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1.1-1.3 Precalculus Review

Lines
1. A line parallel to y = —3x + 7 has slope —3.
Through (2,4), the equation is y = —3x+10.

2. A line perpendicular to y = %:c — 5 has
slope —2. Through (0,6), the equation is

y = —2x +6.

3. The slope through (—1,2) and (3,—4) is
—3/2. The line is y = —3z + 3.

4. A line with slope —2 through (5,1) can be
written in point-slope form y—1 = —2(z—5)
or slope-intercept form y = —2x + 11.

Polynomial End Behavior

5. For f(z) = —42° +22% — 7, the leading term
is odd degree with a negative coefficient. As
x — oo, f(x) - —oo, and as z — —o0,

6. For f(z) = 32 —5x3+2—1, the leading term
is even degree with a positive coefficient. As
x — o0, f(z) — oco.

7. For f(z) = —2'° 4+ 82" — 2, the leading term
is even degree with a negative coefficient. As
x — Foo, f(z) — —o0.

Logs & Exponentials
8. logs(125) = 3 since 5% = 125.

9. logy(16) —logy(4) =4 —2=2.

10. To solve 3% = 81, note that 81 = 3*. Thus
x =4.

Difference Quotient Practice
11. For f(x) = 22 + 3z,

fla+h) - f(a)

12. For f(z) = vz +1,

FR+R) - f(2) _V3+h-V3 V3+h+V3

h h V3+h+43
1
VB h+V3

Polynomial Algebra
13. The polynomial P(x) = —6x2 + 4z — 7 is in
standard form. It has degree 2, coefficients
—6,4, -7, leading coefficient —6, and terms
—622, 42, —7.

14. For P(z) = 32 —22% + 2 —5, the degree is 4,
the leading coefficient is 3, and the constant

term is —5.

15. Expanding Q(z) = (z—1)(z+2)(x —3) gives
2% — 222 — 5 + 6. The degree is 3 and the
leading coefficient is 1.

Polynomial Equations & Factoring

16. The equation z? — 5z + 6 = 0 factors as
(z — 2)(x — 3) = 0. The solutions are x = 2
and x = 3.

17. Solving 222 + 7x + 3 = 0 gives

—7+v49-24 —-T£5
xr = =
4 4 7

sox:—%andx:—&

18. The difference of cubes z® — 27 factors as
(v —3)(z% + 3z +9).

Trig Review

19. sin(%) = %, cos(g) = %, and tan(%) =1.

20. csc(%) =1, sec(0) =1, and cot (%) = ?

(a+h)?+3(a+h) — (a® + 3a) 21. For y = 3sin(2x), the amplitude is 3 and the

h h
2ah + h? + 3h
h

=2a+ h+3.

period is 7.

22. For y = —% cos(mx), the amplitude is % and

the period is 2.



2.1 Tangent & Velocity Problems

Average Velocity (Data Tables)

1. On [1,3]:
s(3) —s(1) 15—2
Vavg = 3_1 = 5 =6.9 m/s.
On [2,4]:
26 — 7
Vavg = =9.5m/s
2
2. On [0,2]
s(2) —s(0) 11-20
Vavg 2-0 = 5 :—451’11/8
On [2,4]
—11
Vavg = 0 5 =—-2.5 m/s.

Average Velocity (Formulas)
3. s(t) =t2 + 3t (m).
s(5) —s(2) 40-10
i T

5(6) — s(5)

L VUgvg =
g 1

=10 m/s,

=54—-40 =14 m/s.

4. s(t) =+t +4 (m).

0,1] : Vang = V5 —2 ~0.236 m/s,
V8 -5
3

[1,4] © Vgvg = ~ 0.197 m/s.
Secant Slopes and Tangent Slope

5. For f(x) = 22, the secant slope between
(2,f(2)) and (24 h, f(2+h)) is

(24+h)?—4  4+4h+h*—4

= 4+h.
h h *

m =

h ‘1 0.5 0.1 0.01 -0.01 -0.1

slope (4+h) |5 45 41 401 399 3.9

Estimate: the tangent slope at x = 2 is .

Average Rates from Real-World Data

6. Car trip:
[0,3] : vavg = % = 50 mph,
[3,4] : Vavg = ? = 60 mph,
[0,4] : Vavg = 20 = 52.5 mph.

7. s(t) = 100t — 5t (m).

