Hodge Theory, Almost Complex
Structures, and the Lefschetz

Decomposition

Henry Fontana

University of Colorado Boulder
Department of Mathematics

Defended April 6, 2020

Thesis Advisor:

Dr. Sebastian Casalaina-Martin, Department of Mathematics

Defense Committee:
Dr. Sebastian Casalaina-Martin, Department of Mathematics
Dr. Nathaniel Thiem, Department of Mathematics

Dr. Josh Grochow, Department of Computer Science



CONTENTS

Introduction

1. The Category of Hodge Structures

1.1. The category of Hodge structures is abelian
2. Hodge Structures via Representation Theory
2.1. Proof of Lemma 2.4

3. Hodge structures via Filtrations

4.  Almost Complex Structures

References

INTRODUCTION

12
14
17
19
52

Cohomology of compact Kéhler manifold has a Hodge decomposition.

This motivates the definition of an abstract Hodge structure.

Useful to

study abstract Hodge structures algebraically. The material can be found

in [Huy05] and [PS08]
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(2) Main topics
(3) Outline



1. THE CATEGORY OF HODGE STRUCTURES

Definition 1.1 (Hodge structure). A Hodge structure is a pair consisting

of a finite dimensional R-vector space V with a decomposition

VerC=Ve= @ VP
P,qQEZ

where VP4 = V9P,

From now on we will refer to a Hodge structure as V without explic-
itly mentioning the decomposition into direct summands VP4, We define

morphisms of Hodge structures as follows:

Definition 1.2 (Morphism of Hodge structures). Given Hodge structures
V and W, a morphism from V to W is a linear map ¢ : V — W such that
p(VP9) C WP,

We can view the collection of all Hodge structures as the objects of a
category which will be denoted H. Given an integer k, a Hodge structure
V with VP4 = ( unless p + ¢ = k is called a weight £ Hodge structure. We
denote by Hy, the category of weight-k£ Hodge structures. If we further have
that £ > 0 and VP2 = 0 whenever p < 0 or ¢ < 0 then V is a pure weight k
Hodge structure. We denote by pH,, the category of pure weight-k£ Hodge

structures.

Lemma 1.3. Let VW and X be finite dimensional R-vector spaces. Then
VoW erX =VerX)d(WerX)

Proof. First we construct a bilinear map

O (VoW)xX - (VerX)d (W er X)



which is given by
O(v,w,x) = (VR x, W T)

This map is bilinear because given any (vi,w;), (ve,w2) € V& W and any

z € X we have
D (v14vg, w1twe, ) = ((v1+v2)@z, (W1Hwe)Rx) = (VIRT+V2RT, W1 RT+WLRT) =

(1 @z, w1 @)+ (V2 @z, Wy ®x) = P(v1, w1, x) + P(v2, wa, T)

which shows bilinearity in the first argument. Also for (v,w) € Vo W

and x1,xo € C we have
O (v, w, x14+x2) = (VR(21+22), WR(T1+22)) = (VRT]+VRT2, WAL +WRT2)

= (V@ T, wT1) + (VO T2, w R T2) = P(v,w,71) + P(v, W, T2)
which shows bilinearity in the second argument. Then by the universal
property of the tensor product there is a unique linear map

UV:VeaW)xX - (VerX)d (W aerX)

such that the following diagram commutes.

VeW)xX —— (VerX)® (W er X)

o
J -7 73

(VaeW)er X

Suppose we are given an arbitrary Zle(vi + w;) ® z; such that

k

U (vi+w) @) =0

=1
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then it follows that

k
Z(Ui & CUZ) + (wi & JZZ) =0
=1

so that we have 3% (v; ® 2;) = 0 and 3| (w; ® #;) = 0. Therefore

k k

k
Z('Ui ® x;) + Z(w@- R x;) = Z(Ui +w;) @x; =0

i=1 i=1 i=1
which shows that U is injective.

Now we claim that (VW)@ X and (Vg X)® (W ®r X ) have the same
dimension as R-vector spaces. Suppose V, W and X have dimensions n,m
and p respectively. Then V @& W is dimension n + m hence (V & W) @gr X
is dimension (n + m)p over R. On the other hand V ®r X and W ®@r X
have dimensions np and mp respectively. But then (V ®r X) & (W ®r X)
is dimension np + mp which completes the proof of the claim.

Since W is an injective linear map between vector spaces of the same
dimension it must also be surjective by the rank-nullity theorem. This shows

that ¥ is an isomorphism which completes the proof. O

Corollary 1.4. If V and W are finite dimensional R vector spaces then
(VaeW)e=Ved W

Proof. This is just the above lemma with X = C (]

Proposition 1.5. If V and W are Hodge structures then V& W has a

natural Hodge structure.

Proof. We need to find a Hodge decomposition for (VaW)c = (VeW)C.

Using the corollary to lemma 1.3 we have

VoW)c=VecdWe = @ v | @ ( @ Wr,s>

p+q:k r+s=k



To find a Hodge decomposition for (V & W)¢ set

VeWw)w =V gWwhi

From the above it is clear that (V& W)c =, ;_p(V & W), We also

have

(VoW) =Vii@Whi = Vil @ Wil = V' e W = (Ve W)

Corollary 1.6 (Products and coproducts exist). Products and coproducts
exist in the category of Hodge structures (resp. weight-k Hodge structures,

resp. pure weight-k Hodge structures).

Proof. Consider the above Hodge structure on VW and let ¢y : V — P and
¢2 : W — P be morphisms of Hodge structures. By the universal property
of V& W there is a unique map p: V & W — P such that ¢; = poiy and
¢2 = poiy . Clearly the inclusion maps ¢ty and ¢y are morphisms of Hodge

structures. If v +w € (V & W) then
p(v+w) = p(v) + p(w) = (poiv)(v) + (poiw)(w) =

H1(v) + po(w) € VI @ Whi = (V @ W)

where the last step follows because the maps ¢; and ¢9 are morphisms of
Hodge structures. But then p must also be a morphism of Hodge structures
and this shows that the category of Hodge structures has coproducts. A
similar argument with the inclusion maps replaced by projection maps my :
VeW —=Vand mw : Ve W — W gives products in H. The same proof
works for Hy and pH,. ]



Also, the tensor product of pure weight & and k' Hodge structures is

weight k + k' as we will now show.

Lemma 1.7.
(1) If V and W are R-vector spaces then (V @gr W)c = Ve @r We
(2) if Vi, Vo, ..V, and Wy, Wy, ... Wy, are R-vector spaces then

Vg aV)oWie oW =PVew,
P
Proof. For (1) Note that
Ve ®r We = (V ®r C) @r (W ®r C)

hence from the commutativity and associativity of the tensor product we

have

(VorC)®r (WorC)=V @r W or CQg C =
VorWerC=(Var Wk

where the second to last equality holds because C ®g C = C.
For (2) we note that lemma 1.3 gives (Vi&V2)@W; = (VioW;)®(Va@Wh)

Then we induct on n to show that
VieVe-oVy)eWr=VieoW)o: oV, W)

This is trivially true when n = 1 and it is true for n = 2 by the above.
Hence suppose the statement is true for arbitrary n — 1 with n > 2 and note

that
WVieVa---aoVpy)eW=(VieVe eV ) e V,) @ W =

(MieVy: @V, )W )o(VaeWi) = (VieW)®- & (Va—10Wh))B(VaeWh) =

VieW) @& (V, @ W)
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Setting V = V1 &®- - - @V, we can induct on m using the exact same argument

above to see that
VeaWia - aW,)=VeW)e---o(VeW,)

but then it follows that

Vid - aV) (W16 - &W,) = (év) QW1 DD (év) Wy =

i=1 =1

Dv,ow,
p,q
|

1.1. The category of Hodge structures is abelian. The category H

turns out to be an abelian category. Recall that a category C is Abelian if

(1) For any objects A, B the set Hom(V, W) has an abelian group struc-
ture where the group operation + is bilinear with respect to function
composition

(2) For any objects Aj, As, ..., A, of C there exists a product and co-
product, and these universal objects coincide.

(3) kernels and cokernels exist for all the morphisms of C

(4) f is a monomorphism iff it is a kernel and is an epimorphism iff it

is a cokernel

Proposition 1.8. The category of Hodge structures H is an abelian category
and for every k € Z the category of weight k Hodge Structures Hy is an

abelian subcategory of H

Proof. For the first part we will prove each of the items on the list above
holds in the category H. It is helpful to notice that as defined H is a

subcategory of V the category of vector spaces. Therefore to prove the
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proposition we can verify that the required universal objects and morphisms

of V are also a part of H

(1) We will show that Homg (V, W) is a subgroup of Homvy (V, W). Sup-
pose ¢1, ¢ € Homyg(V, W) then ¢1 — ¢2 is a linear map from V to
W and we must show that ¢; — ¢o(V7) C Wi, For v € Vi we
have ¢1(v), ¢2(v) € W hence ¢1(v) — ¢o(v) € WI since W/ is a
subspace. This shows that ¢1 — ¢2 € Homyg(V, W) which shows that
Homy (V, W) < Homv (V, W). Furthermore let ¢1, ¢2 € Hom(V, V")
and p € Hom(V’,W). Then given v € V' we have

po(dr+ ¢2)(v) = p(¢1(v) + ¢2(v)) = (po ¢1)(v) + (po ¢2)(v)

The proof of bilinearity in the other argument of o is analogous.

