
2.3 Calculating Limits Using the Limit Laws

Theorem. Suppose c is a constant and the limits lim
x→a

f(x) and lim
x→a

g(x) exist. Then:

1. lim
x→a

(
f(x) + g(x)

)
= lim

x→a
f(x) + lim

x→a
g(x). Sum Law

2. lim
x→a

(
f(x)→ g(x)

)
= lim

x→a
f(x)→ lim

x→a
g(x). Di!erence Law

3. lim
x→a

(
c f(x)

)
= c lim

x→a
f(x). Constant Multiple Law

4. lim
x→a

(
f(x) g(x)

)
=

(
lim
x→a

f(x)
)
·
(
lim
x→a

g(x)
)
. Product Law

5. lim
x→a

f(x)

g(x)
=

limx→a f(x)

limx→a g(x)
if lim

x→a
g(x) ↑= 0. Quotient Law

Remark. All of these hold for one-sided limits as well.

Example. Use the Limit Laws and the graphs of f and g to evaluate the following limits.

• lim
x→↑2

[f(x) + 5g(x)]

• lim
x→1

[f(x)g(x)]

• lim
x→2

f(x)

g(x)

1

[SumLaw]
= limf(x) + lim 5g(x)

X+ -2 X+ -2

[Constant Multiple Law]
= lim f(x) + Slim g(x)

X+ -2 X--2 ↳
= 1 + 5(-1)

=- 4

Q : Why can't we say

Yin [f(x ·g(x)=imf(img(xm[f(x)g(x) = limf(xligm[f(xg(x) =mf(x)E X- 1
- X- 1

-

A : /im g(x) does not exist
= 2 .

- 2 = 2 - - 1

Must use one-sided limits
=

- 4 = - 2

since the left

lim[f(x) -g(x)] = D
.
N . E W

and right hand

limits are not equal.

Analyzeas a function= As X-2-
,

it will beoneght - -> Because these
becauseim g(x)- = are different

As X + It
,

it will be+ - im = DNE



Theorem. Suppose the limit lim
x→a

f(x) exists. Then:

1. lim
x→a

[
f(x)

]n
=

[
lim
x→a

f(x)
]n

Power Law

2. lim
x→a

n
√
f(x) = n

√
lim
x→a

f(x) Root Law

Example. Evaluate the following limits and justify each step.

(a) lim
x→a

xn, where n is a positive integer.

(b) lim
x→5

(2x2 → 3x+ 4)

(c) lim
x→↑2

x3 + 2x2 → 1

5→ 3x

2

- f(x) = X
7

N & &limx = [linx] = a

a --

-..
X+ a

↑ ↑ 2 limX = a

Power Law lim X = a
~ Xta

X+ a

= lim 2x2 - lim 3x + lim 4 [Sum/difference Law]
X + 5 X- S X + S

= 2 lim X-3lim X + lim 4 [constant multiple law]
*-> S X+ 5 X-S

= 2(5)2 - 3(5) + 4 [ limx =a
= 50 - 15 + 4 = 39

⑩lim + 2x- = lim + 2limx-lim =- + 2-
X- -2

X- -2 X--2
=

- 8 + 8 - 1 = - 1

⑮tomIm 5-3x=m5-31mx
= 5 - 3(-2) =5

Xt-2

By the Quotient Lawsin x3 =



Remark. What happens if we just plugged in the numbers in the previous example?

Example. Find lim
x→1

x2 → 1

x→ 1
. Conclude that direct substitution doesn’t always work.

Question. Why does “factor and cancel” work?

3

althe enbefore!
- They are the

These
same because

the functions

are continuous

at those

2 . (s)" - 3(s) + y=9and()+ 2)-22 - 1
= i values

5 - 3)-2)

Quiz

When we plug in X = 1
,

we get =

Instead
,lim

= lim X + lim I

X+ 1 X-> 1

= 1 + 1

= 2

& This is called "Factor and Cancel"

It works because the functionsand x+

are the same everywhere besides X= 1 and we

don't consider X = 1 when determining the limit
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EVALUATING LIMITS

TABLES GRAPHS ALGEBRA

Estimate Bugs Limit Laws

Factor & Cancel

Rationalizing

Squeeze Theorem
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Example. Evaluate lim
h→0

(3 + h)2 → 9

h
by simplifying the function.

Example. Evaluate lim
t→0

↑
t2 + 9→ 3

t2
by rationalizing.

4

Cannot use quotient property because t

lim 9 + 6h + h2 - 9
=
lim 6h +h2

= lim n(b+h)

h=0
h h -> 0

n h- 0 h

= lim 6th
-

h+oT

= lim 6 lim h
hto It

60

[ L
= 6

2

(3+h)29

h

~

The quotient property wouldgive

lim-3
.(3 Thisisa

t-o +2
(

#Ig + 3 is called the conjugate

lim
th+ 9-9 +2

I

t+ 0 + (29 + 3)
= Lith(

+ a +3)

I

=in09 + 3
=
&

Quotient Property, Root Property, Sun Propertyetc...



Example. Prove that lim
x→0

|x|
x

does not exist.

5

Look at left and right hand limits separately .

lim Hin = lim1-
X-ot X-ot

↓in = lim
X+0

-

These are different
,

so the limit does not exist.
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Example. Use the graphs of f and g to find lim
x→1

f(g(x)).

1 2 3

→2

→1

1

2

Graph of f

1 2 3

→2

→1

1

2

Graph of g

6

Idea : look at one-sided limits and use substitution

lim f(g(x)) im flgx
X+ 1

-

Set y = g(x) Set y = g(x)

key : As X-1
, y52- AsXtit

, ye 2- J

=> lief(g(x)=fly)imfgx=mya 1
=-1

=

-1

In both cases
,

lim f(g(x)) = -1
y approaches 2X+ 1

from values

below 2
-



Theorem (Squeeze Theorem). If f(x) ↓ g(x) ↓ h(x) for x near a (except possibly at a)
and

lim
x→a

f(x) = lim
x→a

h(x) = L,

then
lim
x→a

g(x) = L.

Example. Show that lim
x→0

x2 sin
1

x
= 0.

7

↓
this is D

. N . E.

· We can't use the product property:imx2
· Im sink

· Can we bound x'sin(t) between two functions ?

-1sin() I
7 Multiply through by X?

x is always =O so this
- x2 xxsin(* ) +x2 won't affect the chain of inequalities.

· Takinghmits,

lim-2limsin()
X+x

11 "
&

· By the Squeeze Thm,im sin() =



Remark. Below are the graphs of y = x2, y = →x2, and y = x2 sin 1
x . The squeeze theorem applies.
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