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MATH 4230/5230 Practice Midterm 2 — Solutions Fall 2026

Problem 1 100 points
Let S ⊆ R3 be a regular oriented surface with coordinate patch

σ(u, v) = (u, v, uv), (u, v) ∈ V = R2.

We will use the orientation of S determined by σ. Let q = (u, v) and p = σ(q).

u

v

V = R2

q

σ−−−−→

p

S

q = (u, v) 7−→ p = σ(q)

You may use without proof that the Jacobian matrix is given by

J(σ) =

1 0
0 1
v u

 .

Page 1 of 9



MATH 4230/5230 Practice Midterm 2 — Solutions Fall 2026

Problem 1, continued.

1(a) (15 points) Use the cross product to derive the following formula for the Gauss map

N : S −→ S2 ⊆ R3

in the given local coordinates:

N(σ(u, v)) =
(−v,−u, 1)√
1 + u2 + v2

.

Recall that σ(u, v) = (u, v, uv), and we are using the orientation given by σ.

Solution.
The columns of the Jacobian matrix are denoted σu and σv:

J(σ) =

 | |
σu σv

| |

 =

1 0
0 1
v u

 .

A compatible normal vector is therefore

σu × σv = det

e1 e2 e3

1 0 v
0 1 u

 = (−v,−u, 1).

Its length is
|σu × σv| =

√
1 + u2 + v2.

Consequently,

N(σ(u, v)) =
σu × σv

|σu × σv|
=

(−v,−u, 1)√
1 + u2 + v2

.
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Problem 1, continued.

Define an ambient extension N̂ to R3 of the Gauss map N by

N̂ : R3 −→ R3, N̂(x, y, z) =
(−y,−x, 1)√

1 + x2 + y2
.

We then have the following commutative diagram:

R3
(x,y,z) 7→ (−y,−x,1)√

1+x2+y2

N̂
// R3

S
?�

incl.

OO

N // S2
?�

incl.

OO

V = R2

(u,v) 7→(u,v,uv) σ

OO

N◦σ

(u,v) 7→ (−v,−u,1)√
1+u2+v2

66

Taking differentials in the previous diagram gives the commutative diagram

R3 = TpR3

1
(1+x2+y2)3/2

 xy −(1 + x2) 0
−(1 + y2) xy 0
−x −y 0


Tp N̂

// TN(p)R
3 = R3

TpS
?�

incl.

OO

Tp N=−Wp
// TN(p)S2 = TpS

?�

incl.

OO

R2 = TqV

Tqσ

1 0
0 1
v u



OO

T̃p N=−W̃q

//

Tq(N◦σ)

1
(1+u2+v2)3/2

 uv −(1 + u2)

−(1 + v2) uv
−u −v



55

TqV = R2

Tqσ

1 0
0 1
v u



OO

Page 3 of 9



MATH 4230/5230 Practice Midterm 2 — Solutions Fall 2026

Supplementary Explanation

It is not required for the exam, but just for clarity, here is the computation of the Jacobian
matrices for N̂ and N ◦ σ. This explains the given diagram; it is not part of a graded
solution.

The ambient differential. The product rule applied to N̂(x, y, z) =
(−y,−x, 1)√

1 + x2 + y2
gives

∂N̂
∂x

=
(0,−1, 0)√
1 + x2 + y2

− x(−y,−x, 1)
(1 + x2 + y2)3/2 ,

∂N̂
∂y

=
(−1, 0, 0)√
1 + x2 + y2

− y(−y,−x, 1)
(1 + x2 + y2)3/2 ,

∂N̂
∂z

= (0, 0, 0).

Here we just did the computation in vector form to make it shorter. We could just as
easily have done each coordinate function on its own. Simplifying these three columns
gives the 3× 3 Jacobian

J(N̂) =
1

(1 + x2 + y2)3/2

 xy −(1 + x2) 0
−(1 + y2) xy 0
−x −y 0

 .

The coordinate differential. A similar computation for N ◦ σ = (−v,−u,1)√
1+u2+v2 gives

J(N ◦ σ) =
1

(1 + u2 + v2)3/2

 uv −(1 + u2)

−(1 + v2) uv
−u −v

 .

For instance, the first entry of the matrix is given by

∂

∂u
−v√

1 + u2 + v2
=

0√
1 + u2 + v2

+ (−v)
−1
2
(1 + u2 + v2)−3/2(2u)

=
uv

(1 + u2 + v2)3/2

The second entry of the matrix is given by

∂

∂v
−v√

1 + u2 + v2
=

−1√
1 + u2 + v2

+ (−v)
−1
2
(1 + u2 + v2)−3/2(2v)

= − 1 + u2 + v2

(1 + u2 + v2)3/2 +
v2

(1 + u2 + v2)3/2 =
−(1 + u2)

(1 + u2 + v2)3/2

The rest of the computations are similar.
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Problem 1, continued.