(2) We will use induction on n to prove that Vi & --- @ V,, has a Hodge
structure. By proposition 1.5 the statement is true for n = 2.
Suppose it is true for all sets of n objects with n > 2. Given
Vi, .. Vi, Var1 objects of H by the induction hypothesis there is a
Hodge decomposition of (V1 @ ... ® V;,)c. Then using 1.5 again there
is a Hodge decomposition of (Vi ®...® V) @ Vayi)c= Vi & ... &
Vi, ® Vp+1)c. Next suppose we are given arbitrary k € {1,...,n} and

arbitrary v € Vki . Then we have
t(v) € Vki’j C ij D--- B V;"j

where 1 : Vi — V1 ® --- @V, is an inclusion map, namely the
universal morphism from V}, into the coproduct Vi ® --- ® V,,. But
then the above says ¢ is a morphism of hodge structures for arbitrary

k. A similar argument shows that the projections, i.e. universal
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morphisms corresponding to the direct product 7 : Vi1 &---pV,, —
V4 is a morphism of hodge structures. This shows that the category
of Hodge structures has products and coproducts.

Let ¢ : V. — W be a morphism of Hodge structures. We need to show
that ker(¢) has a Hodge structure. Consider ker(¢) ® C = ker(¢)c
and notice that it is equal to ker(¢c) where ¢¢ is the map ¢ extended
C-linearly to V¢. Explicitly define ¢¢ : Vo — We to be the map

given on simple tensors by
VR 2z P(v) ® 2

We will show that defining ker(¢)*/ = ker(¢c) N V¥ gives a Hodge
decomposition of ker(¢)c. If (p,q) # (r,s) since V¢ is a direct sum

of the subspaces V/ we have VP4 N V"™ = {0} so that

ker(¢)P? Nker(¢)"* = ker(¢c) N VH NV = ker(¢)c N {0} = {0}

Furthermore given any v € ker(¢)c C V¢ we have v = ¥; jv; j hence
d(v) = (55 5vi5) = i j¢(vi ;) = 0. For each pair (4, j) we must have
oc(vij) € W because ¢ is a morphism of Hodge structures. Since
We = @, ; W the equality X; j¢(v; ;) = 0 implies that ¢(v; ;) =0
for each (7,7). This shows that v;; € ker(¢) for each (4,j) hence

v E D, ; ker(¢)“/. Combining this with the above observation gives
ker(¢) = (P ker(¢)"?
V]

To verify the conjugacy requirement note that we have

ker(¢) = ker(¢c) N Vi = ker(dc) N Vi =

ker(¢c) N V7 = ker(¢c) NV = ker(¢)7
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It remains to show that ker(¢c) = ker(¢c) which is easy when using

the fact that ker(¢)c = ker(¢) ® C and ker(¢) ® C = ker(¢) ® C =

ker(¢) ® C. A technical point is that in this case we are viewing
V C Ve and W C W under the inclusion v — v ® 1 (respectively
w +— w® 1). Then in this context ¢ is the map V' — W defined
by v ® 1 = ¢(v) ® 1. To complete the proof we note that since
ker(¢)% = ker(¢c) N V% the inclusion map is ¢ : ker(¢) — V is a

morphism of Hodge structures.

Next we wish to show that the category H has cokernels. To
do this suppose we are given W and V with W < V. To simplify
notation define W% = W N V%7, then we will find a Hodge decom-

position for %C. Define a map ¢ : @” Vi — @” % by
P(Zijvig) = Bijlvigl

where [v; ;] denotes the conjugacy class containing v; ;. This map
is clearly surjective so suppose that we have v = ¥; ju; ; € ker(¢).
Then ¥; ;[vi;] = 0 in @, ; V‘[/,ZZJJ which gives [v; ;] = 0 for each pair
(i,7) so that v; ; € W5J. This shows that ker(¢) = D, , Wi so by

the first isomorphism theorem we have

Ve _ @V L VY

We @, Wi N W

2

The conjugacy requirement for this decomposition follows from the
conjugacy requirement for the decomposition of V¢ and Wg. Since
%C = V‘{,—% this implies that H has cokernels. Lastly the fourth

requirement holds because morphisms of Hodge structures are mor-

phisms in the abelian category of vector spaces.
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O

Proposition 1.9. If V and W are Hodge structures then V@ W has a
natural Hodge structure. If V and W have weights k and k' respectively
then V@ W has weight k + k'

Proof. From the lemma (V @ W)¢ = @, jV @ @, WP = @, 5(V @ W)™

where (V@ W)™ = P Vi @ WP4, The conjugation requirement

i+p=r,j+q=s
holds because for any direct summand V% @ WP in (V @ W)™ we have

Vid @ WP = Vid @ WP = VIt @ WP

and the latter term is a direct summand of the product defining (V @ W)*".
Finally let V and W have weights k and %’ respectively and suppose that
(r, s) is such that r+s # k+k’. Then given any V4 @ WP? with i+j+p+q =
r+ s we have either i +j # r or p+q # s. In other words either W%/ = {0}
or VP4 = {0} and in both of these cases we have V/ @ WP = {0}. This
shows that (V @ W)™* = {0} whenever r + s # k + k' so that V@ W is a
weight k + k' hodge structure. O
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2. HODGE STRUCTURES VIA REPRESENTATION THEORY

Another way to define a Hodge structure is by using representation theory.

In this section we will view C* as a real algebraic group.

a —b 9 o
Cr=/{ ta,beR, a®+ b #0}.
b a

Recall that a a representation ¢ : C* — GL(R") is called algebraic if ¢ is

a —b
given by polynomials in a, b; i.e., for z = € C* if we write ¢(z) as
b a

a matrix with entries ¢(z);;, then we require that ¢(z);; € R[a, b] for all ¢, j.
For a finite dimensional real vector space V', representation ¢ : C* — GL(V')
is called algebraic if after any isomorphism V = R", the representation is
algebraic.

The goal of this section is to show the following:

Proposition 2.1 (Hodge structures as representations). There is a bijection
between the set of real Hodge structures of weight k and algebraic represen-

tations ¢ : C* +— GL(V) such that ¢(t) acts as t* -v for t € R*.
We break the proof into several steps.

Lemma 2.2 (Representation from a Hodge structure). Given a Hodge struc-
ture V' the representation ¢ : C* — GL(V¢) given by ¢(z)(v) = 2PZ? - v for
v € VP4 and extending linearly, induces, via restricting to V- C V¢, a real
algebraic representation ¢ : C* — GL(V). IfV is of weight k, then ¢(t) = t*
for allt € R*.

Proof. Given any Hodge structure V' we can define a real representation
¢ : C* — GL(V) of the multiplicative group of nonzero complex numbers
as follows. Let ¢(z) by the map defined by ¢(z)(v) = 2Pz% - v for v € VP4

extended linearly. To see that this representation is real consider a real
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vector v € Vg then v = Zij v;,j for some v; ; € V4. Since the sum is real

the v; j come in conjugate pairs, i.e. T;; = v;;. But after acting by ¢(z) the

vector ¢(z) - v is still a sum of conjugate pairs since 2PZ? - v; j; = 2P29-7; ; =
29ZP - Ui ; = 29ZP - v;;. This shows that ¢(z)(v) is real and so restricting ¢
to V C Vi we get a real representation.

Clearly the map z — 2Pz? is algebraic in a and b. One can then deduce
that ¢ is algebraic.

If V is weight k& then note that under this representation ¢(t) acts as

multiplication by t* if ¢ € R*. (]

Lemma 2.3 (Hodge structure from a representation). Let ¢ : C* — GL(V)
be a real algebraic representation. Letting ¢c : C* — GL(V¢) be the induced

representation, then Vg = EBp+q HP1 where
HPY={veVr: ¢(z)(v) =2Pz%-v Yz e C'}

is the p, q-weight space for ¢. This gives V the structure of a real Hodge

structure. Moreover, if ¢(t) = t* for all t € R*, then V is of weight k.

The key point is the following lemma, whose proof we temporarily post-

pone.

Lemma 2.4. Any continuous homomorphism A : C* — C* is given by

A(z) = 2PZ? for some p,q € Z.

