Math 1150: Final Exam Practice

Radical & Exponential Simplification

1. Simplify the expression. Assume all variables are positive

8145\ /2
()

Solution:
8la® 81Va® 943
b2 T iz 8
2. Simplify
27p3¢ 6 1/3
( 3p~2¢? > '

Solution: First simplify inside the cube root:

27p3q 6 _(—9) _6_ _
Wngg ( 2)q 6 2:9p5q 8‘

Then take the one-third power:

(9p° ¢ 8)/3 = 9L/3 p3/3 ¢=8/3 — /g p3/3 ¢8/3.

Inequalities

1. Solve the inequality |3z — 4| > 5.

Solution:
3r—4>5 = 3r>9 = x> 3,
or

1
3r—4< -5 — 3r< -1 — :c<—§.

Final answer: (—oo,—3%) U (3,00).




2. Solve the inequality | — 4z + 8| < 12.

Solution:
—-12< 4 +8<12 — -20<A4xr<4 = 5bH>zx>-1.

Final answer: [—1,5].

3. Solve (x +1)(x —7) <0.

Solution: The roots are —1 and 7. Using a sign chart, we obtain:

—“l<x<T.

4. Solve (x —2)(x +5) < 0.

Solution: The roots are 2 and —5. Using a sign chart, we obtain

—H<xr <2

Difference Quotients

1. Compute the difference quotient

flz+h) - f(z) _ 52
W for f(x) = 22° 4 5.

Solution:
flx4+h) = fx)=2(x+h)?+5(x+h) — (22° + 5z) = 4zh + 2h* + 5h,

w0 f@+h) = (@)

Y =4x + 2h + 5.

flz+h) - f(x)
h

2. Compute the difference quotient for f(x) = 32 — 5z + 1.

Solution:
flx+h)— fx)=3@x+h)?=5(x+h)+1 — (32> — 52 +1) = 62h + 3h* — 5h,

thus
f@+h) - f(z)

W = 6x +3h — 5.
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Polynomial Equations

1. Solve for x: (x —4)(x + 6) = 5.

Solution:
(z—4)(x+6)=5 = 2 +20—24=5 = 2> +22-29=0

—2+v44+116 —-2+£+/120
T = > * = =-1++v30.

5 =

2. Solve for z: (20 —3)(z +4) = 6.

Solution:
(22 —3)(z+4)=6 = 222 +52—12=6 = 22° + 52— 18=0

—5++v25+144 —-5+13
T = + = — xr =2 or w:—g.

4 4
Domain & Rational Functions
2V 1
1. Determine the domain of f(z) = 2x+9 .
m p—

Solution: Require 4+ 1> 0 and 2 — 9 # 0:
x>—1, x#43.

Final answer: [—1,3) U (3,00).

\Vbxr + 4

2. Determine the domain of f(z) = 21
I‘ pa—

Solution: Require 5z 44 > 0 and 22 — 1 # 0:
x>-1, w#=El

Since —1 < —%, only # = 1 must be excluded. Thus [—%, 1)U (1, 00).

vr—3

3. Identify all vertical asymptotes of f(x) = PR
x? —4x

Solution: Domain requires x — 3 > 0, so « > 3. Factor the denominator:

2 —dx+3=(xr—1)(z —3).

xr = 3.

Within « > 3, only x = 3 makes the denominator zero. Hence there is a vertical asymptote at
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5 —x+1

4. Analyze the end behavior of f(z) = P BT
x xr—

Solution: Degrees equal (3 over 3), so as x — 00,

Thus the horizontal asymptote is y = 5.

202 — T + 4
5. Analyze the end behavior of f(z) = ::ST;—B

Solution: Numerator degree 2, denominator degree 3, so as x — 00,
f(z) — 0.

Hence the horizontal asymptote is y = 0.

Function Operations & Inverses

1. Given f(—3) =4, f(0) =2, f(2) = -1 and g(z) = 22* — 1, find g(f(0)).

Solution: Since f(0) = 2,

2. Given f(0) =3, f(2) =5, f(4) = —1 and g(z) =z + 2, find f(g(2)).

Solution: First compute g(2) =2+ 2 = 4. Then

3. Describe the sequence of transformations taking f(x) = 3 to
h(z) = —2(z 4 1) — 4,

then find h=1(y).

Solution: Transformations:

1. Shift left 1: (z + 1)3.

2. Reflect and vertical-stretch by 2: —2(x + 1)3.
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3. Shift down 4: —2(x + 1)% — 4.

To invert, solve for x:

y=—2@+1P%-4 = y+4=20@+1°® = @+1)’=-4 — mz@_l'

_ y+4
hl(y) = \3/—7—1.

