
5.5 The Substitution Rule

Theorem (The Substitution Rule). If u = g(x) is a di!erentiable function whose range is
an interval I and f is continuous on I, then

∫
f(g(x)) g→(x) dx =

∫
f(u) du.

When we let u = g(x), we have
du = g→(x) dx.

The symbols du and dx are called di!erentials and help us track how small changes in u
relate to small changes in x; see Section 3.10 for more details.

Proof.

Example. Find

∫
x3 cos(x4 + 2) dx.

1

Let u = g(X) and let F be an antiderivative of f.

J f(g(x)) . g'(x)dx = (F'(g(x)) · g'(x)dX
> Chain Rule

= F(g(x)) + C

= F(u) + C

= JF'(u) du

= (f(u) du

Let u= X
*

+ 2. Then du = 4x* dx => Xdx = Ydu

(xP

cos(XY+2) dx = (cos(u) · Ydu

= I(cos(u) du

= Sin(u) + C

= Sin(x"+2) + C



Example. Evaluate

∫ →
2x+ 1 dx.

2

Let u = 2 x+ 1
.

Then du = 2 . dx = Edu = dx

/Ex+ dx = J . Edu

= Su du

=.

= =3 + C

= (2x+
1)3 + c



Example. Find

∫
x→

1↑ 4x2
dx.

Example. Calculate

∫
e5x dx.

3

Let u = 1-4x2
.

Then du = -8x . dx = -Edu = X . dx

JxdX = / : -Edu = -5) wi du

= -5.
=- tu + C

=

- j(1 -4xt)" + C

Let u = SX
.

Then du = 5 . dx => Edu = dX

Sexdx = Sedu = Jendu

= e + C

= + C



Example. Calculate

∫
x5

√
1 + x2 dx.

Example. Calculate

∫
tanx dx.

4

= (x +
- x -N+x2d+

Let u = 1 + x? Then du = 2x . dx = Edu = X . dx

Have an extra x" factor : X" = (x4)2 = (n-1)2
.

/xFxdx = J . (n-12 . Ide

= [S (u2-2u+ 1) du

= Jusk -
23 + vidu

= I (Eut _ 2 .u

= E (1 +x 2)7z- -(1+x4) + -(1+
x43+ C

· Write Stanxdx as I Sin x
dX

Co) X

· Let u = cosX => du = -sin(x) dx

= - du = Sin(x)dx

· Hence

Stanx(x = ) sixdx=

=- S du

= - (n(u) + c

=

- (n)(cosx() + C



Theorem (The Substitution Rule for Definite Integrals). If g→ is continuous on [a, b] and f
is continuous on the range of u = g(x), then

∫ b

a
f(g(x)) g→(x) dx =

∫ g(b)

g(a)
f(u) du.

Example. Evaluate

∫ 4

0

→
2x+ 1 dx.

5

Let u = 2 x + 1 = du = 2 . dx - dx = Edu

Change bounds
:

when x = 0 : u = 2 . 0 + 1 = 1

When X = 4 : u = 2 . 4 + 1 = 9

gotxidx = Sedu =[
X = 0

=-(q32 - p()

=

O O

The shaded areas are the same.



Example. Evaluate

∫ 2

1

dx

(3↑ 5x)2
.

Example. Calculate

∫ e

1

lnx

x
dx.

6

Let u = 3-5x
.

Then du = -Sax Edx =
-Ydu

Change the bounds :

When X = 1 : u = 3 - 5 . 1 = - 2

When X = 2 : n = 3 - 5 . 2 =E

X= 2 dx

&
=13-5x2

= j* - du = --
u = - 2

= - [E - ]

-

Let n = In(x) = du = - dx

When X = 1 : n = (11) = 0

when X = e : n = Ince) =1

X = 2

6 In(). dx= d=
X= 1

= -


