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Lubin and Tate used one-dimensional formal group laws over p-adic fields to generate abelian exten-
sions and, ultimately, to offer another proof of the main theorem of local class field theory. In this thesis
we construct an analogue of Lubin-Tate formal group laws in higher dimensions over a p-adic field K with
residue field k = Ok /pg of order g. Although the method that Lubin and Tate used fails in higher dimen-
sions, we make use of Hazewinkel’s functional equation lemma to construct these formal group laws and
show that they have p-integral coefficients. In particular, if 7 € Ok is a uniformizer of K and ®(X) is
a d-tuple of variables x;,,...,x;, € {x1,...,x4} raised to g-powered exponents then we show that we can
construct a d-dimensional formal group law F, ¢ with coeflicients in Ok such that the “multiplication-by-
i endomorphism of F, ¢ is congruent to ®(X) modulo p. We then show that this formal group law has
complex multiplication by a direct product of rings of integers of unramified extensions over K, and that
the complex-multiplication type of F, ¢ is determined by the form of ®(X). Finally, we see that if ®(X) is
a connected cycle in a certain precise sense then the n”-torsion of the formal group law F, ¢ generates an

abelian extension over the complex multiplication field of ®(X) over K.
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Chapter 1

Introduction

In 1965 [12], Jonathan Lubin and John Tate used (one-dimensional) formal group laws with com-
plex multiplication to recast the main theorem of local class field theory. They showed that there exists
a unique formal group law F(x,y), a power series over the p-adic integers Z,, such that f(x) = px + xP is
an endomorphism of F, meaning that f(F(x,y)) = F(f(x), f(y)), or simply F o f = f o F. More generally,
suppose that K is a p-adic field, or a finite extension of the p-adic rationals Q,. Let Ok denote the ring of
integers of K, m € Ok a uniformizer, and ¢ = |Og/mOk| = |k| the order of the residue field k of K. For f(x),
g(x) € Okl[[x]] we write f(x) = g(x) (mod deg n) to mean that f(x) and g(x) agree on all terms of degree

strictly less than n. If we then define
Fr={f(x) € Og[[x]] : f(x) =nx (mod deg2) and f(x)=x? (mod m)}

then Lubin and Tate showed that for all f(x) € J, there exists a unique one-dimensional formal group law
Fy over Og such that Fyo f = f o Fy. We say that Fy is a Lubin-Tate formal group law. Forn > 1 we
define f™(x) = fo f o---o f(x) to be the n'" iterate of f(x) and, since f"(x) is an endomorphism of F' with
f"(x) = n"x (mod dggnie)s, we call f*(x) the multiplication-by-n"* map of F and say that its roots, denoted
F[n"], are the n"-forsion of F. These generate a tower K} = K(F[#"]),n =1,2,... of extensions which are
each totally ramified over K. Lubin and Tate showed that F has complex multiplication by the ring of integers
of K, meaning that there is a ring monomorphism i : Ox — End(F). They used the endomorphism ring of

F to put a module structure on the n"*-torsion, which in turn enabled them to determine the Galois group of

K over K and to show that each of these groups is abelian. Finally, they used this module structure to give



an injective group homomorphism pg : K* — Gal(K,,/K), where K, is the maximal abelian extension of
K, and showed that this is the same homomorphism given by the Artin symbol (—, K) associated to K via
local class field theory.

Tate [[16] showed that there is an equivalence of categories between divisible formal group laws over
Ok and connected p-divisible groups over Ok, which has applications to the study of abelian varieties. The
significance of formal group laws in number theory goes even further. In 1999, Michael Harris and Richard
Taylor [S]] used formal group laws to prove the local Langlands conjecture for GL, over a p-adic field.
Decades after their debut in Lubin’s and Tate’s 1965 paper, Lubin-Tate formal group laws have also played
an interesting role in algebraic topology, particularly in the area of stable homotopy theory [8]].

In this thesis we will construct a generalization of these so-called Lubin-Tate formal group laws to
higher dimensions and will examine the field extensions generated by their torsion points, but it is worth
noting that this is not the first time that the work of Lubin and Tate has been extended.