Proof of Lemma 2.53. The representation ¢ induces a representation ¢¢ :
C* — GL(Vg). As C* is abelian, this representation decomposes into a
direct sum of 1-dimensional representations, which by virtue of Lemma 2.4
are of the form z — 2PZ? where p + q. Setting HPY = {v € V¢ : ¢(2)(v) =
2Pz4 - v ¥z € C*} to be the direct sum of the corresponding 1-dimensional

representations, we have Vo = @, , . HP?. Furthermore, by definition of the

p+q
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conjugate vector space, we have that ¢(z) acts on HPY as zPz? = 27zP. This

shows that HP4 = H?P hence Vo = @, , , HP? is a Hodge decomposition.

pt+q
Note that restricting to R* C C* we see that if ¢(t) = t* for all t € R*, then

p+q=k. O
We can now give the proof of Proposition 2.1:

Proof of Proposition 2.1. One checks that the constructions in Lemma 2.2

and Lemma 2.3 are inverses of one another. O

2.1. Proof of Lemma 2.4. If X\ : C* — C* is an algebraic representation

then \(x + iy), can be written as pi(x,y) + ip2(z, y) with p1, p2 polynomials

in z and y. But we have = %2, y = 2% which means that A(z) is a

polynomial in z, and Z. Note that any endomorphism of C* of the form
z + 2™ for m an integer is continuous. The conjugate map z + Z is also
a continuous endomorphism of C*. This shows that any endomorphism of
C* s.t. A(z) is a polynomial in z and Z is continuous. In particular we can
assume that our algebraic representation is a continuous endomorphism of
C*. We will now show that any continuous endomorphism of C* maps S*
to itself. First suppose that z € S* is an n-th root of unity for some integer
n > 0, then we have 1 = A(1) = A(z") = A(z)" so that A\(z) is an n-th root
of unity. This shows that every root of unity is mapped into S*. Note that

2

14
the roots of unity have the form e“""« for all rational numbers g. Hence for

4
‘s its image under X lies in S'. But the rational numbers are dense

any "
in the interval [0, 1] so there is a sequence of points ezﬂi% for 7 > 1 which
converges to e?™@ for any a € [0,1]. Then from the above )\(ezm‘?;) € st
for all j so that by the continuity of S we must have \(e?™®) € S'. This
shows that in order to classify the 1-dimensional algebraic representations

of C* we can consider the continuous homomorphisms from S' to S'. We

will utilize the work of Artin in which he uses two lemmas to show that the
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continuous homomorphisms S' — S! all have the form e® — e!* for some

integer a € Z.

Lemma 2.5. Consider R as a group under addition. Then the continuous

homomorphisms ¢ : R — R are all of the form ¢(x) = cx for some c € R.

Proof. If ¢ is as above then for any integer n € Z we have ¢(n) = ¢(1 +
L+..+1)=9¢() +&(1) + ...+ ¢(1) = né(1). Now let - be any rational

number and note that

so that dividing both sides by m gives ¢(-) = ¢(1). Hence for all rational
numbers ¢ we have ¢(q) = q¢(1). But for any x € R there is a sequence
of rational numbers converging to R since the rational numbers are a dense
subset of R. Thus by the continuity of ¢ we must have ¢(z) = x¢(1) so that

setting ¢ = ¢(1) we see that ¢ has the form ¢(z) = cz.

Lemma 2.6. Consider R as a group under addition and S' as a group
under multiplication. Then the continuous homomorphisms ¢ : R — S* all

have the form ¢(x) = e'®

Corollary 2.7. If X : St — S is a continuous homomorphism then \(e'*) =

e for somen € 7

If X is as above then A o exp is a continuous homomorphism from R to
St. Therefore from the corollary we have A(e'®) = €. Furthermore since
A is a homomorphism it sends the multiplicative identity of S! to itself so
that A(e?™) = A(1) = 1. On the other hand \(e*™) = €2™¢ which implies

that €2™ = 1 and this happens iff ¢ = n for some n € Z.
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Now we return to the problem of classifying the irreducible algebraic
representations A : C* +— C*. We have seen that any such A is a polynomial
in z and Z, i.e. A(2) = a12P1 29" + ...+ a42P4z9%. We have seen that restricting
X to S! defines a continuous homomorphism from S* to itself. On the one
hand A(e®) = ae!P1 =9t 4 4 gpei(Pa=9a)t but on the other hand we have
shown that A(e) = e which implies that a;e’P1 =9 4 q ei(Pa—da)t = gint,
Note that in this context we are viewing the terms be’* as functions defined
by e’ — be'"t. However from Artin the irreducible characters of S, i.e. the
n-th power maps e form a basis for the vector space of functions continuous
functions S; — C. Hence the equality aje’P1—1)! 4 | 4 qpe!Pe—a)t = gint
can only be true of there exists j such that p; —¢; =k, a;j =1, and a; =0
whenever i # j. This is because otherwise we would have a nontrivial linear

dependence between the functions et for r an integer. In other words we

must have \(z) = zPz? for some p,q € Z.
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3. HODGE STRUCTURES VIA FILTRATIONS

Definition 3.1. Let V be an R-vector space. Then a sequence
Ve... D FY(V) D FFY(V) o L.
is called a filtration of V¢

Proposition 3.2. There is a bijection between Hodge structures of weight
k and filtrations of Vi such that U;ezF* (V) = Ve and FY (V)N FI(V) =0
if i+j=k+1.

Given a Hodge decomposition V¢ = @iﬂ-:kvi’j let
Frv) =V
i>k
Clearly by definition we have V... D F¥(V) > FFL(V) S ... Furthermore

suppose p + ¢ = k + 1 then we have

FPV)NFIV) =P Vin@vrs= @ Vvinver

i2>p r>q i2p r>q
Given arbitrary ¢ and r in the above equation we have ¢ > p and r > ¢ so
that

i+r>p+q=k+1>s+r==%k

but then i # s so that VI NV*" = 0 which from the above implies FP(V)N

F1(V) = 0. Clearly Uiz, F*(V) = V.

On the other hand suppose we have a filtration F*(V) such that U;ez F* (V) =
Ve and FA(V)NFI(V) =0 if i+j=k+1. Set Vi = F{(V) N Fi(V),
then we must show that V¢ = @iﬂ-:k V4I. First suppose that i # r then

we have

VA AV = F N FI(V)NE (V)N Fs(V)
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WLOG assume 7 > r so that j < s. Then we must have i +s > 74+ j =k so
that
VE AV = F(V)NF3(V) C FY(V)N F—=H4(V) =0

This shows that @i,jez Vi < Ve. Let v € Vi then because

UiezF (V) = Vi we have v € F'(V) for some i. Since F'(V) = D, VP
it follows that v € @Z jez V%I, To finish the proposition we must show that
the decomposition has weight k. This follows from the condition FPNFY = 0

when p + ¢ = k + 1 because if ¢ + j > k then
Vi = FINFi C Fin PRl =0

This completes the proof.

So far we have seen three equivalent definitions of a Hodge structure.
We have also seen how to go back and forth from the Hodge decomposi-
tion to an algebraic representation or a filtration of V. To go between
filtrations and representations we can use their shared Hodge decompo-
sition. Then if p : C* — GL(V) is an algebraic representation, with
p(t) acting as multiplication by t*, then setting F*(V) = D,>; V4 where
VP4 ={v e Vg | p(v) = zPZ7- v} gives a filtration of Vio. Using the induced
Hodge decomposition one can check that this filtration has the properties
required by the previous proposition. On the other hand, given a filtration
of Vg such that U;ez F* (V) = Vg and FY(V)NFH(V) =0 if i+j = k+1. We
define a representation of C* on V¢ as pc(v) = 2P2P-v for v € FP(V)NF4(V)
and extend this map linearly using the decomposition of proposition. This
representation is clearly algebraic and an argument similar to the one before
proposition J shows that pc restricts to a real algebraic representation of

C* on Vi where p(t) acts as t*.
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4. A1MoST COMPLEX STRUCTURES

Definition 4.1. Let V be a real vector space and let id : V +— V be the
identity map on V. An almost complex structure on V' is an endomorphism

I:V — V such that I? = —id.
Any I : V — V almost complex structure on a real vector space (V)
defines a complex vector space (V,*) under the action

(a+bi)xv=a-v+b-1(v)

for all v € V. This follows from the fact that V' is an abelian group, and the

following module conditions

(1)
(a'+b"i) (a+bi)xv = (d'a—b'b)+(a'b+ab)i-v = (’a—b'b)-v+(a'b+ab’)-I(v) =

(@' +b'i)x(a-v+b-1(v)) = (a' +bi)* ((a+bi)*v)

(a+bi+d +bi)xv=(a+d) v+ (b+V) I(v)=

(a-v+b-I(w))+(a v+ 1)) = (a+bi)xv+(a" +bi)*v

(3)
(a+bi)x(v+v)=a-(v+0)+b-I(v+)=

a-v+b-I(v)+a-v +b- 1) = (a+bi)xv+(a +Vi)*0

Conversely suppose (V, ) is a complex vector with I : V + V defined by
I(v) = i*v for all v € V. Then because I*(v) = i2*v = (=1) xv = —v
it follows that I is an almost complex structure on the real vector space
underlying (V). This shows that almost complex structures and complex

vector spaces are equivalent notions.
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Proposition 4.2. If V is a finite dimensional real vector space for which
there exists an almost complex structure I : V +— V then the dimension of

V 1s even.

