
3.2 The Product and Quotient Rules

Theorem (Product Rule). If f and g are both di!erentiable, then their derivatives satisfy:

Leibniz Notation Prime Notation

d

dx

[
f(x)g(x)

]
= f(x)

d

dx
g(x)+g(x)

d

dx
f(x) (fg)→(x) = f(x)g→(x) + g(x)f →

(x)

Proof #1: Using Geometry.

f(x) g(x)

f(x)”g

g(x)”f
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g(x)
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Let DX be a small change in X.

This produces a small change
in f(x) , g(x), and the

Product f(x) . g(x)

M
"

f(x) .g(x)

i Slope=se-g-fg gAs!
DX

3

As Ax + 0 : Af + 0
, 19to,1

dfg =f



Proof #2: Using the Limit Definition of the Derivative.

Let A(x) = f(x)g(x). Then

A→
(x) = lim

h↑0

A(x+ h)→A(x)

h

= lim
h↑0

f(x+ h)g(x+ h)→ f(x)g(x)

h

= lim
h↑0

f(x+ h)g(x+ h)→ f(x+ h)g(x) + f(x+ h)g(x)→ f(x)g(x)

h

= lim
h↑0

(
f(x+ h)

g(x+ h)→ g(x)

h
+ g(x)

f(x+ h)→ f(x)

h

)

= lim
h↑0

f(x+ h) · lim
h↑0

g(x+ h)→ g(x)

h
+ lim

h↑0
g(x) · lim

h↑0

f(x+ h)→ f(x)

h

= f(x) g→(x) + g(x) f →
(x).

Note: f(x+ h) ↑ f(x) as h ↑ 0, since f is di!erentiable, and therefore continuous, at x.

Example. If f(x) = xex, find f →
(x). What is the nth derivative f (n)

(x)?

2

Product Rule :I [f(x) . g(x)] = f(x) . * [g(x)] + g(x)- (f(x)]

f(x)= (xet) = X - &(4) + eX (x)

= X - 2X + eX

= (x +1) . eX

f"(x) =((x+1)eX) = (x+1)(et) + et (x+1)

= (x+ 1) .e* + eX

= (x +2)eX

By repeated applications
of the productrle,

fir(x) = (x+u)e
+



Example. Di!erentiate the function f(t) =
↓
t · (5 + 8t).

Example. If f(x) =
↓
x · g(x), where g(4) = 2 and g→(4) = 3, find f →

(4).

3

① Product Rule : f'(t) = v . - (5+ St) + (5+St)- (5)
-
E =t

= E - 8 + (5+ 8t) . It-z

= 85 +

5+ 8t

2

② Simplify first
,

then Power Rule : ↑same !

f(t) = St" + 8 +
3

f'(t) = 2-St + E-8t = + 24

Use the product rule :

1/2

f'(x) = ( g
, (x) + g(x). (*)

Y

= ( - g'(x) + g(x) . Ex
- 12

f(y) = My - g'(y) + g(y) . . (4)

=

2 . 3 + 2.
= 6 + -

= 6
. 5



Theorem (Quotient Rule). If f and g are di!erentiable at x and g(x) ↔= 0, then their

derivatives satisfy:

Leibniz Notation Prime Notation

d

dx

[
f(x)

g(x)

]
=

g(x)
d

dx
f(x) → f(x)

d

dx
g(x)

(
g(x)

)2

(
f

g

)→
(x) =

f →
(x) g(x) → f(x) g→(x)

(
g(x)

)2

Example. Let y =
x2 + x→ 2

x3 + 6
. What is y→?

4

" Low d high minus high d low
...

all over what is squared below"

y =

(x*+ b)- (x+ x - 2) - (x+ x - 2). (x3+ 6)

(xi+ 6)
2

= (x+ b) . (2x+ 1) - (xi+ X - 2) . (3xY) [stopping here
(x3+ 6)2

= (2x*
+ x3 + 12x +6) - (3x* + 3x - bxz)

(x3+6)2

=

- X
*

- 2x3 + 6x2+ 12x + 6

(x3 + 6)2



Example. Find an equation of the tangent line to the curve y =
ex

1 + x2
at the point (1, 12e).