There have been several generalizations involving one-dimensional formal group laws. Let K denote

(&)

the maximal unramified extension of K and let ¢ : K;; — K, be the Frobenius automorphism over K, which
is uniquely characterized by ¢(x) = x¢ (mod ) for all x € K;;. In [9]], Iwasawa used a slightly more general
definition of Lubin-Tate formal group law which allowed for coefficients in an unramified extension of K
with the possibility of a twist; more precisely, he constructed F to satisfy f o F = (¢.F) o f where ¢.F is
obtained from F by applying the Frobenius ¢ to its coefficients. He built on the ideas of Lubin and Tate to
give a lovely and thorough development of local class field theory. This inspired De Shalit [3] to develop a

similar generalization called relative Lubin-Tate formal group laws. Fix an unramified extension K’ over K

and let { € Ng/x(K’*) be the norm of a uniformizer in Og-. De Shalit constructed families

Fr={f(x) € Og[[x]] : f(x) = 'x (mod deg 2) with Nx/x (1) = ¢ and f(x) =x? (mod ')}

and studied the extensions that these generate. Laurent Berger [|1] later showed that a certain tower of totally
ramified extensions of K must be generated by the torsion points of a relative Lubin-Tate formal group law.
The role of higher-dimensional formal group laws in number theory has also been profound. However,

the Lubin-Tate theory has not been fully generalized to higher dimensions. One attempt was made by H.



Koch in [[11f], but the author shows that these become isomorphic to a direct sum of one-dimensional Lubin-
Tate formal groups laws over the maximal unramified extension of K. We will do more here, using a tool
that was unnecessary in the one-dimensional case, the functional equation lemma of Hazewinkel. In [6],
Michiel Hazewinkel gave a development of the theory of formal group laws that encompassed much of
the work that had previously been done on the subject by Honda and others. In particular, he created a
higher-dimensional version of Lubin-Tate formal group laws called “formal A-modules” which are formal
groups with extra endomorphisms coming from some ring A. However, these are too restrictive to give all
formal group laws with complex multiplication. We will use the Hazewinkel’s functional equation lemma to
construct a higher-dimensional analogue of formal group laws with complex multiplication, and these will
prove to be useful for generating abelian extensions of p-adic fields.

We will now motivate the construction of this higher-dimensional analogue of formal group laws with
complex multiplication. In dimension d > 2, formal group laws and their homomorphisms are d-tuples of
power series in 2d variables and in d variables, respectively, so we let X = (xp,..., xz) and write f(X) to

mean

fX) = (filxt, .., xa), oo fa(x1, ..., Xq)).

When generalizing f(x) € J, to higher dimensions, we must decide on what linear terms and what forms
modulo 7 to consider . The linear term of f(X) is now given by its Jacobian, or its d X d matrix of degree
one coefficients. We will typically restrict our attention to f(X) whose Jacobians are diagonal matrices D
whose non-zero entries are uniformizers. Such a D is called a diagonal uniformizer matrix.

Now we consider which variables may appear in each coordinate power series f;(X), particularly
those which appear modulo n. If, for example, for 1 < i < d, fi(X) depends only on the variable x;
then f(X) = (fi(x1),..., fa(xg)) is the endomorphism of a direct product of one-dimensional formal group
laws, so we will allow mixing of variables modulo 7 in order to study more interesting formal group laws.
Likewise, we will also allow freedom in the exponents appearing in the form of f(X) modulo 7.

To make this more precise, we start by addressing another way of viewing the construction of Lubin

and Tate. Let i > 1 be a positive integer and let K’ be the unique unramified extension of degree & over K. If



7 € Ok is a uniformizer of K then m € Ok, and since K’ is unramified then r is a uniformizer of K’ as well.
Thus if f(x) € Og[[x]] such that f(x) = 7x (mod deg 2) and f(x) = X' (mod 7) then there exists a Lubin-
Tate formal group law Fs(x,y) with coefficients in Ok~ (in fact, the construction shows the coefficients are
in Ok) such that f is an endomorphism of F¢, and F; has complex multiplication by the ring of integers of
K’. This suggests the idea of allowing positive powers of ¢ to appear in the exponents of f(X) modulo 7.

d

. Such a
i=1

Let hy, ..., hy be positive integers and let ji,..., j;s € {1,...,d} be indices and set O(X) = (x;].?li)
®(X) is a called a g-power tuple.

Define the set of d-tuples of power series in X with zero constant term to be
Ma(Og) = {f(X) = (i(X), ..., fa(X)) € Ok[[X1) : f(0) = 0}
and for D a diagonal uniformizer matrix over Og and ®(X) a g-power tuple define
Ipo ={f(X) e My(Ok) : f(X)=DX (moddeg2) and f(X)=PX) (modrm)}.

In this context we can ask the following question.