Proof. By the above any almost complex vector space V has a complex
vector space structure. Since V is finite dimensional we have V =2 C" for

some n. But C = R? as a real vector space which implies that V =2 R?>". 0O

Definition 4.3. For a real vector space V we define Vo = V ®r C. Note
that V can be considered a real subspace of V¢ via the map v — v ® 1.
Furthermore if I is an almost complex structure on V then we can also

denote by I the C-linear map on V¢ defined by v ® z — I(v) ® z.
Proposition 4.4. The only eigenvalues of I on V¢ are i and —i.

Proof. The map I on V¢ satisfies I? + id = 0 so its minimal polynomial
divides 22 + 1. This shows that the only possible eigenvalues for I are i and
—i. Furthermore for any v € V we have that (v —iI(v)) and 3(v +iI(v))

are eigenvectors for I with eigenvalues ¢ and —i respectively.

Definition 4.5. If I is the C-linear extension to V¢ of an almost complex
structure on V then V10 and V%! denote the i and —i eigenspaces respec-

tively.

VIO (o e Ve [ IW) =iv} VO = {ue Ve | I(v) = —i-v)

Lemma 4.6.

yLo _ {%(U —iI(v) | v e V)

VO = {50 +il(0) [0 e V)
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Proof. Given any v € V¢ we have
v=) v®(ajtib) = Y v@aity veib; = (Y aju)@1+()  bjuy)®i
J J J J J

where the last equality follows because we are tensoring over R so that
v®r = rv®1 for all r € R. This shows that elements of V¢ can be
written as z + iy for z,y € V. Note that we are using the shorthand
notation x = x ® 1 and iy = y ® 1, i.e. identifying V with the real subspace
Vol={v®l:veV}in V. Then for the first assertion if v € V10 we
must have [(v) = I(x + iy) = I(z) + il (y) On the other hand

I(v) =i(z +1y) = —y +ix

This shows that y = —I(z) hence v = 3(2z — iI(2z)) which proves that

V10 c {I(v—il(v)) | v € V}. The fact that for any v € V we have

I(5(0 = iT(0)) = § T (0 —iI(0)) = 3o+ T(w) = i - 5 (v~ iT(0)

proves the other inclusion. The proof of the second assertion is analogous.

Proposition 4.7. Let V be a real vector space with an almost complex

structure I. Then we have
Ve=v0e Vo

Furthermore the complex conjugation map provides an isomorphism of V10

and VO as R-vector spaces.

Proof. Tt is clear that V10 N V%! = {0}. Let v1,...,uq be an R basis for V
and hence a C basis for V. Then for each v; we have %(Uj —il(v;)) € V10

and % (v; + il(v;)) € V%1, Therefore it follows that

1 1
v = i(fuj — il (vj)) + §(vj +il(v;)) € VI @ V0!
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But any element of v € C is a C-linear combination of the basis, i.e.
V=aiv1 + ... + aqug =

%al(vl _iI(v1) + %al(vl Fil(01)) 4+t %ad(vd _il(va)) + %ad(vd—i-il(vd))

which shows that v € V0@ V0! so that Ve = V0@ V0!, Since any v € V¢
can be written as v = x+iy for z,y € V the complex conjugation map acts on
Ve as ¢ + iy = x — iy. Therefore given any v € V we have m =
3(v +iI(v)) € V%1 Using this and the lemma shows that the complex
conjugation map interchanges the two eigenspaces. This interchanging gives

an R-linear map between the eigenspaces since for any 5 (v —il(v1)), 5(va —

iI(v2)) € VE0 and r € R we have

S0 =100 + 1 300 = il(22) = loa 7 03) = il (00) + 7 1(02) =

%(vl Frov) 4 %i([(vl) breI(v)) = %(vl Fil(v) 47 %(vz +il(v))

= %(yl +il(v)) +7- %(02 + il (v2))

Furthermore, conjugation from V'Y to V%! must in fact be an isomor-
phism of R-vector spaces since it has a two-sided inverse given by conjugation

from VO to V1.0,

Recall the relationship between algebraic representations and Hodge struc-
tures of weight k given by proposition 2.1. Given a Hodge structure of weight
1, i.e. a decomposition Ve = V0@ V! for a real vector space Vi, we ob-
tain an algebraic representation ¢ : C* — GL(VR) as above. But we must
have ¢(—1) = —Id since —1 is supposed to act as multiplication by —1.
Therefore J = ¢(i) has the property that J? = ¢(i)¢(i) = (i) = ¢(—1) =

—1Id so that J is an almost complex structure. Moreover, if we have an



23

almost complex structure .J, then we have already seen that J determines
a decomposition Vg = V10 @ V0! where the summands are the i and —i
eigenspaces respectively. Note that we obtained an algebraic representation
¢ from a Hodge structure of weight k£ by specifying that z € C* act on VP4
by zPz? and then restricting this to an action on V. But this implies that
in the decomposition above the extension of ¢(i) to V¢ acts on V10 and
VOl as multiplication by i and —i respectively. Note that any v € V is a
sum of elements in V1? and V%!, Then J = ¢(i) because these operators
act the same on both V10 and V%!, This shows that the almost complex
structure obtained via the algebraic representation is the same as the J
which determined the Hodge structure in the first place. In particular we
have a bijective correspondence between almost complex structures on V

and Hodge structures of weight 1 on V.

Let V be an R-vector space with an almost complex structure I. Then
there is an almost complex structure on the dual space V* given by I(f)(v) =
f(I(v)). To see this note that the map I on V* is linear since for any

fi,fo € V* and r € R we have

I(fitr-f2)(v) = (fr+r-f2) (T () = fr(I(v)+r-f2(I(v)) = I(f1)(0)+7r-I(f2)(v)

Furthermore for any v € V and f € V*

P(f)(v) = f(I*(v)) = f(-v) = —f(v)

shows that [ is an almost complex structure on V*.

From proposition 4.7 we must have that (V*)¢ = (V*)40 @ (V*)%! where

(VI ={feV | fU)=1i flv)VveV}



24
(V) ={fe V" | fU)=—i fl)VveV}

It should also be noted that (V*)c 2 (V¢)* via the map ® which sends f® zg
to the map fc € Homg(V,C) defined by v ® z — f(v) ® zpz. Note that here
we are using the identification R ®g C =2 C as real vector spaces. To see the
map P is an isomorphism let V' be a finite dimensional real vector space and
choose a basis v1, ...,v4. Then v1 ®1,...,v4® 1 is a C-basis of V. Also if we
let v denote elements of the dual basis then v! ® 1,...,0% ® 1 is a C-basis
of (V*)c. But then ®(v' ® 1)(v; ® 1) = v'(vj) ® 1 = 0y ® 1 = 05 so that
®(v' ®1) = (v; ® 1)V. This implies that ® maps a C-basis of (V*)¢ to a
C-basis of (Vr)* so that ® is an isomorphism. Another identification that is
worth remarking on is (V*)'0 = Homc((V,I),C). This follows easily from
the definition of (V*)10 since its elements are exactly the maps from (V1)
to C which preserve the complex vector space structure. In the same way
we can identify (V*)%! with the C-linear maps from (V,I) to C which are

the same as C-linear maps from (V,I) to C.

Recall that the tensor product of K-vector spaces is defined so that it is
universal with respect to multilinear maps. That is the tensor product is
a vector space @V equipped with a map ¢ : V¥ — @FV such that every
multilinear map p : V¥ — P factors uniquely through ¢. In other words p =
f o ¢ for some unique K-linear map f : ®;V +— P. Therefore according to
Aluffi the tensor product can be thought of as the best approximation to V*
if we wish to view K-multilinear maps as K-linear. Often multilinear maps
have additional properties one example being alternating maps. If p : V* —
P is a multilinear map then p is said to be alternating if ¢(z1, z2,...,x5) =0
whenever z; = x; for some ¢ # j. For example, let I be the counterclockwise
rotation by 5 on R2. Then we have z-y = I(z)-I(y) for all z,y € R? where

. is the dot product. Furthermore we can define a map w : R? — R by
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w(z,y) = - I(y). Note that for all z € R? we have
wz,z) =z I(z) = I(z) - I*(z) = —(z- I(z)) = —w(z, )

This implies that w(z,z) = 0 for all x hence f is alternating. The existence

of alternating multilinear maps motivates the following.

