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Problem 1 25 points
Consider the space curve

γ(t) =
(

t +
t2

2
+

t3

3
, 1 + t +

t2

2
− t3

3
, t2
)

, −1
2
< t <

1
2

.

(a) (15 points) Compute the Frenet frame t(0), n(0), b(0).

Solution. We want to use t = v/|v|, n = a⊥/|a⊥|, and b = t× n. Differentiating γ(t)
gives

γ′(t) = (1 + t + t2, 1 + t− t2, 2t),

γ′′(t) = (1 + 2t, 1− 2t, 2).

Therefore, at t = 0, we have

v = (1, 1, 0) a = (1, 1, 2).

|v| =
√

12 + 12 =
√

2, a⊥ = a− 〈a, v〉
|v|2 v = (1, 1, 2)− 2

2
(1, 1, 0) = (0, 0, 2).

Therefore we have

t(0) =
v
|v| =

(1, 1, 0)√
2

,

n(0) =
a⊥

|a⊥| =
(0, 0, 2)

2
= (0, 0, 1),

b(0) = t(0)× n(0) =
(1, 1, 0)× (0, 0, 1)√

2
=

1√
2

∣∣∣∣∣∣∣
i j k
1 1 0
0 0 1

∣∣∣∣∣∣∣ =
(1,−1, 0)√

2
.
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Problem 1, continued.

For the same curve

γ(t) =
(

t +
t2

2
+

t3

3
, 1 + t +

t2

2
− t3

3
, t2
)

,

evaluate the following at t = 0.

(b) (5 points) Compute the curvature κ(0).

Solution. At zero, v = (1, 1, 0) and a⊥ = (0, 0, 2). Therefore,

κ(0) =
|a⊥|
|v|2 =

2
12 + 12 = 1.

(c) (5 points) Compute the torsion τ(0).

[Hint: For any regular space curve with nonzero curvature, one has τ =
〈γ′ × γ′′, γ′′′〉
|γ′ × γ′′|2 .]

Solution. Differentiating our formula γ′′(t) = (1 + 2t, 1− 2t, 2) gives

γ′′′(t) = (2,−2, 0).

Using our earlier computation of v and a gives us:

v× a = (1, 1, 0)× (1, 1, 2) =

∣∣∣∣∣∣∣
i j k
1 1 0
1 1 2

∣∣∣∣∣∣∣ = (2,−2, 0).

Thus |v× a|2 = 22 + (−2)2 = 8. The hint gives

τ(0) =
〈γ′(0)× γ′′(0), γ′′′(0)〉
|γ′(0)× γ′′(0)|2 =

〈v× a, γ′′′(0)〉
|v× a|2 =

(2)(2) + (−2)(−2)
8

= 1.
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Problem 2 25 points
Let γ : I → R2 be a unit-speed plane curve, where 0 ∈ I, and suppose κs(0) 6= 0. Let M be the
matrix with columns given by the unit tangent vector γ′(0) and its rotation by 90◦:

M =

 | |
γ′(0) R90γ′(0)
| |

 .

(a) (10 points) Prove that M is orthogonal and det M = 1.

Solution. To show M is orthogonal, we need to show that MT M = I. We have seen
that any square matrix whose columns form an orthonormal basis is an orthogonal
matrix. Since the vectors γ′(0) and R90γ′(0) form an orthonormal basis in the standard
orientation, M is orthogonal with determinant 1.
We can also prove this with a computation. Suppose γ′(0) = (a, b) with a2 + b2 = 1. Then

M =

(
a −b
b a

)
, MT M =

(
a b
−b a

)(
a −b
b a

)
=

(
a2 + b2 0

0 a2 + b2

)
= I,

and det M = a2 + b2 = 1.

(b) (5 points) Define f (x) = MT(x − γ(0)) and β(t) = ( f ◦ γ)(t) = MT(γ(t) − γ(0)). By
part (a), f is a proper rigid motion, so β is also a unit-speed plane curve. Prove that
β′′(0) = (0, κs(0)).

Solution. Differentiating β(t) = ( f ◦ γ)(t) = MT(γ(t) − γ(0)) gives β′(t) = MTγ′(t)
and β′′(t) = MTγ′′(t). For a unit-speed plane curve, γ′′ = κsR90γ′ (see Tapp’s Equation
(1.9)). By construction, MT = M−1 is the matrix that takes R90γ′(0) to the vector (0, 1), so
that β′′(0) = MTκs(0)R90γ′(0) = κs(0)(0, 1).
Alternatively, we can just carry out the computation. Writing γ′(0) = (a, b) as above,

β′′(0) = κs(0)MTR90γ′(0) = κs(0)

(
a b
−b a

)(
−b
a

)
= κs(0)

(
0

a2 + b2

)
= (0, κs(0)).
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Problem 2, continued.

Recall that γ is unit speed, κs(0) 6= 0, and

M =

 | |
γ′(0) R90γ′(0)
| |

 , β(t) = MT(γ(t)− γ(0)
)
.

You may use part (b): β′′(0) = (0, κs(0)).

(c) (10 points) Find the center of the translated osculating circle of β at t = 0, in terms of κs(0).

[Hint: At a point p of a regular curve with curvature κ > 0, the translated osculating
circle is the circle with center p + 1

κn and radius 1/κ. Find β(0), β′(0), and β′′(0).]

