders

1. A right circular cone points down with height 6 m and top radius 3 m. Water is pumped in at two

cubic meters per minute. How fast is the water depth rising when the depth is 2 m?

(a)

(b) Relationship. Similar trlangles giv

1
Cone volume: V = § (

it

M:H

dv

- 3 ld
M

6 m, R

Given: H
+2 m3/min, h =2 m.

Want: % when A =2 m.

—Sr=ch
=T 5

M\W\m
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(¢) Differentiate with respect to time.

AV w _ ,dh 7w ,dh
= D2t = T2l
- ha T I

d
(d) Plug in and solve. At h =2 m and d—‘t/ =2 m?/min,

_ Tgpdh _ dh dh 2 min ~ i
2—4() w - T dt—ﬁm/m1n~0.637m/m1n.

2. Dry sand pours onto the ground at one and a half cubic meters per minute, forming a right circular
cone whose radius is always half of its height. How fast is the height of the pile increasing when the
pile is 0.8 m tall? Also report the rate at which the radius is changing at that instant.

(a)
T_i%_h Given: (%/ = 1.5 m3/min, r = %h,
0.8 m.
dh d
Want: % and & at h = 0.8 m.
dt dt

right circular cone
(b) Relationship (eliminate r using similar triangles). For a cone,

1, 1 1 /Rh\? T4
Vfgmﬂh, r2h:>V37r(2> h*ﬁh'

(c) Differentiate with respect to time ¢:

av _ = 3}3@ — E}ﬂ@

dt 12 dt 4 dt-

d
(d) Plug in and solve. At h = 0.8 m and dit/ = 1.5 m3/min,

_ T8 _ Tey® _ 0167 dh
1.5 = 4(0.8) - 4(0.64) - T @
Hence dh 15 75
= = 016s " & m/min &~ 2.98 m/min.
Since r = %h,

— =—-— =——m/min &~ 1.49 m/min.
7r



dh 75 ) dr 75 .
Efg—ﬂmmm (= 2.98) |, = = g, m/min (~1.49) |

3. A vertical cylindrical tank of constant radius 1.5 m has an open top; liquid drains so that the volume
inside decreases at two tenths of a cubic meter per minute. Assuming the radius of the tank is fixed,
how fast is the fluid level (height) falling when the depth is 2 m?

(a) Given & Want.
R=15m p
;':;‘/‘ r=1.5m, di‘t/ = —0.2 m*/min.
/__1__\ Find%whenthm.
e’ 4
| h
—
(b) Relation. For a cylinder with fixed radius,
V = nr?h.
(c) Differentiate. Since r is constant,
v dn
at ~ " at
(d) Plug in & Solve.
dh 1 dv  -02 -02 4

@ m? At R(IBE  225m  apy M/min

dh 4 . .
T T m/min ~ —2.83 cm/min

4. Right Triangles: Ladders, Motion, and Shadows

1. A 13-ft ladder leans against a wall. The base slides away from the wall at 2 ft/s. How fast is the top
sliding down when the base is § ft from the wall?

(a)

d
Given: L =13 ft; x =5 ft; d—:tv =42 ft/s.

11 d
wa Want: d—i at that instant.

13

floor
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(b) Relationship (Pythagorean Theorem):
22 +y? = L? = 169.

(c) Differentiate with respect to time ¢:

dx dy dy — wxdx

2 Ly oy W g — - .
T T g dt y dt

(d) Compute y when z =5: y = /169 — 25 = /144 = 12 ft. Then

d
dy_ 5 g —% ft /s ~ —0.833 ft/s.

12

d 5

d—gz =-5 ft/s| The top is sliding down at 5/6 ft/s.

2. At a certain instant, Car A is 3 miles east of an intersection and moving east at 40 mph, while Car
B is 4 miles north and moving north at 30 mph. At that instant, how fast is the distance between

the cars changing?