Thus

4. Evaluate f71(2) if f(1) =4, f(2) =2, f(3) = -3, f(4) = 1.

Solution: We seek x such that f(z) = 2. From the given information, f(2) = 2, so

12 =2

5. Find the inverse of f(z) =3z — 7.

Solution: Write y = 3x — 7, swap x and y:

7
r=3y—7 = Jy=z+7 = y:m;_ .
Hence L7
_ T

Lines, Parabolas & Circles

1. Find the equation of the line perpendicular to y = —%x + 3 passing through (2,—1).

Solution: The slope is the negative reciprocal: m = 2. Using point—slope:

y+1=2r—-2) = y=22-05.

2. Write the equation of the line parallel to y = 7z — 2 passing through (—1, 3).

Solution: Same slope m = 7. Point—slope gives

y—3=T7x+1) = y="Tr+ 10.
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3. Find the vertex of the parabola f(x) = —2% 4 6z — 2.

Solution: Vertex z-coordinate: —% = —ﬁ = 3. Then

f(3)=-324+6-3—2=-94+18-2=".

Vertex at (3,7).

4. Identify the center and radius of the circle (z + 5)? + (y — 3)? = 36.

Solution: In standard form (z — h)? + (y — k)? = r%, we have h = -5, k = 3, 7 = v/36 = 6. So
the center is (—5,3) and the radius is 6.

Optimization Problems

1. A rectangular pen is built next to a barn wall using 40 ft of fencing (two sides of length z, one side y).

(a) Express the area in terms of = and y.

Solution:

(b) Write the area as a function of x alone.

Solution: From 2x + y = 40 we get y = 40 — 2z. Hence

A(z) = 2(40 — 2z) = —222 + 40z.

(c¢) Find the values of z and y that maximize the area (via the vertex formula).

Solution: The parabola A(z) = —2z2 4 40z has vertex at

b W
2 2(—2)

xr =

Then y =40 —2-10 = 20, and
Amax = 10 - 20 = 200.

2. Find the maximum area of a rectangle with perimeter 50. Give its dimensions.

Solution: Perimeter 2z + 2y = 50 — y = 25 — z. So
A(z) = 2(25 — x) = —2° + 25z,

vertex at
r=———=12.5, y=25-12.5=12.5.

Thus the maximum occurs at a 12.5 x 12.5 square, and Apax = 156.25.
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3. A revenue model is R(p) = —5p? + 100p.

(a) Find the price p that maximizes revenue.

Solution: The parabola R(p) = —5p? + 100p has vertex at

100

3(=5) = 10.

b=~

(b) Compute the maximum revenue.

Solution:
R(10) = —5(10)2 + 100 - 10 = —500 + 1000 = 500.

Logarithmic & Exponential Functions

1. Evaluate log4(6i4).

Solution: Since 64 = 43, 6i4 =473, Thus

log4(6i4) =-3.

2. Simplify logy(16) + logy(3).

Solution: log,(16) = 4 and logy(1) = —1, so the sum is

44 (~1)=3.

3. Convert In(y) = 7 into exponential form.

Solution: Exponentiating both sides with base e:

y=e'.

4. Convert In(8) = y into exponential form.

Solution: Exponential form: e¢¥ = 8. Taking the natural log again confirms

y = In(8).

Page 7



5. Solve logg(z? +1) = 2.

Solution: Rewrite in exponential form:

2 41=32=29 — 22=8 — 2= +2V2.

6. Solve logy(z? — 4) = 3. State any restrictions.

Solution: Exponential form:
2’ —4=2"=8 = 2’ =12 = z=+2V3.

Restriction: 22 —4 > 0, so x < —2 or = > 2. Both solutions satisfy this.

7. Evaluate logs(9) — logs ().

Solution: logz(9) = 2 and logs(3) = —1, so

2 (-1)=3.

Trigonometric Evaluation & Identities

1. Evaluate tan(%”) .

Solution: %” =7 — g, S0
1 V3
tan(37) = —tan(%) = ——= = ———.
( 6 ) (6) \/g 3
.2 2
S cos
9. Simplify " () + cos”(z)
tan(x)
Solution: Use sin?z + cos2z = 1 and tanx = 2:)1;9;
= cotx.
tanx

. .. 1 —cos(2x
3. Simplify = (33() )
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Solution: Use 1 — cos(2x) = 2sin?(z):

2 sin?
M = 2sin(x).
sin(x)
4. Evaluate sin(%) by finding a coterminal angle.
Solution: I — 27 = Z. Thus sin(Z) = sin() = @
5. Use a sum identity to evaluate cos(% + %)
Solution:
rEy e m o w me x L V2 V3 V2 V246
C05(§+Z)—COS§CObeSHl§ban—5-777-7— 4 .

