
2.8 The Derivative as a Function

Definition. The derivative of a function f at a number x is defined by

f →
(x) = lim

h↑0

f(x+ h)→ f(x)

h
,

provided this limit exists. The value of f →
at x, namely f →

(x), can be interpreted geometrically

as the slope of the tangent line to the graph of f at the point (x, f(x)).

Example. Below is the graph of a function f(x). Sketch the graph of the derivative f →
(x).
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Strategy
:O Look at where the derivative is 0.

② Decide if the denvative
is pos/neg between

M f'(x)

,~
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Example. If f(x) =
↑
x, find the derivative of f . What is the domain of f →

?
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⑳z!

f'(x)=lim
f(xth)-

h

= lim En=.h) X
this

h->0 h (
= Im (x+h) - X

=imhto
h(oth +(x)

= Im I
=

I
=

I

ntoth+x k+M
25x

The domain of f(x) is [0,)
The domain of f(x) is (0,2)

As you go
to 0

, you approach a vertical tergent.

1limflt = O ,
so not detea



Definition. A function f is di!erentiable at a if f →
(a) exists. It is di!erentiable on

an open interval (a, b)
[
or (a,↓), or (→↓, a), or (→↓,↓)

]
if it is di!erentiable at every

number in the interval.

Example. Where is the function f(x) = |x| di!erentiable?
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If X30
,
the slope is I

If XSo, the slope is
-I

At X= 0 , f'(d)=lim floth-f
To show this doesn't exist

,
we will look at the one-sided limits.

lim 10thl lim 10+h) - 10)

h
heor h

heoth
=
lim Ihl

no
=Imthe
= lim 1 : 1

=him-1 = - 1

h-ot he0-

These are different
,
so

lim floth)-flo) DNE =>
f(x) is not

h->0 h differentiable at o



Theorem. What can we say if f is di!erentiable at a?

Question. How can a function fail to be di!erentiable?
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If f(x) is differentiable at a point a

you can show it has to be continuous at a.

&[Not obvious . Needs a proof.

the derivative
the left/right handed if you

are

limits will be different differentiable, goes off
to

So the limit will fail you are infinity and

to exist. continuous you'll get an

Clike Ix1 example(
asymptote
Clike thex example)