(a)
. . dx
Car B Given: r = 3 mi, i 40 mpbh;
dy
4 mi, — = 30 mph.
mi, 7 mp

dd
Want: I at that instant.

intersection Car A

X

(b) Relationship (perpendicular motion):

2?4+ y? = d2
(c) Differentiate with respect to time ¢:
- dx +y dy
dx dy dd dd dat at
Ya T dt dt d

(d) Plug in and solve. First d = /22 + y2 = v/32 + 42 = 5 mi.

% _ (3)(40) -g (4)(30) _ 120 -; 120 _ 48 mph.
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dd
dt

— = 48 mph

— the distance between the cars is increasing at 48 mph.

3. A 6-ft-tall person walks away from a 15-ft streetlamp at 3 ft/s. How fast is the tip of the shadow
moving when the person is 20 ft from the lamp?

(a)

15 ft

ft

PRSI 7 | o

X

S

—
Yy=x+s

Variables: z(t)=person’s distance from lamp,
s(t)=shadow length, y(t) = = + s=distance lamp
to shadow tip.

Given: x = 20 ft, Z—f = 3 ft/s, lamp = 15 ft, per-
son = 6 ft.
dy

Want: speed of tip = a

(b) Relationship (similar triangles from lamp top to shadow tip):

— — 2,09
Hence y=z+s=z+ 5z = 3x.

15 6
= — f—
r+s S

5

(¢) Differentiate with respect to time:

(d) Plug in and solve (at = = 20 ft,

5. Rotating Angles

2
15s =6(x +s) = 9s =6z = s =32

dy _ 5 do
dt 3 dt’

dx

— =3 1{t/s):

g /s)

1. An observer on level ground watches a plane flying in a straight line at a constant altitude of 5,000

ft. The plane is moving away from the observer with horizontal speed 400 ft/s. How fast is the angle

of elevation changing when the plane is 12,000 ft horizontally from the observer?

(a)

h = 5,000 ft

plane

observer

z = 12,000 ft

26

Variables: z(t)=horizontal distance, h = 5,000
ft, 0(t)=angle of elevation.

Given: z = 12,000 ft, dz/dt = +400 ft/s (plane
receding).

Want: df/dt.



(b) Relationship (right triangle):

h
tanf = —.
x
(c) Differentiate with respect to time ¢:
SeCQH@——Ed—Z‘ . @—_Ldﬁ
dt 2 dt dt a2+ h%dt’
2 h2
using sec? = 1+ tan?6 = v +2 .
x
(d) Plug in and solve:
do 5,000 2,000,000 2
— = 4 400) = - ————— =|— —— rad
dt (12,000)2 + (5,000)2( ) = ~ 169,000,000 Too /s

2. A lighthouse stands 2 miles off a straight shoreline. A ship sails parallel to the shore at 12 mph, away
from the lighthouse. How fast is the bearing angle from the lighthouse to the ship changing when
the ship is 4 miles down the coast from the point closest to the lighthouse?

(a)

lighthouse Variables: x(t) = along-shore distance from the
‘ closest point; 0(t) = bearing angle at the lighthouse
42 mi 9 measured from the perpendicular to the shore.
ﬁ Given at the instant: a = 2 mi (fixed), z =
| - d
ship 4 mi, Z¥ = 12 mph.
p dt

do

Want: —.

dt

(b) Relationship:
T
tanf = — so x =a tan6.
a

(c) Differentiate with respect to time:

d—z—ase029d—9 = @ _ 1 _dv o dv
dt dt dt  asecd dt a2+ a2 dt’

since sec?f = 1 +tan?6 = 1 + (g)2 = a®4a?

(d) Plug in and solve:

0 2 2 24 [6
W__ 2 q9y==.12=2_|2 1ad/h
7~ e 2= g 50 —| 5 ad/hr

3. A searchlight located 0.5 miles from a straight wall rotates at a constant 0.30 radians per second. How
fast is the light spot moving along the wall when the beam makes a 60° angle with the perpendicular
to the wall?
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wall

spot

a = 0.5 mi

(b) Relationship (right triangle along the wall):

k————> searchlight

Variables: a = 0.5 mi (fixed distance to wall),
0(t) = angle with the perpendicular, s(t) = distance
of the light spot along the wall from the foot of the
perpendicular.

Given at the instant: 6 = 60°, Z—z = 0.30 rad/s.