Question 1.1. If f(X) € Fp o then is there a formal group law F¢(X, Y) with coefficients in Og such that f

is an endomorphism of F';?

This turns out to be a surprisingly difficult question to answer directly, but it is possible to compute
a counterexample f(X) € Fp ¢ such that f(X) is an endomorphism of a unique formal group law F (X, Y)

which has coefficients in K but not in Og. The question we now ask is:

Question 1.2. Do there exist any f(X) € Fp ¢ for which there exists a formal group law F; over Og such

that f is an endomorphism of F?

In Theorem [3.2.5| we see that the answer is yes, and will show that the “complex multiplication type”
of F is determined by the g-power tuple ®(X). We will also see that ®(X) determines the possible forms of
our diagonal uniformizer matrix D. Finally, we will show that, under certain conditions, the n"-torsion of

these formal group laws generate abelian extensions over L, an unramified extension of K.



Chapter 2

Preliminaries

2.1 Non-archimedean local fields of characteristic zero and their extensions

We refer the reader to Iwasawa [9] for further details. Let K be a field of characteristic zero that is
complete with respect to a discrete valuation v, by which we mean a surjection v : K — Z U {oo} which for

all x,y € K satisfies

v(xy) = v(x) + ¥(y),
v(x +y) > min{»(x),v(y)}, and
v(x) =00 < x=0.
By fixing some p € R such that p > 1 we can define a metric |x|, = p™"®, and we require that K is
complete with respect to this metric. Let Ox = {x € K : v(x) > 0} and let px = {x € K : v(x) > 0}. We will
see in the lemma below that Ok is a local ring and pg is its unique maximal ideal. If k = Og/pk is a finite

field, we say that K is a non-archimedian local field of characteristic zero, or simply a p-adic field. It can be

shown that every p-adic field is equivalent to a finite extension of Q,,; for details, see [9)].

Theorem 2.1.1. Ok is a local ring with unique maximal ideal pg. Furthermore, vk is principally generated

by any n € K satisfying v(rr) = 1.
Proof. Itis clear that 0 € Og since v(0) = co > 0. We next observe that 1 € Ok because

v(1l)=v(1-1)=v(1)+v(1)



which implies that v(1) = 0. We can see that Ok is closed under both addition and multiplication since if

x,y € O then v(x) > 0 and v(y) > 0, so

v(x +y) > min{v(x),v(y)} >0 and

v(xy) = v(x) + v(y) = 0.

This completes the proof that Ok is a subring of K.

We next see that pg is a prime ideal of Og. We can see by a similar argument to the one above that
pk is closed under both addition and multiplication by arbitrary elements of Og, so it forms an ideal of Og.
Furthermore, for x,y € Og

xy€pg = v(xy)=v(x)+v(y) >0

which implies that either x € px or y € pg. Finally, it is clear that 1 ¢ pg since v(1) = 0. Thus pg is a prime
ideal of Og.
We determine that pg is the unique maximal ideal of Og by showing that every element outside of px

is a unit. Let x € Og be nonzero and let x~! € K be its inverse. Observe that since
v(x) + v(x_]) = v(x . x_]) =y(1)=0

then x~! € Ok if and only if v(x) = —v(x~1) = 0. In other words,
O% ={xe K:v(x) =0} = Og — k.

This proves that pg is the unique maximal ideal of O.

Finally, we show that pg is principally generated. Let 71 € K be any element with v(r) = 1. Let
X € pg, so v(x) > 1. Then v(x/m) = v(x) — v(r) = 0 so if we write y = x/mtheny € Og and x = 7 -y. We
conclude that pg is principally generated in Og by any element 7 € K with valuation equal to one, and that

elements of valuation one exist by our assumption that v : K* — Z is surjective. O

We say that Ok is the ring of integers of K. If 1 € K satisfies v(mr) = 1 then we say that 7 is a

uniformizer. We call k = Ok /pk the residue field of K.



Example 2.1. Fix a prime p € Z and consider the p-adic rationals Q,, the fraction field of the p-adic integers
Zp,. Recall that the p-adic valuation is given on Z by v,(x) = n where x € Z can be written as x = p"u for
some u € Z with p { u, and the p-adic integers Z, are the completion of Z with respect to the metric
|x| = p™»“. This valuation is extended to Qp by setting v(x/y) = v(x) — v(y). Then K = Q,, is a non-
archimedean local field of characteristic zero and its ring of integers is Z, = {x € Q, : v,(x) > 0} with
unique maximal ideal pZ,. It is worth noting that px is also generated by any 7 = a1p + a> pPPA-e Z,

with a; € {0,...,p — 1} and a; # 0. We conclude that pZ;,< is the set of uniformizers of Q,,.