(300 — 45) — (200 — 20)

2,3 Vgug =
[ 73] Vavg 1
=75 m/s,
210 — 22.05) — (200 — 20
(2,2.1] 1 Vg = ( 0)1 ( )
=79.5 m/s.

This suggests the instantaneous velocity at

t = 2 is about .

8. Turkey cooling (°F per min). Secant on
[55, 60]:
109 — 114
—— = -—1.0.
)
Secant on [60, 65]:
105 — 109
—— =-08.
5

Average these to estimate the instantaneous
rate at ¢ = 60:

—0.9 °F /min |.

9. Reservoir depth W (z) (m). On [150, 250]:

W (250) — W(150) 54 — 50

—0.04 .
250 — 150 g~ 0-04m/day

r =

Interpretation: between day 150 and 250,
the water depth increased on average by

0.04 m per day |.




2.2 Limits

One-Sided Limits

1. lim — = —o0, lim — =400
z—0— T z—0t T

2. lim tanz =+o0, lim tanz = —o0.
z—(7/2)~ z—(mw/2)t

Absolute Value Limits

3. For z < 0, \:L'|:—xso|i—|:—1; for x > 0,
lzl _ 1.
X
o lim, o 2= —1,
||

=1

i liInac—>0+ T

4. Forx <2, |z —2| = —(z—2) so |1‘—§\ — 1.
for z > 2, it equals 1:

. —2

o lim, .o |i72| =-1
. T—2

o lim, ,o+ ‘w72| =1

Piecewise Functions

20+1 z<1
5. f(z) =<5 x=1
x? z>1

o lim, .- f(z)=2(1)+1=3,
o lim, e f(2) = (17 = 1,
e lim, ,; f(x) = DNE.

e lim, ,og(x) =0.

Graph-Based Interpretation
7. From the graph:

o lim, , o f(z) =1,
o lim, , o+ f(.%') =3,
e lim, , 5 f(z) DNE,

o f(—2)=23.
8. From the graph:

b hmx%Z— f(:E) = =00,
o lim, o+ f((L’) = +00,

e lim, 5 f(x) does not exist.

9. From the graph:

lim, ;- f(z) =2,
lirn:ﬂ—ﬂJr f(:(}) = 27
lim, f(-r) =2,

1) =1

10. From the graph:

lim, ,o- f(z) = -1,

hmx—)(ﬁ' f(ﬂf) = 27

lim, o f(z) DNE,

£(0) = 1.



2.3 Limit Laws

Direct Use of Limit Laws 5.
3 2 _
1. lim & +8 lim (x+2)(x* —2x +4)
z——2 x+ 2 z——2 T+ 2
. 2 .
limy (32° — 4z +7) = xgrgz(x2 — 2z + 4)
1 2y 1 .
= lim(327) — lim(4z) + lim(7) —44+4+4
. . 2y . . _
—3;1;%(56 ) 4913%(37) + 7311;112(1) [12].
=32 —4-(2) + 7-(1)
Roots
=12—-8+7
— ' 6.
lim vz +1= ¢/ lim (z +1)
x—15 rz—15
2. = V16
lim (x3 +22% — Bx) - '
r——1
o 3 . 2y
_ 3 . 2y .
= lim (z°) + 2 lim (27) — 5 lim (2) ey VEFA-2 L (VETA-2)(Vrid+2)
= (1) +2(-1)*  5(-1) 0w et (Ve
14245 = arit)
= 1
= lim ——
xl—% vr+4+2
—
=1
3.
. 2 — T 2 : 8
lim (2% + V) il_r)ri(a: ) + il_)ni(\/i)
:(limx)2+ lim hm\/l—f'x—\/l—x:hm (14+z)—(1—=x)
v—d v—d z—0 x z—0 x(\/l + -+ \/1 — ;1;)
=42 +V4 92
= lim
=16+2 =01+ x++1—=x
= 18] =[1}
9.
Rational Functions
hm\/5x—|—4—3:hm (5x +4)—9
n a—1 x—1 e=1 (x —1)(vbr +4+3)
2 = lim S —1)
lim & _9:hmw 2=1 (z — 1)(v/5z + 4+ 3)
z—=3 r — 3 x—3 r—3 1 5
= lim (z + 3) T sl Bz rd+3

_343-[5) [



Squeeze Theorem

10.

11.

12.

We have:
r—1 < h(z) < 22 +z—2.

As x — 1, both bounds go to 0. Hence,

lim h(z) = @

rz—1

by the Squeeze Theorem.