Want: % (speed of the light spot along the wall).

s = q tan.
(c) Differentiate with respect to time:
ds 5, dO
i a sec“0 I
(d) Plug in and solve (with a = 0.5 mi, § = 60°, sec? 60° = 4, fl—f = 0.30 rad/s):
ds .
& = (05)(4)(0:30) = 0.60 mi/s.

Converting units: 0.60 mi/s x 3600 = 2160 mph.

ds
dt

— = 0.60 miles per second (= 2160 mph) |

6. Mixed Motion (Non-Perpendicular Paths)

1. Two hikers leave the same point; Hiker A walks straight north at 4 km/h. Hiker B walks at 5 km/h on
a path turning so that the angle between their paths increases at 2°/min. How fast is their distance

changing after 15 minutes?

(a)
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Given at ¢ = 15 min:

Distances along paths:

a = (4km/h)-(0.25h) = 1.0 km,
b= (5km/h) - (0.25h) = 1.25 km.

A path
B path Angle between paths:
B (1.25 km)
A (1.0 km) ¢
6 = (2°/min) - 15 min = 30°,
dg 2
o ?S:) rad/min = ;—O rad/min.
0 Speeds (in km/min):
da_ 4 _ 1
dr 60 15
db_ 5 _ 1
gt 60 12

Want: iii‘tj when ¢t = 15 min.

(b) Relationship (Law of Cosines):
d? = a® +b* — 2abcosb.
(c) Differentiate with respect to time ¢ (all functions of ¢):

2#ﬂ:2mﬂ+%y—2@%+wﬁmw+awgn0%.

dt
Hence 40
"+bb — (a'b+ ab 0 + ab sinf —
ﬂ:aa—i— (a'b+ ab’) cos§ + ab sin pr
dt d ’
df
(d) Plugina=1,b= g, a = %, b = 12, 0 = 30° (so cosf = @, sinf = %) and i % First
compute d:
d:\/12+(§)2_2.1.% \/TG_TN06304km
Then the numerator:
do
aa’ +bb' — (a'b+ ab’) cos§ + ab sin O i 0.04831 km /min.
Therefore id 0.04831
7~ om0 = 0.0766 km/min = |~ 4.60 km/h |
7. Motion Constrained to a Curve
2 2
1. A point moves on — + yz = 1. When it is at (2, %), the z-coordinate increases at 0.3 units/s.

How fast is y changing?
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25
(2.25)
22 y2 25 dx
i . —_— —_— = 1 = 2 = — —_— =
. Given 9+4 , T , Y T
0.3 units/s.
dy .
Want: U at that instant.
1'2 y2
E + il 1
(b) Relationship:
22 2
VI SRS
9 + 4
(c) Differentiate with respect to t:
Zede ydy_ _ dy_ dade
9 dt 4 dt dt 9y dt
2V5 dx
d) Plug i =2, y=—— — =0.3:
(@) Pliginz =2, y= 232 &
dy 4(2) 8 4 0.4 2 5.
—= = - 03)=——+=(03)=——=(03) = ——= =— —= =|— —— units/s.
di 9(%5)( AV A Y SN 25 /

2. A bead slides on the curve z2/3 4+ /3 = 42/3. At the point (v/2, v/2), the horizontal speed is 1 cm/s
to the right. Find the vertical speed (state up or down).

(a)

Y Given: 23 4 %3 = 423 ¢ = 2, y =
d
V2, d—f =+1 cm/s.

Want: Z—ZZ at (v2,v2).
(v2,v2)

22/3 4 y2/3 = 42/3




(b) Relationship (implicit equation of the path):

223 4 23 — 423,

(c) Differentiate both sides with respect to t:

2 _ypde 2 _1/3dy dy 13 dx
= — 4 - — =0 = ==
3V T T3

(d) Plug in and solve. At (z,y) = (v/2,v/2), we have (%)1/3 =1, s0

d

d—? =—1-(1 cm/s) =—1 cm/s.
dy . .
i —1 cm/s | — the bead is moving down.
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a

El
x

)

1/3dﬁ
dt’
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