Example. Should we use the quotient rule to di!erentiate F (x) =
3x2 + 2

↓
x

x
?

5

y =

(1+ x2) · &(et) - eX.(1+ x4)

(1 + x2)2

= (1+ xz) . eY - eX. (2x) 3(1 + x2)2

y'() = (1 + 1) .

e -e
: 2

= 2 = 0

Horizontal tangent line ! Y = Se

We cld use the quotient role
,

but we can simplify
F(x) first .

F(x)=
= 3x + 2xk

F'(x) = 3 - x

- 32



Example. A table of values for f(x) and f →
(x) and a graph of a piecewise linear function g(x) are

shown below.

x f(x) f →
(x)

-1 5 -1

0 -2 4

1 0 3

2 7 -2

3 9 5

4 3 1

x

y

-1 1 2 3 4 5

-2

-1

1

2

3

4

g(x)

(a) Let p(x) = f(x) g(x). Find p→(1) and p→(2).

(b) Let q(x) =
g(x)

f(x) + 1
. Find q→(4).

6

"Wacky derivative"
↓

DNE DNE

↓

⑨ p'(x) = f((i)g() + f(i)g
,c p'(z) = f'(z)g(z) + f (z)g'(z)

From the left: - 2 . 0 + 7 . (2) = - 14
From the left : 3 . 2 + 0 . 1 = 6

From the right : - 2 . 0 + 7 . () = - 7

From the right : 3 . 2 + 0 . -2 = 6

DNE
6

(f(x) +1)= (g(x) - g(x)- (f(x)+ 1) (f(x) + 1) . g'(x) - g(x) - f'(x)

③ q'(x) = =

(f(x)+1)2 (f(x) + 1)2

q'(4) =

(f(x) + 1) . g'(x) - g(y) . f'(4)4 .

2-1 = 7I

(f(y) + 1)2



Example. Use the function f(x) = (x2 → 4x+ 5)ex to answer:

(a) On which interval(s) is f(x) increasing?

(b) On which interval(s) is f(x) concave upward?

→3 →2 →1 1 2 3

2

4

6

8

10

x

y

7

increasing on (a, b) :

-

f(a) < +(b) for a < b

f(x) = (x-4x + 5). (*) + ex . (x2 4x + 5)

= (x2 - 4x + 5) - e* + et . (2x - 4)

= (x2 - 2x + 1) . eT
# O #

S I >

= (X - 12 . eX 1

( 0
,
0) (it's increasing at x = 1 too ! )

f"(x) = (x2 - 2x + 1)- (e*)+ (x2- 2x+ 1) . ex

= (x2-2x +1) . ex + (2x -2) eY

= (x2 - 1) et # tO O

C ↓ I 3

= (x +1)(X- 1)eX
- I I

(- 0
,

- 1) u (1 , d)



Example. Compute f →
(1), where f(x) =

4x2↓
xex

.

8

① Product & Quotient Rule :

f'(x) =
(rx . e

+) *x(4xz) - 4x (xeY

(5xex)2

= (we*) . 8x - Yx2[k(t) + e* (*)]
Xe2X

= k . e
+. 8x - 4xz(( - e* + ex. xz)

Xg2x

f'(l) =
1 . e . 8 - 4(1 . e + e . t - 1) Plug in X= 1

1 . e2 ASAP

=
8e - 4e - 2e

=

-
2

e2 2 e

② Simplify first :

f(x) =
4x

3

2x

f'(x) = e* & (4xk) - 44 . &(*)
=

e
*. 6x

*- 4heX

(ex)2 e2X

f(l) = 2 . 6 . 1 - 4 . 1 . e

= =
22