Definition 4.8. Let K be a field and V' a K-vector space. Then the k-th
exterior power /\k V' is defined to be universal with respect to alternating
multilinear maps from V*. In other words there is a map ¢ : V* — /\k \%
such that give any alternating map p : V¥ — P there is a unique K-linear

mapf:Aer—)PWithp:foq5.

The tensor product can be constructed starting with the free K-module
VE. Then ®"*V is the quotient of the free module by the submodule gener-

ated by the elements
(T1y ey Tiy + X 402y oy TE) — (T ey Tigy eeey T) — (L1 evey Tigy ooy The)

(xl, ey T35y ony xk) — ri(azl, ceey Ly eeny :Bk)

for any 7; € K any (1, ...,7;) € V¥ and any i € {1, ..., k}. The k-th exterior
power is constructed by adding the elements (z1,...,x)) such that z; = z;
for some i # j to the generating set. These constructions are essentially only
useful in order to verify that such universal objects exist. When considering
the tensor or exterior powers it is better to think of them as formal sums of
elements in V* with some special properties. For example, one important
property of the tensor product is that v ® 0 = 0. This can be proved by
noting that v®0 =v® (04+0) = v®0+4v®0. Since exterior powers can be
constructed as the quotient of the corresponding tensor power this property
also holds in /\]’C V. Another important property of exterior powers has to

do with permutations.
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Lemma 4.9. If V is a K-vector space then we have
TIN NN N AT = =21 N AT NANT N AT

Jorallzy A ... ANz e N¥V and all i < j.

Proof. By definition of the exterior power we have
1A A (g x) AN+ x) A Axg =0

on the other hand using multi linearity and that x A z = 0 gives
TIA A (T +xi) ANz +x) A ANay =

(1A AT ANxg AN ANxg) + (@ A Nz Az A Axg) =0

O

The above shows that we can interchange elements of an exterior power at
the expense of changing the sign. Therefore suppose z1A...A...xp € /\k V and
0 € Sk. Then x,(1) A ... A sy is obtained by interchanging elements.This
can be done because every element of Sy is a product of transpositions.

Furthermore, this combined with the previous lemma prove the following.

Proposition 4.10. Given any o € S, we have
T1 A e Ap = 8gn(0)To(1) A oo A To(r)

forallzy A ... Az e NFV

The k-th exterior powers can all be considered as subspaces of a larger

structure. This structure is called the exterior algebra.

Definition 4.11. If V is a K-vector space then we define the exterior alge-
bra by
NV =KaeVarNnVeo..
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where the multiplication operation of the algebra is A.

Proposition 4.12. if V is a d dimensional K -vector space then
* d k
AV=DAV
k=0
Proof. If x4 A ... Nz, € N\"V for n > d then the set of vectors {1, ...,z }

is linearly dependent. Therefore we must have x, = a1x1 + ...an—12,_1 for

some coefficients in K. It follows that

TIN Ny A NTpy =21 N\ cc. NTp—1 N (CL1JZ1 + ...+ an_la:n_l) =

n—1

Zak(xl N NTp_1 N .%'k) =0
k=1

This shows that A"V = 0 for n > d and this together with the definition of

the exterior algebra proves the proposition. O

If V is real of dimension d then V¢ has dimension d as a C-vector space.
Then proposition 4.12 says that
* d k
A\Ve=@DAve
k=0

Note that A* V¢ is isomorphic to (A* V)¢ via the map defined by
(1 @ 21) A A2 @ 25) = (T1 Ao Axg) @ (21...2k)

This means that A"V is a real subspace of A* V¢ and in fact it is the
subspace left invariant under the complex conjugation map (z®z) — (z®2).
Furthermore, the above isomorphism shows that the complex conjugation

map is multiplicative, in other words x Ay = £ Ay. If V has a complex
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structure then we can use proposition 4.7 to further decompose the exterior

algebra of V.

Definition 4.13. If I is an almost complex structure on V with V10 and
V01 as in proposition 4.7 then we define
P

/\vz/p\vm/q\v

where the exterior products are taken over C

Let {e1,...,eq} be a basis of V. Then the elements e;, A ... A e;, span
AV for iy, ....ix € {1,..d}. By the alternating condition each of these
elements is a multiple of some e, A ... Aej, where j; < ... < ji. Therefore
the latter elements must also be a spanning set for /\k V', we denote this set
B. One proof that B is linearly independent uses the construction of the
exterior algebra from the free K-module F(V¥). In particular one must show
that no linear combination ) ;ajey for J C {1,...,d} can also be a linear
combinations of elements in the generating set mentioned before lemma, 0.6.
The details are tedious to write out fully but not too difficult. Furthermore,
note that any vector in B is uniquely determined by a k-element subset of

{1,...,d}. This shows that |B| = (Z) proving the following result

Lemma 4.14. IfV has dimension d over a field K then /\k V' has dimension
(Z) where k < d

Proposition 4.15. Let V be a real vector space with an almost complex

structure.

(1) NP2V is isomorphic to a subspace of NPT Ve



(2)
(3)

Proof.
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/\k’ V(C — @p+q:k prq

Complex conjugation provides a C-antilinear isomorphism between

NPV and NPP V. Therefore we have APV = A\TPV.

(1) Let {v1,...,v,} and {wy,...,w,} be bases of V10 and V0!
respectively. Consider the subspace V' of APT9 V¢ generated by
elements of the form v;; A ... Avy, Awjy A ... Awj, with ip < ... <1
and j; < ... < jg. By an argument similar to the one used in the
proof of lemma 0.9 it can be seen that these vectors are linearly
independent. Furthermore there are (Z) (Z) of them so (Z) (Z) is the
dimension of V’. Note that if V and W have dimensions n; and ns
respectively then V' ® W has dimension nins. This together with
the lemma shows that A”?V also has dimension (Z) (’;) Therefore
APV is isomorphic to the subspace V' of APT? V.

With notation as in part 1 we have that {vi,...,v,, w1,...,wy} is
a basis of V¢. From the first part the elements of J,, . A" Ve
clearly generate \* V. Hence we must show that A VP4A A V™S =
{0} when r # s. Suppose that 1 A ... Axg € ANVPIN AV for
p # r. WLOG suppose that » < p, then we have z,,, € V10
and z,.1 € V% However, V10N V% = {0}, which implies that

Zr4+1 = 0. Hence it follows that
TIN ATl A AT =21 A AOA L AT, =0

This shows that A VP90 A V"™ =0 for p # r completing the proof
of part 2.

Note that complex conjugation is multiplicative on exterior powers,
in other words x1 A 2o = T1 A T3. Furthermore from proposition C

we have that V1.0 = /0.1,
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Hence if 24 A . Azp Ayr Ao Ayg € APV then

q,p
TIA ATy AYIA - AYg =TI A AT ATEA . ATg € \V

Complex conjugation is clearly a bijection on A* V¢ and it can be

seen that this map is C-antilinear. It follows that A7V = APV
[l

Essentially the proposition proves that the subspaces A”?V make /\k \%4
into a pure weight k£ Hodge structure. Note that in the case £k = 1 we simply
get back the decomposition of V¢ given by proposition 4.7. This is a pure

weight 1 Hodge structure on V.

Proposition 4.16. Let V be an R-vector space that is pure weight 1 Hodge
structure with Ve = VIO @ VO Then there exists an almost complex struc-
ture on'V such that VY0 and VO are the i and —i-eigenspaces of I extended

to Vo

Proof. For any v € V C V¢ we have v = wy + wy for some wy; € V10
and some wy € VY. Then if w; = z1 + iy1 and wy = x9 + iy we must
have 21 + 22 = v and y; = —yo. Furthermore zo — iys € V10 implies
that 21 +zo +i(y1 —y —2) = v+ 1i2y; € V10, Hence we must also have
v—i2y; € VOl But then (v +i2y;) and (v — i2y;) are the two unique
vectors, in V19 and V%! respectively, whose sum is V. This shows that
for every v € V there is a unique y; = w € V such that v + iw € V!,
Then we can define a map I : V +— V by I(v) = —w. Note that since
V19 is closed under complex scaling we have i(v 4 iw) = —w + iv so that
I*(v) = I(—w) = —v. Therefore I is an almost complex structure on V' and
we can consider its C-linear extension to Vg. If x+iy € V10 then I(z) = —y

and I(y) = x so that I(z +iy) = i(x) + il(y) = —y + iz = i(x + iy). Also
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if x 4+ iy € V¢ is an i-eigenvector then I(z) = —y so that = + iy € V19
by definition of I. This shows that V10 is the i-eigenspace of I and since

VOl = V1.0 we also have that V%! is the —i-eigenspace O

Lemma 4.17. Let z; = x;+iy; fori € {1,...,d} be a C-basis for VI°. Then

for any m < d we have
(=20)" (21 AZD N e A (2 AZm) = (21 Ay1) A coe AT A Ym)
For the dual basis z' of V9" we have

(LY AT A (A T) = (2 A9 A A @ Ay

Definition 4.18. In view of proposition 4.15 we define the projections

* k
Hk:/\V(cH/\V(C

and i
P \ Ve A\ Ve
Also the operator I will be defined on A\* V¢ by
I= Z JP—aTIP4
X
In other words I is the endomorphism of V¢ which acts like multiplication
by ##77 on the subspace V9. The corresponding linear maps on the dual

space are given the same notation.
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Definition 4.19. Let (V, (,)) be an euclidean vector space. Then an almost
complex structure I on V is called compatible if for all v,w € V we have
(v,w) = (I(v),I(w)) i.e. I is an orthogonal operator with respect to the

scalar product on V.