Solution. We have

β(0) = MT(γ(0)− γ(0)) = 0

β′(0) = MTγ′(0) = M−1γ′(0) = (1, 0) = tβ(0)

β′′(0) = κs(0)(0, 1) = κβ(0)nβ(0)

Consequently, the translated osculating circle is a circle tangent to the x-axis (since
β′(0) = (1, 0)), with radius 1/κβ(0), and centered therefore at (0, 1/κs(0)) (above the
x-axis if κs(0) is positive, and below the x-axis if κs(0) is negative).
Alternatively, we can argue as follows:

κβ(0) = |(0, κs(0))| = |κs(0)|, nβ(0) =
(0, κs(0))
|κs(0)|

.

The hint (Tapp’s Equation (1.8), which places the center along the unit normal) now gives

0 +
1

|κs(0)|
(0, κs(0))
|κs(0)|

=

(
0,

κs(0)
κs(0)2

)
=

(
0,

1
κs(0)

)
.

For κs(0) < 0 the center is below the origin; for κs(0) > 0 it is above.
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Problem 3 25 points
Consider the plane curve

γ(t) =
(

t,
et + e−t

2

)
, 0 ≤ t ≤ ln 2.

x

y

t = 0
t = ln 2

(a) (5 points) Compute the total arc length L of this curve.

Solution. Differentiating and simplifying the squared speed gives

γ′(t) =
(

1,
et − e−t

2

)
, |γ′(t)|2 = 1 +

e2t − 2 + e−2t

4
=

(
et + e−t

2

)2

.

Thus |γ′(t)| = (et + e−t)/2, so that

L =
∫ ln 2

0
|γ′(t)| dt =

∫ ln 2

0

et + e−t

2
dt =

[
et − e−t

2

]ln 2

0
=

2− 1/2
2

− 1− 1
2

=
3
4

.
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Problem 3, continued.

Use the same plane curve

γ(t) =
(

t,
et + e−t

2

)
, 0 ≤ t ≤ ln 2,

whose total arc length is denoted by L.

(b) (15 points) Let γ̃ : [0, L]→ R2 be its orientation-preserving unit-speed reparametrization
starting at γ(0). Compute γ̃′′(L).

[Hint: No inverse function is needed; interpret γ̃′′ in terms of the curvature, and then
compute this from γ.]

Solution. For a unit-speed parameterized curve γ̃(t), we know that γ̃′′(t) is the curvature
vector. Moreover, the curvature vector is unchanged by reparameterization, so we are free
to compute the curvature vector for γ at t = ln 2.
From the part above, we have γ′(t) =

(
1, et−e−t

2

)
, and then differentiating gives γ′′(t) =(

0, et+e−t

2

)
. At t = ln 2, we have v = (1, 3/4), a = (0, 5/4), |v|2 = 25/16, and 〈a, v〉 =

15/16 so that

~κ =
a⊥

|v|2 =
a− 〈a,v〉

|v|2 v

|v|2 =
(0, 5

4 )−
15
16
25
16
(1, 3

4 )

25
16

=
(0, 5

4 )−
3
5 (1, 3

4 )
25
16

=
16
25

(
−3

5
,

4
5

)
=

(
− 48

125
,

64
125

)
.

(c) (5 points) Let F(x, y) = (y + ex, x), and let C be traversed by the given curve from t = 0

to t = ln 2. Compute
∫

C
F · dγ.

[Hint: Look for a potential function.]

Solution. For f (x, y) = xy + ex, differentiation gives∇ f = (y + ex, x) = F. We then have
(Tapp’s Proposition 2.25):

∫
C

F · dγ = f
(

ln 2,
5
4

)
− f (0, 1) =

(
5
4

ln 2 + 2
)
− 1 = 1 +

5
4

ln 2.
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Problem 4 25 points
Let γ : I → R3 be a unit-speed curve with κ(s) > 0 and suppose there is a real number λ such
that

τ(s) = λκ(s) for all s ∈ I.

(a) (10 points) Prove that

u(s) =
λt(s) + b(s)√

1 + λ2

is a constant unit vector.

Solution. The Frenet frame is orthonormal, so

|u|2 =
λ2|t|2 + 2λ〈t, b〉+ |b|2

1 + λ2 =
λ2 + 1
1 + λ2 = 1.

The Frenet equations (Tapp’s Proposition 1.52) give t′ = κn and b′ = −τn (at unit speed).
Thus

u′ =
λt′ + b′√

1 + λ2
=

λκ − τ√
1 + λ2

n = 0.

Therefore u is constant.
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Problem 4, continued.

The curve γ is unit speed, κ > 0, and τ = λκ for a fixed λ 6= 0. You may use part (a):

u =
λt(s) + b(s)√

1 + λ2
is a constant unit vector.

(b) (5 points) Prove that the tangent makes a constant angle with u.

Solution. By orthonormality,

〈t(s), u〉 = λ〈t, t〉+ 〈t, b〉√
1 + λ2

=
λ√

1 + λ2
.

Both vectors t(s) and u are unit vectors, so 〈t(s), u〉 is the cosine of the angle made by the
two vectors, independent of s.

(c) (10 points) Prove that γ is injective (one-to-one on I). (I.e., if γ(s1) = γ(s2), then s1 = s2.)

[Hint: Show that the function h(s) = 〈γ(s), u〉 is one-to-one.]

Solution. If we show that h(s) is one-to-one, then it follows that γ(s) is one-to-one, since
if γ(s1) = γ(s2), then h(s1) = h(s2), which implies s1 = s2.
To this end, since u is constant,

h′(s) = 〈γ(s), u〉′ = 〈γ′(s), u〉 = 〈t(s), u〉 = λ√
1 + λ2

.

Since h′(s) is constant and nonzero, h(s) is a linear function with nonzero slope, and so is
injective.
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