6. Use a sum identity to compute sin(%r).

Solution: Write 5” = 5 + 15. Then

V6 +V2
—

ot

sin(l—”) =ginZ —|— cos

COS sin 75

3 3 12

7. Use a half-angle identity to evaluate Sin(%ﬁ).

Solution: Since 5§r = %(%’T and sin is positive:
s1n—7r /1—008.77T (—72)_\/2—1—\/5
8 - 92 :

8. Given cos(f) = £ with 0 < @ < Z, find cos(26).

Solution: Use 2cos?6 — 1:

9. Given sin(¢) = % with § < ¢ <, find cos(%).
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Solution: Here ¢/2 € (7, §), so cosine is positive. First cos¢ = —/1 — sin?¢ = —22. Then

25°

oy [ltcosg 1—%_@
cos(§) = 5 = 5 = 10

10. Given cos(f) = 2 with 0 < 6 < 7, find cos(26).

Solution:

50 119
cos(260) = 2cos?f — 1 = 2(%)2 —1= 160 1= ~ 169"

Inverse Trigonometric Functions

1. Evaluate arcsin(—1).

Solution: By definition, arcsin(—1) = —

ol

2. Evaluate arccos (— %) .

Solution: arccos(—%) =2

3 -

3. Evaluate tan™!(1) and explain the result.

Solution: Since tan(§) = 1 and the range of tan™! is (=%, %), tan'(1) = Z. Hence 7/4 is the
angle whose slope (tangent) is 1.

4. Evaluate cos_l(cos(

117

)

6

Solution: cos(1l™) = Y3 Then cos () =

Trigonometric Equations

1. Find all solutions to 2cos(3z) =1 for 0 < z < 2.

Solution:

27k
cos(3z) =3 = 3z =2rk+% = z = UL

3 9

For £ =0, 1,2 this yields

m b Tm 1lwm 13w 17w
T= "= = oy "o 5 o -

999" "9 99 9
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2. Find all solutions to cos?(x) — sin(z) = 1 in [0, 47].

Solution: Rewrite:

1 —sin®(z) —sin(z) = 1 = —sin*(z) —sin(z) =0 — sin(z) (sin(z) + 1) = 0.

Hence sin(z) =0 —» x =nm, n=0,1,2,3,4, and sin(z) = -1 —» = = 37”, 77"
3. Find all solutions to 2sin(z) = v/3 in [0, 27].
Solution: sin(z) = @ —r=71 2
4. Solve sin?(z) + sin(x) = 0 for all real .
Solution: Factor: sin(z)(sin(z)+1) = 0, sosin(z) = 0 — z = nm, or sin(z) = —1 — 2 = 3T 4+27n,

n e L.

Triangle Applications

1. A 12-ft ladder leans against a wall, making a 60° angle with the ground. How high up the wall does it
reach?

Solution: Height = 12sin(60°) = 12 - X3 = 6v/3 ft.

2. In a triangle with angles 30°, 60° and hypotenuse 8, find the side opposite 30°.

Solution: Opposite 30° = 8sin(30°) =8 = 4.

3. In a right triangle with hypotenuse 10 and one angle 30°, find the side opposite 30°.

Solution: Opposite 30° = 10sin(30°) =101 = 5.

4. In triangle ABC, a =6, b=7, ZC = 45°. Find c via the Law of Cosines.

Solution:

V2

02:a2+b2—2abcosC:36+49—2-6-7-7:85—42\@,

so ¢ = /85 — 421/2.
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5. In a triangle with a =5, b =7, ZC = 60°, use the Law of Cosines to find c.

Solution:
A =5247-2.5-Tcos60° = 25 + 49 — 35 = 39,

hence ¢ = v/39.

Graphing & Transformations
1. State the amplitude, period, and midline of f(z) = 3 — 4 cos(2z).

Solution: The form is Acos(Bx) + D. Here A = —4 so amplitude = |A| = 4. B = 2 so period

= %’r = 7. Midline = D = 3.

2. Sketch one period of y = 3 cos(mz) — 2, labeling key points.

Solution:

e Amplitude = 3, midline y = —2, period = 2& = 2.

™
o Key z-values: 0, %, 1, %,2.
e Atz =0:y=3(-2)=1.

o At x =

N[

o At x =1: cos(m) = -1 - y = —b.
e Atz =3:cos(3F)=0—y=-2

e Atz =2: cos(2m) =1 —y=

3. What is the equation of the function whose graph is shown below?
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Solution: The graph is 1 + QSin(%fL’). Amplitude 2, midline y = 1, period = 7?—72 = 4.

4. Sketch a function f satisfying:

b hm:c—)l— f(l‘) =
o lim, ,p+ f(l’) =00
o f(0)=0, f(2) =2

e Horizontal asymptote y =1

Solution: Draw a curve with:

e A vertical asymptote at x = 1, rising to +o0o from the left, falling to —oo from the right.
e It passes through (0,0) and (2, 2).

e Levels off toward y = 1 as x — +o0.

5. Sketch the graph of a function g(z) satisfying all of the following properties:

e Asx — 27, g(z) = 5.
e Asxz — 2T, g(z) — —3.
e g(2)=3

e g(0)=1.
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o lim g(z)=2but g(—1)=0
r——1

o Asz — 400, g(z) = 0
o Asx — —o0, g(z) — 1

Solution: One possible sketch is shown below.
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