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5.2 The Definite Integral A%

Definition. Let f be a function defined on the closed interval [a,b]. Divide [a,b] into n
equal pieces of width
anatp b—a 4— base L each r<c+=v~:ll(,

Az = ,
n
with endpoints zg = a, z1,...,2, = b. In each subinterval [z;_1, z;], choose any sample point
x} (for example, a left endpoint, right endpoint, or midpoint). Then the definite integral
of f from a to b is height of each f‘t-‘.‘fMa\&
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/a f(l‘) dr = nh_{IOlOZ f(xl) A{L‘, Sum all uc‘\—Mg\eS
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L—-——/‘ limit a5 & rectangles = =0

provided this limit exists and gives the same value for all choices of sample poihts {z}.
When this limit exists, we say that f is integrable on [a, b].

Question. If f is positive on the interval [a,b], how can we interpret the definite integral?
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Question. If f takes on both positive and negative values on the interval [a, b], how can we interpret

the definite integral?
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Example. Express lim Z(mf’ + z;sinz;) Az as an integral on the interval [0, 7).
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Example. Evaluate the Riemann sum for f(z) = 2® — 6z, taking the sample points to be right
endpoints and ¢ = 0, b = 3, and n = 6.
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Example. Set up an expression for e*dzr as a limit of sums.

3;(30:@*) a=\ b=3

SO\M‘:\e, poinks 2

X
0

"

X

i
+
5|V

[%
) YL:\+Q‘_“) XS:H_W

X' = \ + _Z_L ‘/ Formul o -Cor R
: A "+L\ ri h‘\' end panr X
\ t
Def ot {n‘aano- Sﬁ'“f\l Ponis = right enéfsms
3 J n
S e dx = lim Zi, P& -Ax
‘ No00 =1

e /‘-’3\\)( cniro\n-\-s
\im '\2, S-( l+%—3 . 3':- & buse p Iu:\ma\g

N> oo

i

i=|

2
- \im ISy S
wm o e

YA
| y=1—x
. v
S Jl-x‘éx: K'T‘-‘\‘L: — 1 or
° 1 4y =1
a\'N'\'L(' of «
cirdle ivh radins A 0 | ;




3
Example. Evaluate / (z — 1) dx by interpreting it in terms of areas.
0

COm()-n\’e the '\r\*gz)m.l “S;MA +he

areas of 4 iw\a\cﬁ

3
SO X—ld*: A\-Az

2
1
Example. Use M5 to approximate / — dx
1

X
YA
Ax
Xo =
0

-

L

21\
S

X, =12

J>

0.2

The enépeinb are

=Y

XI:\H’ $3= 1.6, x1=\.%) *S.——_z

The m;évo\'n\s A

11, 1.3,15,13,1.9

\!

22

fPLde 2 FOY 3 « BUB) L« D+ FLA.

< + £019) -35



Theorem (Properties of the Definite Integral). If f and g are continuous functions, then

1. /baf(:v)d:c _ —/abf(x)dx.
0

2. /aaf(a:)dx: . C-///
&, /bcdx = c(b—a). / * ©

./ab(f(a:)—i-g(:c))da; _ /abf(a:)da? + /abg(x)dm.

| /abcf(x)dx _ c/abf(x)dx.
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Example. Use the properties of integrals to evaluate / (4 + 32%)dz.
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% Question. How do we combine integrals of the same function over adjacent intervals?
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Example. If it is known that / f(z)dz =17 and / f(z)dz =12, find / f(z)dz.
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Theorem (Comparison Properties of the Integral). The following properties are true only
if a <b.

b
o If f(x) >0 fora<z<b, then/ f(z)dx > 0.

b b
o If f(z) > g(x) for a <z < b, then / f(z)dz > / g(x)dz.

b
o If m < f(x) <M fora<uxz<hb, thenm(b—a)g/ f(z)dz < M(b—a).

Proof.
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Example. Estimate / e da.
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