Note that if I is a compatible almost complex structure then

(I(v),v) = (I*(v), I(v)) = (=v,1(v)) = —(I(v),)

this implies that (I(v),v) = 0 so that v is always orthogonal to its image
under [.

Suppose V is a real vector space of dimension two with fixed orientation.
Then any scalar product (,) on V defines an almost complex structure as
follows. Given any v € V the vector I(v) is uniquely determined by the
conditions (v, I(v)) =0, |v| = |I(v)|, and {v, I(v)} has positive orientation.
This is because the second condition determines the length of I(v) and the
first and third conditions determine its direction. In fact these conditions
are equivalent to the definition of I as a rotation by 7 which shows that
I is indeed an almost complex structure. Furthermore it is not difficult to
see that such an I must be compatible with the scalar product (,). Two
scalar products (,)1 and ()2 define the same almost complex structure on
Vif ()1 = A(, )2 for some A € R. Indeed one can see that if (v,I(v))1
and |v|; = |I(v)|; and {v, I(v)} is positively oriented then these conditions
are also satisfied on (V, (,)2). The relationship among scalar products given
by (,)1 = A(,)2 for some A € R* is an equivalence relation. This is be-
cause the existence of multiplicative inverses in R* gives symmetry and the
other axioms, reflexive and transitive, are easy consequences of the defini-
tion of the relationship. Two elements in the same equivalence class are

called conformally equivalent and the above shows that there is a bijection
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between conformal equivalence classes and two dimensional almost complex

structures on V.

Definition 4.20. Let (V,(,)) be a euclidean vector space with a compati-
ble almost complex structure I. The the fundemental form of (V, (), ) is

defined by

w(v, w) = =(v, [(w)) = {I(v), w)

Lemma 4.21. If (V, (,), 1) and w is the fundemental form then w € A*V*N
/\1,1 V*

Proof. w is alternating since w(v,w) = —w(w, v) by definition. Furthermore

we have
(Tw) (v, w) = w(I(v), (w)) = w(I*(v), [(w)) = (I(v),w) = w(v,w)

hence I(w) = w. This means that w € A"V because I acts as i?~¢ on
elements in A\P?V*.

Note that two of the three structures {(,), I,w} determine the other two

Lemma 4.22. Let (V,(,)) be a euclidean vector space with a compatible al-
most complex structure I. Then (,) = (,)—iw is a positive definite hermitian

form on (V,I).

Proof. For v € V we have (v,v) = (v,v) —i(I(v),v). Because I is compatible
(I(v),v) = 0 which kills the complex part of (, ). Therefore (v,v) = (v,v) >0
because (,) is positive definitive. Next, given v,w € V we have (v,w) =
(v,w) —i{I(v),w).

Can we also extended the form (,) to be a positive definite hermitian
form on Vg by setting (v ® 2y, w ® zy)c = (20Zw (v, w) and extending this

bilinearly on V'
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Lemma 4.23. Let V be a euclidean vector space with bilinear form (). If I
is a compatible almost complex structure then ()¢ is orthogonal with respect

to the decomposition Vo = V10 g V0.1

Proof. From lemma 4.6 we know that an arbitrary element of V1" has the
form (v — iI(v)) for some v € V. Similarly an arbitrary element of V!
looks like 3 (w + iI(w)) for some w € V. Then using the definition of (, )¢

we compute
(v—il(v), wtil(w))c = (v,w)c—i(v, [(w))c—i(l(v), w)c—(I(v), [(w))c =

(v,w)c — (v, I(w))c) + (v, I(w))c — (v,w)c =0

Note that the second to last equality holds because we have a compatible
almost complex structure, so that (I(v),w)c = (I?(v), I(w))c = —(v, I(w))c

(|

Lemma 4.24. Let V be a euclidean vector space with bilinear form (,) and
a compatible almost complex complex structure I. Then under the isomor-

phism (V,I) = (V10,i) we have 1(,) = (s ey

Proof. As above we have an isomorphism (V, 1) = (V19 i) given by v

$(v —il(v)). Then for arbitrary v, w € V we compute

(5w — (W), 5w — i) = Fo — iT(),w— il(w))c =

2w, w)e 4 i, Iw))e — T (0), w)e + (v, w)e) =

1(2(1},w>(c + 2i(v, I(w))¢) = 1((v, w)c — w(v,w)) = L

1 5 5 (v, w)
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Proposition 4.25. If z1,..,x; € V10 with y; = I(z;) be such that
{x1,y1, 72,92, ..., Tk, Y } s an orthonormal basis for V with respect to (,).
Then we have

i R L
w= 525:121 ANzt =3F 2t Ayl

with z; = %(ml —iy;) and superscripts denoting the dual basis

Proof. First note that the z; form a C-basis for V1°. From the lemma we
have that the hermitian form (,)c is given by a hermitian matrix 1 (h;;)

where

1 _
(SF1aizi, S5 bjz) = o Zij=11i,0ib;

Note that the lemma also gives (x;,x;) = 2(xi, xj)c = 2(2;, zj)c = hij.
Since the form (, )¢ is hermitian we also have
(@i,y5) = (23, L(25)) = (w3,0 - 23) = —i(@i,25) = —ihy
and
(Wisyj) = (L(w), L(x))) = (i - @, 2) = =i (@i, 25) = hig

Now using the above and the definition of (,) we see that
w(zi, zj) = w(yi, y;) = —Im(hi )
w(zi, yj) = Re(hij)
(zis25) = (yir yj) = Re(hij)
(i,y5) = Im(hi ;)
This means that we must have

w=—YiciIm(hij) (@' Na? +y' Aal) + S Re(hi ) (a' Ay)
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Now suppose the basis {z1, y1, 2, Y2, ..., Tk, Y } is orthonormal with respect
to (,). Then from the above description of (,) on the aforementioned basis
we must have h; ; = 0 for ¢ # j and h;; = 1 for each ¢ with 1 <¢ < n. This
shows that

w=X" 2" Ay

Also using
ZANF = (@ iy ) A (@ —iyf) =2t AT — i@ Ay 2 Ay oyt Ay

gives the equality

w = 5Z)é“:lz’ Azt

The above proposition is useful because there always exists an orthonor-
mal basis of V' with respect to (,), so long as we have a compatible almost
complex structure /. To see this note that we can pick some x; # 0 such
that (,). Such an z; always exists, this is because (V,(,)) is euclidean so
there is an isomorphism ¢ from V to R™ that respects (,). This means we
can set 1 = I(e1) to get the required z;. After x; is chosen it is auto-
matically orthogonal to y; = I(x1) since I is a compatible almost complex

structure

Definition 4.26. If (V, (,)) is a euclidean vector space with an almost com-
patible structure I then the Lefschetz operator L : A"V — AV is defined

by o — w A a. Where w is the fundamental form as defined above
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Proposition 4.27. (1) L is the C-linear extension of the real operator
AN V* = V* given by a— w A «
(2) The Lefschetz operator has bidegree (1,1), meaning we have

p+1l,q+1

X
LAV N VvV
(3) For each k the map L* : AFV* s A2P=kV* s g bijection
Proof.
(1) This follows from (A*V*)c = A" V¢
(2) This is a consequence of proposition 4.25 since we can choose an
orthonormal basis so that

w=3X" 1z Ay

Then if & € AP V* we have (z* A y') Aa € NPT V* for each .