In the next few parts, you will compute the Weingarten map as a matrix in local
coordinates.

1(b) (25 points) Compute W̃q

[
1
0

]
.

[Hint: follow (1, 0) through Tqσ and TpN̂, or simply compute the image of (1, 0) under
Tq(N ◦ σ). Express the result in the basis (σu, σv), i.e., the columns of the Jacobian matrix,
and then apply the minus sign.]

Solution.
Following the first coordinate vector through the upper maps gives

[
1
0

]
Tqσ
−−→

1
0
v

 Tp N̂
−−−→ 1

(1 + u2 + v2)3/2

 uv
−1− v2

−u

 .

Alternatively, in one step, this is the image of

[
1
0

]
under the map Tq(N ◦ σ).

To express this in the basis σu, σv, write

1
(1 + u2 + v2)3/2

 uv
−1− v2

−u

 = α

1
0
v

+ β

0
1
u

 .

Comparing the first two components yields

α =
uv

(1 + u2 + v2)3/2 , β =
−1− v2

(1 + u2 + v2)3/2 .

(The third component agrees because uv · v + (−1− v2)u = −u.) Thus

T̃pN

[
1
0

]
=

1
(1 + u2 + v2)3/2

[
uv

−1− v2

]

W̃q

[
1
0

]
=

1
(1 + u2 + v2)3/2

[
−uv

1 + v2

]
.
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Problem 1, continued.

1(c) (20 points) Compute W̃q

[
0
1

]
.

Solution.
For the second coordinate vector,

[
0
1

]
Tqσ
−−→

0
1
u

 Tp N̂
−−−→ 1

(1 + u2 + v2)3/2

−1− u2

uv
−v

 .

Alternatively, in one step, this is the image of

[
0
1

]
under the map Tq(N ◦ σ).

In the coordinate tangent basis this is

−(1 + u2)

(1 + u2 + v2)3/2

1
0
v

+
uv

(1 + u2 + v2)3/2

0
1
u

 .

Applying the minus sign gives

W̃q

[
0
1

]
=

1
(1 + u2 + v2)3/2

[
1 + u2

−uv

]
.

1(d) (5 points) Use the previous parts to compute W̃q.

Solution.

W̃q =
1

(1 + u2 + v2)3/2

[
−uv 1 + u2

1 + v2 −uv

]
.
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Problem 1, continued.

1(e) (20 points) Find the Gaussian curvature K(p) and mean curvature H(p) in local coordinates.

[Hint: Use your coordinate Weingarten matrix W̃q ]

Solution.
The Gaussian curvature is the determinant:

K(p) = det W̃q =

(
1

(1 + u2 + v2)3/2

)2 (
u2v2 − (1 + u2)(1 + v2)

)
=

u2v2 − (1 + u2 + v2 + u2v2)

(1 + u2 + v2)3

= − 1
(1 + u2 + v2)2 .

The mean curvature is half the trace:

H(p) =
1
2

tr W̃q =
1
2

−2uv
(1 + u2 + v2)3/2 = − uv

(1 + u2 + v2)3/2 .
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Problem 1, continued.

1(f) (15 points) What are the principal curvatures at p = (1, 1, 1)?

k1 = , k2 = .

[Hint: Consider the vectors

[
1
1

]
and

[
1
−1

]
]

Solution.
At q = (1, 1), the coordinate matrix is

W̃q =
1

3
√

3

[
−1 2
2 −1

]
.

We have

W̃q

[
1
1

]
=

1
3
√

3

[
1
1

]
, W̃q

[
1
−1

]
=

1
3
√

3

[
−3
3

]
= − 1√

3

[
1
−1

]
.

Thus we may take the following eigenvectors (with associated eigenvalues)

v1 =

[
1
1

]
, v2 =

[
1
−1

]
, k1 =

1
3
√

3
, k2 = − 1√

3
.

The principal curvatures are therefore

k1 =
1

3
√

3
, k2 = − 1√

3
.
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Supplementary Explanation

Although it is not needed for this problem, as a reminder of how to find eigenvectors in

general, here is a computation to find the eigenvectors of the matrix A =

[
−1 2
2 −1

]
.

First we compute the characteristic polynomial

pA(t) = det(A− tI) = det

[
−1− t 2

2 −1− t

]
= t2 + 2t− 3 = (t− 1)(t + 3).

The real roots of the characteristic polynomial are the eigenvalues; i.e., the eigenvalues are
λ = 1,−3. We then find a basis of each eigenspace; for instance, the eigenspace E−3 is defined

to be ker(A− (−3)I) = ker

[
2 2
2 2

]
.

To find a basis for this kernel, we put the matrix in reduced row echelon form and then modify:[
2 2
2 2

]
7→
[

1 1
0 0

]
7→
[

1 1
0 −1

]

The columns with the red −1s form a basis for the kernel. So a basis for the eigenspace E−3 is

given by the vector

[
1
−1

]
.
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