
2.1 The tangent and velocity problems

Example. Galileo found that the distance fallen by any freely falling body (neglecting air resis-
tance) after t seconds is s(t) = 4.9t2 meters. Suppose that a ball is dropped from 450m above the
ground. Our goal is to find the velocity of the ball after exactly 5 seconds.

Question. How do you compute the average velocity over a time interval [a, b]?

Question. Find the average velocity of the ball over the given time intervals.

Time Interval Average Velocity

5 → t → 6

5 → t → 5.1

5 → t → 5.05

5 → t → 5.01

5 → t → 5.001

Question. Make a guess for what the velocity of the ball will be after exactly 5 seconds.
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· As we make these intervals smaller and smaller
,
these values

approach 49els

· We will eventually prove using Calculus that the ball is

falling exactly 49e/s at t = 5 see.



Question. Explain what is happening graphically in the above scenario.

0 1 2 3 4 5 6 7
0

50

100

150

200

250

300

350

t

s(t) = 4.9t2

2

7

We computed
this secont

line has

=>

By = 53.9 slope3.9(t
-x= 1

L

key : Average velocities over an interval correspond

to slopes of secunt lines (lines hitting the graph at 2 points)

We took the second point (at t= 5) and made it

closer and closer to t= S
, shrinking

the interval to 0.
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Big idea : the slope of the targent line (a line that just touches the curve

is the instantaneous velocity.



2.1 The tangent and velocity problems (activity)

Below is the graph of the function f(x) = (x→ 2)3 → x+ 7. The goal of this activity is to estimate
the instantaneous change of f(x) at x = 1.
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Question 1. Find the average rate of change of f(x) on the interval [1, 2]. Draw the corresponding
secant line on the graph above.

Question 2. Find the average rate of change of f(x) on the interval [1, 1.5]. Draw the corresponding
secant line on the graph above.

Question 3. Find the average rate of change of f(x) on the interval [1, 1.001]. Draw the corre-
sponding secant line on the graph above.

Question 4. Estimate the instantaneous change at x = 1. Draw the corresponding tangent line
on the graph above.
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We estimate the instantaneous change to be approximately 2
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Question 5. Let h be an arbitrary number that represents the distance between x = 1 and another
x value. Find the average rate of change of f(x) between x = 1 and x = 1 + h.

Question 6. Explain what we need to do to h in the expression above to estimate the instantaneous
change at x = 1.

Question 7. Write down an expression that computes the instantaneous rate of change at an
arbitrary value x = a.
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We need to compute
f (1th) - f(D) for different

h

values of has h gets closer and closer to 0.

f(a+h) - f(a)

h
computes the average

rate of change

between X = a and X = ath and we need to compute
this

as h gets smaller and smaller.
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