Because —1 < sin(1/x) < 1, multiplying
through by 22 > 0 gives

—z? < $251n(1) < 22

T

As x — 0, both bounds go to 0, so by the
Squeeze Theorem

lim 22 sin(%) = @

z—0
For = # 0,

2 .,
2 < 207V Sm(l) < 22

- x

As z — 0, both bounds tend to 0, so

lim z2e1/** sin(%) = @

x—0

Limits from Graphs

13.

Using the plotted behaviors of f and g:
(a) Asxz — 57 f(x) —» 4 and g(x) — —2.
Thus
lim (f +9) =4+ (-2) =[2]
T—5~
(b) Near z = 3: f(z) — 2 from the left

and f(z) — 0 from the right. Meanwhile
g(x) — 0 from the left and g(z) - —2 from

the right. Hence

[ ] limx_>3—( 27

f-g)=2-0=
o lim, g (f—g) =0 (~2) =2

o |lim(f—g)=2]

(c) Near x = 1: f(z) — —2 from the left
and f(x) — 2 from the right. Then f? —
(—2)? = 4 from the left and f? — 22 =
from the right, so

lim f2 =4,

r—1

(d) Since lim,,_o g = —4,

lim (5g) = —20|.

r——2

(e) As ¢ — 0: f(xz) — 0 while g(z) tends
to a nonzero value. The quotient blows up
with opposite signs from the two sides, so

lim (%) — DNE|.

z—0

(f) As z — —1: g(x) — 0, while f(z) — 4
from the left and f(x) — 2 from the right.
The ratio tends to —oo from both sides:

lim (i) _—

z——1\g

(g8) As ¢ —» —4: f(z) — —4 from the left
and f(x) — 3 from the right; g(x) — 3
from the left and g(x) — —4 from the right .
Both one-sided products approach (—4)-3 =
3-(—4) =-12, s0

lim (fg) = —12|

r——4




2.5 Continuity & IVT

Continuity at a Point

1. Note:

.CUQ— Xr — X
flz) = 4_ e 2) +2):gc+2

T —2 T —2 7.

for x # 2. In particular, lim, 5 f(z) = 4,
but f(2) is undefined. Therefore, f(z) is not
continuous at x = 2.

. 1 1 1
Hence hmxﬁ5 G = m == . Set ¢ = 1

Classifying Discontinuities

21 -1 1

r :(a: )(m—i—):au—i—lforac;«fé
r—1 z—1

1. Therefore, there is a hole at = = 1.

[removable).
1 e
2 blows up at x = 0. .

|z| . :
— jumps from —1 to 1 at 0. |jump |.

Graph-Based Reasoning

8.
2. tanx has a vertical asymptote at x = 7, and
the one-sided limits are +o00. It is not con- 9.
tinuous at x = 7.
Piecewise Continuity 10.

2241, <2 o
3. For f(z) = , continuity at
ar+b, x>2

x = 2 requires

lim f(z)=22+1=5=(2a+0b) = f(2).

T2~

Solutions: any a,b with 2a +b = 5. For

example, a = 2, b= 1.

From the graph:

Intermediate Value Theorem

ve+1l, x>0 1.

4. For g(x) = < k, x=0,
22+1, x<0

lim g =0%4+1=1, lim g =+v1=1.

x—0~ z—0+t

Take £ = 1 for continuity at 0.

12.

-9
5. F(:c):z 3 for x # 3 equals  + 3. Thus

lim,_,3 F'(x) = 6 so choose ¢ = @

Vi—1-2
6. For G(:c):x75at:r:5, rational-
':U_
ize:
Ve—1-2 Vo—1+2 r—>5
x—5 \/x—1+2_($—5)(\/x—1+2) 13.
1

Vr—1+42

f(z) = 23 — 5z + 2 is continuous, since it is

a polynomial. Check values:
f(0)=2>0, f(1)=1-54+42=-2<0.

By the IVT, there exists 0 < ¢ < 1 with
fle)=0.

Consider F(x) = cosz — x on [0,1]. This is
continuous, as it is a difference of two con-

tinuous functions, and
F(0)=1>0, F(1)=cos1—-1<0.

By IVT, there exists 0 < ¢ < 1 with cosc =

©

x) = e —4 is continuous; f(1) = e—4 < 0,
2) = €2 —4 > 0. By IVT, a root lies in



Intervals of Continuity
1

, <=2
T+ 2
14. For h(x) = 2-1, -2<z<1°
ve—1, x>1
Continuous on (—oo, —2), [—2,00).