We now wish to investigate extensions of K. We first recall some facts about finite fields and their
extensions. Let k = Og/pg be the residue field of K, with ¢ = |Ok/pk]|, and fix an algebraic closure
over k. The Galois group of € over k is topologically generated by the automorphism ¢y : Q; — Qi
defined by ¢(x) = x4, which is called the Frobenius automorphism over k. For every n € Z* there exists
a unique extension k, of degree n over k, and if ¢, = @ili, is the restriction of the Frobenius to k, then

Gal(k,/k) = (p,) = Z/nZ.
Theorem 2.1.2. Let L be a finite extension of K.

(1) There exists a unique positive integer e and a unique valuation vy : L — Z U {oo} satisfying
vi(x) = e-vg(x) for all x € K, and L is complete with respect to v;. We say that e is the ramification

degree of L over K.

(2) Let L = Op /vy, be the residue field of L. Then L is a finite extension of k and we say that f = [L : k]

is the residue degree of L over K.
(3) If e is the ramification degree of L over K and f is the residue degree of L over K then [L : K] = ef.

Proof. See [9] for the proof. O

If L is an extension over K such that the ramification degree of L over K is equal to one, we say that
L is unramified over K. Just as there is a unique extension k, of degree n over the residue field k for every
positive integer n, by Hensel’s lemma there is a unique unramified extension K, of degree n over K which

satisfies Ok, /pk, = k,. We obtain this extension as the splitting field of the polynomial f,(x) = x?" — x and



can see that it is unramified over K since the full degree [K, : K] = n is equal to the unramified degree
of K,, over K. The union of all of the finite unramified extensions of K is called the maximal unramified
extension of K and is denoted by K;;. This extension is infinitely generated, so it is not a priori complete.
We denote the completion of K> by K. There exists a unique element of the Galois group of K over K
which lifts ¢x. We call this the Frobenius of K, denoted by ¢ = ¢k, and note that if n is a positive integer
then Gal(K,/K) = {¢lk,) = Z/nZ = Gal(k,/k). The Galois group of K over K is given by an inverse limit

over all of the finite unramified extensions of K.

Theorem 2.1.3. The Galois group G = Gal(K,,/K) = 7 via ¢ — 1, where 7. = [1,Z, is the profinite
completion of Z. We say that ¢ is a topological generator of G since it generates a subgroup which is

isomorphic to the integers and is therefore dense in the profinite topology on 7.

The Galois group of K over K also acts naturally on K.
Finally, we look at the main theorem of local class field theory, which was re-proven by Lubin and

Tate using one-dimensional formal group laws.

Theorem 2.1.4. Let K be a v-adic field with uniformizer n. Then there exists a homomorphism
pk - K* — Gal(K,,/K)
and if L is any finite abelian extension of K then

PK(NL/K () )‘ =1
K
In particular, px is uniquely characterized by the two conditions
(1) px(n"w)gs = ¢" for any uniformizer m € px and unit u € O%, and
(2) If Lis an extension of K with 1 € Nk (L) then L is totally ramified over K and pg(n)|p = 1.

Proof. See [9] for the proof. O



2.2 Formal group laws over p-adic fields

2.2.1 Definitions and examples

To motivate the definition of a formal group law we will start with two examples. First, consider
the standard way of viewing a free module as an abelian group. Let A be any ring and N = A? a free
module of rank d over A. Leta = (ay,...,aq),b = (b1,...,bg) € N. Sincea+ b = (a1 + by,...,aq + by)
we can say that addition is given by the polynomials F((X,Y) = x| + y1, F2(X,Y) = x + y2, and so
on. As a more interesting example, we consider a rule for describing multiplication after a change of
coordinates. Let K be a non-archimedean local field of characteristic zero and let Ok be its ring of integers,
so that Ok is complete with respect to the prime ideal px. Let U(K) = {x € Og : x = 1 (mod pg)}.
If u,v € U(K) then we can write u = 1 + ar and v = 1 + bx for some a,b € Og. Both the product
wv = 1 +an+bn+ (an)(br) and u™' = 1 —an + (ar)® — (an)> +... can be expressed in terms of power series
in arr and bz, This inspires us to make a change of coordinates so that 1 — 0 and then define a formal group
law G (x,y) =(x+ Dy + 1) -1 =x+y+ xy.

