
3.4 The Chain Rule

Theorem. If u = g(x) is di!erentiable at x and y = f(u) is di!erentiable at g(x), then the
composite function F = f → g defined by F (x) = f(g(x)) is di!erentiable at x, and F → is
given by the product:

Leibniz Notation Prime Notation

dy

dx
=

dy

du

du

dx
F →(x) = f →(g(x)

)
g→(x)

Example. Find F →(x) if F (x) =
↑
x2 + 1.

1

The chain rule

I

① Prime notation :

check : f(g(x) = f(x-+1)

f(u) =v g(x) =X+ = -

f'(u)= u
-2

g'(x) = 2x

F'(x) = f (g(x)) . g'(x) [chain rule]

= f'(x2+ 1) . 2x

X

=((x+1) . 2x=

② Leibniz notation :

y =u = x+ 1 check : y=

SchaiIn a

= -u1 . 2x

X

= &(x+1)" 2x
=



Example. Di!erentiate y = sin(x2).

2

① Primerotation : Check : f(g() = f(x)

f(u) = Sin (u) g(x) = x2 = sin(x2)~

f(n) = cos(u) g'(x) = 2x

F'(x) = -(g(x)) + g'(x) [Chain rule]

= f'(xz) · 2x

= cos(x2) · 2x

② Leibniz notation :

y = Sin(u) u= X
2

cheek :

y
= sin(x2) -

d [chain rule]

= coslu) · 2x

= cos(x2) · 2x



Example. Di!erentiate y = sin2(x).

3

= [sin(x)]
2

① Prime notation

2 check :

f(u) = u g(x) = sin(X) f (g(x)) = f(sin(x))

f'(n) = 2u g'(x) = cos(x) = [sin(x)]2

# (x) = f'(g(x)) . g'(x) [chain rule]

= f'(sin(x)) · cos(x)

= 2 sin(X) cos(X)

② Leibniz notation

y = 42 u = Sin(x) cheek : y = [sin(x)]2

chaina
= Zu· cos(X)

= 2 Sin(x) cos(x)



Example. Di!erentiate y = (x3 ↓ 1)100

4

① Prime notation :

f(u) = 4100 g(x) = x3- 1
Check : f(g(x)) = f(x3-1)

= (x3-1)10-
f(u) = 100 199 g(x) = 3x

f ' (g(x)) - g'(x) = f'(X3 - 1) . 3xh

= 100(x3-1799 . 3x2

② Leibniz notation :

y = 4100 n = x3- 1 cheek : y = (x3-100

y
= 100499 . 3x2

= 100(x3 -1799 . 3x2



Example. Find f →(x) if f(x) =
1

3
↑
x2 + x+ 1

.

5

SKIPPED

= (x2+ x + 1)
- 13

① Prime notation :

h(u) = u
- 13

g(x) = x2+ x+ 1

h'(u) = -1n
4/3

g'(x) = 2x + 1

h'(g(x)) - g'(x) = hi(x2
+ x +1) . (2x+1)

=

- j(x2+ x+1)
- 4(3

. (2x+ 1)

② Leibniz Notation :

y = u
-

u= x2+ x+ 1

dydy.
= - tu+ . (2x+1)

=

- -(x2+x+1)
+(3

. (2x+1)



Example. Find the derivative of the function g(t) =

(
t↓ 2

2t+ 1

)9

6

SKIPPED

Remark : In general, [h(x]" = n [h(x)]"" : h'(x)

By our observation,

g(t) =9)

= 9)
,8 .

(2 t+)(1) - (t - z)(z)

(2t+1)2

= 9(t -2)8 5
S

(2t+178 (2t+ 1)2

= 45(t -2)8

(2t + 1)10



Example. Di!erentiate y = (2x+ 1)5(x3 ↓ x+ 1)4

7

TOne line :

* = (2x+ 1)· 4(X*
- x +1) . (3x- 1) + (x3 -x+1) . S(2x+1" . 2

-

y = u5 . vY n = 2x + 1
,

v = x- x + 1

y = p
:

q p = uS
, g = vi

= p. + g. [product role]

= p. +g [chain whe]

= p . 43 . (3x2-1) + 9
. Su" . 2

= us . Yv3 . (3x2-1) + 24
. Sut . 2 [replace p , q]

= (2x +1)5 . + (x*-x+13 . (3x- 1) + (x
*

- x +1) . 5(2x+1)" . 2 [replace u,v]



Example. Di!erentiate y = esinx

8

SKIPPED

① Prime notation : Check : f(g(x)) = f(sin(x)

Sin(x)
= C

f(u) = e"g(x) = Sin(x)

f'(n) = en g'(x) = cos(x)

f' (g(x)) · g'(x) = f'(sin(x)) · Cos(x)

= -Sin(x) . cos(x)

② Leibnit Notation :

y = gu u = Sin(x)

-

= e" . cos(x)

=
sin(x)

- cos(x)



Example. Di!erentiate f(x) = sin(cos(tanx)).

9

⑭

① Leibniz Notation :

y = sin(u) u = cos(v) v = fan(x)

= d- [chain rule]

= cos(u) · - Sin(v) · see(x) [take derivatives]

= cos(cos(u) · - Sin(u) · secx] [replace u]

= cos (cos (tan()) · Sin (tan(x) - Sec(x) Creplace v]

② Prime notation :

f(u) = Sin(u) g(vi = cos(v) h(x) = +m(x)

f'(n) = cos(u) g(v) = - sin(v) h'(x) = sec(x)

[f(g(n(xx)] = f (g(n(xx))- [gcu(xx)]
= f'(g(h(x)) g' (h(x)) - h'(x)

=> Coc (cos (tan(x)) · - Sin (tankx) · sei(x)



Example. Di!erentiate y = esec 3ω.

10

* [Sec(x)] = secix) · tan(e)

y = e u = sec(v) V = 30 Y

dydd i
I

O

= e" . sec(uStan(v) . 3

=
sec

· sec(v)tan(v) . 3

= 3Sec(30) Sec (30) tan(3d



Theorem. Let a > 0 with a ↔= 1. Then

d

dx

(
ax

)
= ax ln a.

Proof.

Example. Di!erentiate g(x) = 2x

Example. Di!erentiate g(x) = 5x
2

11

In(a)
Since a = e

,

at = (e(n(a))
"

= ein(a)
- x

Let
y

=g
,

u = In(a) . X

*dyd = e · Ina) = e(ax . Inla = all

g'(x) = 24 . (n(z)

y = gu u = x2

d . d = 5 . (n(s) . 2x

= 5X In (s) . 2x