At x = —2: jump discontinuity. At x = 1 it
is continuous.

x
x—5

15. p(z) = In(z — 3) +
Domain: (3,5) U (5,00).

Continuous on (3,5) and (5,00). At z =5,
there is a vertical asymptote.

Continuity Theorems & Compositions
16. We have

9(4) = g(£(0)) since f(0) =4

Repairing Removable Discontinuities

x?—1

18. f(x) = — =ux + 1 for z # 1. Define
x+1, xz#1
g(x) =
2, r=1

s0 g is continuous and g(1) =[2]

3-8  (v—2)(z®+22+4)
19. =

x—2 (x —2)

for x # 2. Define

=22 +2z+4

2?2+ 2044, x#£2
g(x) =
12, x =2

so g is continuous and g(2) =[12].

= g( lim f(a:)) since f is continuous at z =0
x—0

= lim g(f(a:)) since ¢ is continuous at x = 4

z—0

=7

17. The function h(x) is continuous at x = a
because it is the composition of two contin-
uous functions. That is, f(x) is continuous

at x = a and /x is continuous at x = 9.

lim h(z) = lim v/f(2) = | /lim f(2) = v/f(a) =[3]



2.6 Limits at Infinity & Asymptotes

Horizontal Asymptotes (Rational)

1. The degrees of the numerator and the
denominator are the same, so use lead-

ing—coefficient ratio: horizontal asymptote
3

y:a

2. The numerator’s degree is one larger, so
there is no horizontal asymptote; the func-
tion grows like 5z to +oo.

3. Since the denominator has a higher power

than the numerator, both limits are O:

2041 _0

4. The degrees of the numerator and the de-
nominator are the same, so the end behavior
tends to the leading—coefficient ratio: y =
—2 (horizontal asymptote on both ends).

Vertical Asymptotes (Rational)

5. Denominator z2 —9 = (z—3)(z+3) vanishes

at ; numerator (r — 1) is nonzero

there = vertical asymptotes at x = —3, 3.

6. Denominator is (z — 2)% = vertical asymp-

tote at .
7. Denominator z(x — 1) zeros are

(numerator is nonzero) = vertical asymp-
totes at x =0, 1.

Vertical Asymptotes (Log/Trig)

8. Inx is defined for £ > 0 and Inx — —o0 as

z — 0t = vertical asymptote at [z = 0]

sinz
9. tanx = —— blows up where cosx = 0. In
cosx

(—m,m): |z = -3,

VB

Oblique (Slant) Asymptotes

202 — 1
10. Divide: 2% =3 +1
x—1

a hole at x = 1 (since (z — 1) cancels). Slant

= 2z — 1 exactly, with

line y = 2z — 1. No vertical asymptote.

11. Long division gives f(z) = x+1+ 2x T As
x —
x — +00, the fraction goes to 0. Hence there

is a slant asymptote at . The de-

nominator (z —1)(x + 1) vanishes at x = £1

and the numerator is nonzero there, so there
are vertical asymptotes at .
Horizontal Asymptotes (Non-Rational)

12. arctanz — :I:g as * — =*+oo. Horizontal

y=+-

asymptotes: 2

13. As x — o0, e7® — 0, which means f — 1.
Asx — —o0, e7* — 00, and so f — 0. Hor-

izontal asymptotes: ‘y =0andy=1 ‘

14. Start by rationalizing:

(] = (Va2 +1—2)(Va? +1+2)

Vi 4+ 14
1

Vit ld4az

For xz > 0,
1 ! li L
i = lim

N

=0.
For z < 0, write V22 +1 = (—2)/1+ -5
Then
1

= lim

o) (Y14 -

W1+ +1
lim

/ 1
= lim —x( 1+ — + 1)
T——00 T

1
im ————
z—=—00 /g2 + 141

w""
—_
N—

Interpretation. As x — oo, the graph ap-
proaches the horizontal line y = 0 (right-end



horizontal asymptote). As z — —oo, the
function grows without bound, so there is
no left-end horizontal asymptote.

15.

v — /o r g~ @ VT F20)(@ 4 Va? + )

T+ Vi 42z

_a? — (2 + 22)
T+ vVl + 2z
—2z

T+ Va2 + 2z

—2
1+4/1+2

Therefore,
lim (:U — /2 +2x) = lim =2
—2
T 1+1
— 1

Interpretation.  The right-end horizontal
asymptote is y = —1. Hence y = 0 is not
a horizontal asymptote.