This shows that w A a is a sum of elements in APTH4H! P

0

Definition 4.28. Let (V,(,)) be an oriented euclidean vector space of di-

mension d. Then for any k there is a scalar product on /\k V give by
(V1 Ao Ay wr A oo Awy) = detA
where A; ; = (v;, w;)

We can use the same method to define a scalar product on /\k V*. We
just need scalar product on the dual space V* and this is given by defining

(e',e7) = (e;,e;) where the e denote the dual basis
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Definition 4.29. Let (V,(,)) be a euclidean vector space of dimension d.
Also let V' have orientation vol = e A ... A egq for some basis ey, ..., e4. Then

the Hodge star operator * : /\k Vi /\dik V' is defined by
aAxp = {(a, ) vol

where the above holds for all a € A*V

In order for the above definition to make sense we need to prove x/3 is well
defined given any 8 € /\k V. One way to see this is to choose an orthonormal

basis e, ..,eq of V, so that
{eil Nejgg N Nejy 1<y <ig <. < Sd—k‘}

is an orthonormal R-basis for /\k V. Hence if x8 € /\dik V' satisfies the

(+)

above condition we can write *3 = X%

Brer, Where we define the e;, via

the identification
. d . .
{er;1<j < f F={en N neiy, |1 <ip < ... <ig_p <d}

Then given any ej, A... Aej, € /\kV where 1 < j; < ... < jr < d we have

(x) (x)
ejy N Nej NxB =ej Ao Nej A (Z,Breh) = Zﬁr ej, N ... Nej, Ner,

r=1 r=1
However, note that e;, A...Aej, Aer. #0onlyife;, =e; Aei, Ao Neiy

where {i1,42,...,0q0-} = {1,2,...,d} — {j1, 72, ---, ji }- Hence from the above

e N Nej Nk = ej A Nej Nei A Neiy = BaSgn(dts .., Jky i1, o, Ld—k)-vOL
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for some ¢ € {1, ..., (Z)} then by definition of the Hodge star operator we

have
BaSGN(Ji, s s i1, - td—1) - Ol = (€5, A ... A e, B) - vol

which implies that 5, = sgn(ji, ..., jrs 41, - td—k)(€j; A ... A €j,, ). This
shows that any *8 satisfying the condition of definition 2.20 has unique
coefficients under a given basis. Therefore such a *8 must be unique. It
should also be noted that there is a Hodge star operator on /\k V* defined

by using the definition above with the scalar product on V*

Proposition 4.30. Let (V,(,)) be an euclidean vector space of dimension
d with orientation as above. Furthermore suppose that the basis eq,...,eq i
orthonormal. Then the associated Hodge start operator satisfies the follow-
mg:

(1) For {i1,...,ik, j1,s s ja—tt = {1, ..., d} we have
w(eg N Neg ) =N-ej Ao ANej,

where X = sgn(i1, ..., ik, J1, -, jd—k)- Note that x1 = vol where
1e A’V =R.
(2) Forae N*V and 8 € A"V we have

(xar, B) = (—1)M "R (o, %)

(3) The Hodge star operator is an isometry on (N*V,(,))

(4)

(¥l )2 = (~1)RE

Proof. To prove (1), note that from the definition of the Hodge star operator

and the fact that {e;; A...Aej, 1 < i3 <idp < ... <i <d—k}isan
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orthonormal basis gives

eiy N ... Nej, Nx(ej A ... Aej,) = vol
This implies that

w(eg N Neg ) =N-ej Ao ANej,

where {i1,..., 0%, 41y -y Ja—k} = {1,...,d} and X = sgn(it, ..., ik, ji, -, Jd—k)-
Next, note that in For a € A*V and 8 e A“FV

(xa, B) -vol = xa AxB =01 N... Nag_ NP1 N ... N B =

(DB A A Aag g ABa A ABy) =
(_1)k(d_k)(/81 A ABLNar A A Oéd_k) =
(—D)MA=R (8 A xa) = (~1)FER) (58, a) - vol

But this implies that (xa, 8) = (—1)¥(@=%)(a, xB) proving part (2). To prove
part (3) we will show that * is an isometry on the basis B = {e;, A... A¢;, :
1 <) <ig <..<i, <k} Suppose that er,e; € B with I # J, then we
must have {1,...,d} — I # {1,...,d} — J hence *e; # *e;. But then from
a and the fact that {e;; A...Ae;, 11 < i <ipg < ..<i <d—k}isan
orthonormal basis of A\* V=% it follows that (xey,*es) =0 = (es,es). Also
from (1) we have (xer, xer) = (e, Ae’) where X\ = sgn(iy, ..., ik, J1, - Jd—k)

and I’ = {1,....,d} — I. But A = %1 so that A = 1 and we have
(Nel, Ael) = N (ef, ) = (€], ef) =1

This gives (xer,*er) = (er,er) = 1 finishing the proof of ¢. Next let
B € A"V by arbitrary. Then for all a € using (2) and (3) we have

(o, B) = (xa, %8) = (=1)* @K (o s % B) = (a, (= 1)FE=H) 4 p)
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but since the form (,) is non degenerate this gives * x 3 = (—1)kd=k)g

proving (4) O

Definition 4.31. The dual Lefschetz operator A : A*V* — A*V* is

uniquely determined by
(A, ) = (a, L)

for all B € A" V*. The C-linear extension on A" V¢ of the dual operator is

also denoted A.

Proposition 4.32. If {x1,y1,..., Tn,Yn} i an orthonormal basis for V as
i proposition /.25 then

W =nl-wvol

where vol = x* Ayt A ATV Ayt € NTVE
Proof. From proposition 4.25 we have
k
w= Z ' Ay
i=1
so that

k n
W = (Z N yi)n — Z (Z xo’(i) A yo'(i))
i=1

c€eS, =1

However, note that for all o € S}, we have

k n k
Z 270 A7) = sgn(0)? Z Ayt = Z ' Ay’ = wvol
i=1 i=1 i=1
hence the above gives

w" = |Sy| - vol = n!-vol
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Proposition 4.33. The operator A is of degree —2, meaning

AN V) € A¥2V*. Furthermore we have
A=x1oLox
Proof. Given oo € \* V¥ we consider an arbitrary 8 € A* V*. Then we have
(o, LB) -wol = (LB, ) -vol = LB N xa =

wABA*a=FAwA *x

where the last equality follows from proposition 4.25 and the fact that if
ve APV then

TiANYy; ANv = (fl)kxi/\v/\yi = (*1)2]{1)/\:61'/\3/1' =vAZ; A\y;
However, this implies that
(a, LB) - vol = BN (L(xa) =

(B, Lo Lox(a))-vol = (x 1o Lox(a)),B) - vol

showing that (o, LB) = (x "o Lox(a)),3) for all 3 € \* V* completing the

proof.

Proposition 4.34. With (,)c, A, and * as defined previously we have
(1) The decomposition \* VE =@ AP V* is orthogonal with respect to
().
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(2) If n = dimc(V,I) then

P:q p—1l,g-1

AAVHIC AN Vv

Definition 4.35. The map H : A"V — A"V defined by
H =% (k—n)-II*

in other words H is the map that is multiplication by k£ — n when restricted
to A¥ V. An analogous operator is defined on A* V* and will also be called
H

Proposition 4.36. For the operators L, A, H defined above me have
(1)

[H,L] =2L
(2)
[H,A] = —2A
(3)
[L,A]=H
where [A, Bl = AB — BA
Proof. (1) The vector space V has an almost complex structure so by

proposition dim it must have dimension d = 2n for some integer n.

Given o € A\* V* from proposition J we must have o = Z?go Q;v;
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where v; € A" V* for each i. Then we have

2n 2n
HL() = HL() o)) = H() | L(oqvy)) =
=0 1=0

2n
> (i —n+2)L(aiv;) = (i —n +2)L(a)
=0

where the second equality follows because L(AF V*) ¢ A¥?V*. On

the other hand

2n 2n
LH(a) = LH(Y ajv;) = L() (i — n)ew; = (i — n)L(a)
=0 =0

but then it follows that
HL—-LH(a)=(i—n+2)L(a) — (i —n)L(a) = 2L(«)

completing the proof on a. The proof on b is the same except with L
replaced by A. The only other difference is that we use proposition
R to conclude that HA(«) = (i — n — 2)A(«). The proof of ¢ relies
on a fairly lengthy induction argument and is therefore omitted see

[Huy05, p. 34]

Proposition 4.37. Let (V,(),I) be a euclidean vector space of dimension
2n with a compatible almost complex structure. Then there is an sl(2)-
representation on \* V* where sl(2) is the R-vector space of 2x2 matrices

with trace 0

Proof. The vector space sl(2) is generated by the elements
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It can also be seen that
[B,X]|=2X,[B,Y]|=-2Y,[X,Y]=B

which shows that [,] defines a function si(2) x sl(2) — sl(2) so that sl(2)
is a Lie algebra. Furthermore, we can obtain a linear map from sl(2) into
End(\"V*) by sending X — L, Y +— A, B+ H. This map is a lie algebra

homomorphism from proposition 4.36. O

Lemma 4.38. Let ¢ : sl(2) — GL(V) be a representation on a finite dimen-
sional nontrivial complex vector space. Furthermore lete = ¢(X), f = ¢(Y),

g = ¢(B), then the following hold

(1) V contains a nonzero eigenvector for g.

(2) If v is an eigenvector for g with eigenvalue A then
ge' (v) = (A + 2i)e’(v)
(3) If v € V is a nonzero eigenvector for g with eigenvalue \ then
gf'(v) = (A = 20) - f(v)

(4) There is a nonzero eigenvector of g in the kernel of f

(5) If i > 0 and v is an eigenvector of g with eigenvalue X
[e", fl(v) = i(A+i—1)e ™ (v)
(6) If v is a nonzero eigenvector for g in the kernel of f, then

Ry = Span{e'(v)}Z,
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defines a sub-representation. Furthermore, the irreducible represen-

tations are all of this form.

Proof. (1) The characteristic polynomial for g has a root in C by the
fundemental theorem of algebra. Since V' is a complex vector space
this means there exists an eigenvector v € V for g with eigenvalue \.
Furthermore, since dimV # 0 and the eigenspaces of g decompose
V we may assume there is a nonzero eigenvector.

(2) We will show inductively that gfi(v) = (A + 2i) - f(v). For i = 0
the statement holds from the assumption that v is an eigenvector.

Then using induction we have
ge'(v) = ge(e 1 (v) = eg(e' (1)) +2e(e 1 (v)) = (A+2(i—1))e (v)+2¢(v) = (A+2i)e’ (v)
(3) This is true for i = 1, since the fact that we have an sl(2) implies
9. fl(v) = =2f(v)
and implies that
9f(w) = fg(v) =2f(v) = f(Mv) =2f(v) = (A =2) - f(v)
Now we use the lie bracket relations again to show that
9, F1(f* 1 (0)) = =2/*(v)
for i > 1 hence
gf () = fa(f (v)) = 2f'(v) = F((A=2(i = 1)) - [ (v)) = 2f*(v)

= (A =20) - f'(v)
(4) From (3) each vector fi(v) is an eigenvector of g with eigenvalue

A — 2i. Hence if there was no j such that f7(v) = 0 we would
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obtain an infinite sequence of nonzero eigenvectors for f with distinct
eigenvalues. This is a contradiction to the assumption that V is finite
dimensional, since eigenvectors with distinct eigenvalues are linearly
independent. Hence we may take j € N with j minimal such that
f7(v) = 0. Then we have f/~!(v) # 0 which verifies the existence of

a nonzero eigenvector for g in the kernel of f.

(5) we use induction on i. The statement is true for ¢ = 1 since using

the lie bracket relations we have

then by induction
[ef, f1(v) = €' f(v) = fe' (v) = (e f(v) = fe' (V) +(efe' ™ (v) — fe'(v) =

([, F1(0)) + e, FI(e () = e((i— DA+ (i— 1) = 1)el2(v) + ge = (v) =
(i —1)A+G—1)=1De o)+ (26 — 1)+ k—n)e L (v) =
(= DA +A+ (G —1)((E—1) —1+2))e" L) =i A +i— 1) (v)
(6) The fact that R, is a sub-representation is a consequence of (2)
and (5). If W in any irreducible representation then it is an sl(2)-
representation so there is a nonzero eigenvector v € W in the kernel

of g. But then R, is a sub-representation of W which means that

R, = W since W is irreducible.
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Definition 4.39. A primitive element of A* V* is an o € A¥ V* such that
Aa = 0. The subspace of all primitive elements in /\k V is denoted P*. The

subspace of primitive elements in A\* V{ is the complexication of P(é

Lemma 4.40. If i # j then the subspaces LiPé_Zi and LjPé_Qj of N"V*

are orthogonal

Proof. Suppose a € P¥=2" and € P*¥~% and assume WLOG that i < j.
Using proposition 4.37 we have an sl(2) representation ¢ on A* V7 with
d?(X) =1L, p(Y) = A, and ¢(B) = H. Then applying lemma 4.38 part we
see that if v € A*V* € A"V is an eigenvector for H with eigenvalue A

then for m > 0
(%) [L™, A](v) = m(A +m — 1) L™ (v)

But in view of definition 4.35 one can see that v in an eigenvalue for H iff
v € /\l V* for some positive integer . In particular (x) holds when v is a

primitive vector and therefore using Av = 0 gives
AL™(v) = —[L™, Al(v) = m(1 —m — \) L™ (v)
and applying this inductively and using the linearity of A we see
(xx) AL (o) = civ

for some constant ¢. But then since ¢ < j it makes sense to use definition

4.31 7 + 1 times to see that

(L'(a), L (8)) = (AA'LY(@), L/T7H(B)) = (Alca), LI7H(B)) = (0, L7 7H(B)) = 0

O
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Proposition 4.41. If (V,(,)) is a euclidean vector space with a compatible
almost complex structure then

k

>0

and this decomposition is orthogonal with respect to (,) on /\k VE.

Proof. The subspaces L'PF~2 L’Pgiﬂ and LIPk=% c IJ P(]C“Qj are or-

thogonal subspaces of /\k V* from 4.40 which gives

k

i>0

so the only part of the proposition that needs proof is that these subspaces
span /\k V*. Applying lemma 4.38 part (iii) to the sl(2)-representation
on \"V{Z we see that there exists a nonzero eigenvector for H in the ker-
nel of A. But we have v is an eigenvector for H iff v € A'V* for some
positive integer [. Then in view of definition 4.39 the above shows that
A" V* admits a primitive vector. Furthermore using part (vi) of the lemma
we see that the irreducible subrepresentations of A* V¥ all have the form
R, = span{v, Lv, L?v,...}. Since any finite sl(2) representation is a direct
sum of irreducible representations we have

*

ANGRSP R

veEA

where A is some appropriate indexing set. Then given arbitrary w €

A V* c \* V* for some indexing set B we have

w = g ar L' v,

reB
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where v, is primitive for each r. For each r let d, = deg(v,) + 2i, where
the degree of a primitive vector v is equal to [ if v € /\l V*. Then we can

rewrite the above sum as

2n
w = Z( Z GTLZT'UT)
7=0 r:d,=j

But since w is in wedge k and we have a decomposition

2n J

AV =@Av:

we must have a, # 0 iff d, = k. In other words we have
w = Z arLirvr
r:d.=k

which shows that the subspaces LiPé*Zi span /\k V¢ which gives the decom-
position

k: . .

/\ V([I:c — Ll(Pk72z)C

the statement of the proposition follows by looking at the real part. O

Lemma 4.42. For all a € P* we have

, (e+1) ! -
Da=(-1)"2 2 ["F1(a)

(n—Fk—j)!

Proof. For the proof see [Huy05, p. 37] O

Definition 4.43. Let (V, (,), ) be as above with w the fundamental form.
Then there is a bilinear form Q on A* V* defined by

k(k—1)

(,8) = (1) 2 anBAwW""

Proposition 4.44.
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QAV, AV =0
for (p,q) # (¢, p")
(2)
P7IQ(a,a) =(n—(p+ ) (a,a)c >0

with 0 £ a € PP and p+q<n

Proof. For (1) if « € AP?V*, and 8 € AP*? V* with (p,q) # (¢, p) then
we may assume WLOG that p > ¢’ so that p’ + ¢ = k implies p +p' > k.
Note that a A B A w" % has type (p + 9 +n — k,q+ ¢ +n — k) with
p+p +n—k>k+n—k=nbut A\'(V)0 is trivial for [ > n because
(V*)10 has dimension n. This implies that o A B A w™ ¥ is zero.

For (2) we have

- k(k—1) o ek
Qla,@)-vol = (—=1) 2 anaAw" "=

k(k—1) k(k—1)

(1) an L @) = (-1)"7 (o, B)c - vol

For some 8 € A" V* with %8 = L"*a. From 4.30 part (d) we have
(4l pey)? = (1D

If k is odd (respectively even) then k(2n — k) is odd (respectively even) so
that the above becomes

(ol )2 = (1)
and we have *23 = (—1)¥3. But using lemma 4.42 gives

k(k;—l) tk

B=(-1)FB = (~)F« L" (@) = (- (n— k)i P
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then taking complex conjugates of both sides we see that

k(k;—l) +k

f=(-1)

(n— k)i

and plugging this into the above gives

k(k—1) k(k+1)
T o, (—1) 2 (= B)PT - a)e

Q@) = (=1)

k(k—1) | k(k+1)
SRR (k)T a)e = (n — k)T, a)e

= (-1)
Note that
k(k—1) k(k+1)

k=k(k+1
2+2+(+)

and k(k + 1) is always even since either £ or k + 1 must be even. But then

it 0 # o € PP? using k = p + ¢ in the above formula gives

PTIQ(a, @) = (n— (p+q)! - (a,a)c > 0
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