Growth-Rate Comparisons (Poly vs. Exp

vs. Log)
. Inz - .
16. lim — = 0 (polynomial in the denomina-
T—00 I
. . €T
tor wins); lim — = co.

z—oo Inx

17. Exponential beats any fixed power:
x

lim — =00, lim —— =0.
T—00 T 00 01z
3lnz
18. Let t = y/z, so that # = t?. Then =
eV

t6 (2Int?)
el
eV® dominates.
. (lnz)?
19 e s
21/3 grows faster than any power of In z.

, which goes to 0. The exponential

= 0. The (even small) power

Vertical Asymptotes (One-Sided Sign

Analysis)

20.

21.

22.

= +00 (negative over tiny neg-

= —oo (negative over

tiny positive). Two-sided limit does not ex-

ist; vertical asymptote at with op-

posite signs on the two sides.

lim = —o00, lim = +oo.
z—2- T — 2 z—2+ T — 2
In contrast, lim ——— = +oo from both
T—2 (.’L’ — 2)2
sides.
2 — 1
For f(x) = &73)2, the denominator is al-

ways positive and — 0 as x — —3, while the

numerator — —7. Thus lim f(z) = —oo.
r——3%

Vertical asymptote at with nega-

tive blow-up on both sides.

Holes vs. Vertical Asymptotes

23.

24.

25.

?4+20-3  (z43)(z—-1) z-1
2-9  (24+3)(z-3) 2-3

x # —3. Hole at ; vertical asymp-

tote at .

21 —1 1

z :(w )(x+):aj+1f0rx7&1.

z—1 z—1
No vertical asymptotes; there is a hole at

(the point (1,2) is removed).

22 —4 _(a:—2)(x+2)__a;+2for
2—-r—2 (z—-2)(x+1) ax+1

x # 2. Hole at ; vertical asymptote

for




2.7 Derivatives & Rates of Change

Definition of the Derivative

(24 h)? -4
h—0 h

. 44+4h+h>—14
= lim
h—0 h

=lim(4d+h)=4
h—0

Radicals / Rationals

4.

F1) =t YIFR L VIFh+L
 hs0 h Vi+h+1
S
0 h(VI+h+1)

_1
2
5.
1 1
F8) = lim ==
o 3-(B+R)

h—0 h-3(3+ h)

:1'
o0 fu-3(3 + h)

Ol

10

VE+h—v5 V5+h+6
VE+h+5

'(4) = 1i
f'(4) lim N

h
= lim
h=0 h(\/5 + h +/5)

_ 1
25

Tangent Lines at a Point

7.y = 6z — 22 at (2,8). Check: 6(2) —22 =
12 — 4 = 8. Slope at x = 2 by the limit

definition:

[6(2+h)—(2+h))]—[6-2—2%

m = lim
h—0 h
. 124+6h — (4+4h+h?) — (12— 4)
= lim
h—0 h
=lim(2—h) =2.
h—0

Tangent line: y—8 = 2(z—2), i.e. y = 2z+4.
8. y =1+ 52>
(a) Slope at z = a:

m(a) = lim L5+ h)?] — (1 + 5a°)

h—0 h
2
~ lim 5(2ah + h*)
h—0 h

= lim (10a 4 5h) = 10a.
h—0

(b) At (1,6): slope m = 10. Tangent line
y—6=10(x — 1), i.e. y = 10z — 4.

9.y = vx+4 at x = 5. Slope via the limit
definition (rationalize):

VE+R) +4-v5+4 VI+h+9

m = lim

h=0 h VOt h+9
L

h—0 h[V9+ h + 3]
1
"6

Point is (5,3). Tangent: y — 3 = %(:E - 5),



10.

11.

ie y= %x—k%g.

The tangent to y = f(x) at (4, —1) passes

through (0,—5). The slope of that line is
11— (=

m = =9 = 1. Hence f(4) = —1 and

4—-0
f4) =1
The tangent to y = f(z) at (1,2) passes
through (—3,—6). The slope is m =

2—(—6) _ 1) =
%—ﬂ = 2. Hence f(1) =2 and f'(1) =

Recognize “Derivative from a Limit”

12.

13.

14.

f(z)=22%-5, a=3.

f(z) =z, a=9.
f(x)=Inz, a=1.

11
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