These are not the only ways of writing down a valid abelian group operation on p?( by using d-
tuples of power series in 2d variables. We will use x and y to refer to individual variables and will use

X =(x1,...,xg)and Y = (y1,...,yq) to refer to d-tuples of variables.

Definition 2.2. Let R be a commutative ring with unit, let X = (x,...,x4) and ¥ = (y1, ..., yq) be d-tuples
of variables and let F(X,Y) € (R[[X, Y]])? be a d-tuple of power series. We will often think of these tuples as
column vectors so that we can multiply on the left by d X d matrices. Write X +r Y := F(X, Y) as a reminder
that we want to think of F' as “adding” together the points X and Y. We say that F is a (commutative) formal

group law of dimension d over R if it satisfies the following axioms:
(FG1) X+r Y =X+Y (mod deg 2), or equivalently F;(X,Y) = x; + y;+ (higher degree terms)
FGQ2) X+rpYV)+rZ=X+r Y +r2)
(FG3) X+p Y=Y +r X

If F satisfies these axioms then we may derive two additional properties:
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(FG4) X+r0=0+r X = X, where 0 = (0, ..., 0) is the zero d-tuple. This requires only property (FG2).

(FGS5) There exists a unique d-tuple of power series ip(X) € R[[X 11 such that X +ip(X) = 0; this requires

only property (FG1).
We denote the set of all formal group laws over R of dimension d by FG;(R).

Example 2.3. (1) The additive formal group of dimension d is given by G,(X,Y) = X + Y. The i

coordinate is given by the polynomial x; + y;.

(2) The one-dimensional multiplicative formal group law is given by

Gu(x,y)=x+y+xy=(x+D@y+1)-1.

This is obtained from usual multiplication by making the change of coordinates x — x — 1 so that

zero is the identity.

(3) For a € Ok, the pair

X1 +y1 +axay?
F(X,Y) =

X2+ y2

satisfies the conditions to be a 2-dimensional formal group law over Og. Checking these conditions

is left as an exercise to the reader.

Axioms (FG2) through (FG5) mirror precisely the requirements to be an abelian group, so formal
groups are often thought of as being groups “without points.” By evaluating F(X,Y) on a set where its
coordinate power series converge, we can obtain an abelian group. More precisely, let A be a R-algebra and
suppose that N is the ideal of nilpotent elements of A. Then (N¢, +r) is an abelian group. More generally, if
R is complete with respect to a topology and N is the ideal of topologically nilpotent elements of a R-algebra

A then (N9, +F) is an abelian group.

Example 2.4. Let K be a p-adic field and R = Ok its ring of integers. Let F(X,Y) € FG,4(R) be a d-

dimensional formal group law over R.
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(1) Let Qg be a fixed algebraic closure of K and let A = Qg be its completion with respect to the
unique valuation v extending the valuation vk of K. Its ideal of topologically nilpotent elements is
given by N = {x € A : v(x) > 0}, which is the maximal ideal of the ring of integers of A. Thus
(N?, +F) is an abelian group. Later we will take this idea further by using the endomorphism ring

of F(X, Y) to put a module structure on N<.

(2) Let A = K[[X]] = K[[x1,-..,xq]]. Its unique maximal ideal is given by N = {f € A : f(0) = 0},

and (N?, +F) is an abelian group.
Formal group laws have a notion of homomorphism. Define
Mupa(R) = {f(X) € R[[x1,..., x,]]" : f(X) =0 (mod deg 1)}.
If m = n = d, we write My(R). This notation is chosen to mimic the matrix notation
My, ,(R) = {m X n matrices with entries in R}.

Let F(X,Y) and G(X, Y) be formal group laws over R of dimension d; and d», respectively, and let

f(X) € My, 4,(R). We say that f(X) is an R-homomorphism from F to G if it satisfies

JX+rY)=fX)+c f(Y), or foF=Golf.

The notions of isomorphism, endomorphism, and automorphism are as usual in any category. It is easy to
classify when a map is invertible by looking at the matrix of its degree one coefficients.

Let f € M, ,(R) and define the Jacobian of f to be the m X n matrix

L]

0
J(f) = [%fi(o)}
j

for 1 <i <mand1 < j < n. Equivalently, the (i, Ht entry J(f)(i, j) = a;; is the coeflicient of x; in the

power series fi(X), the i"* coordinate of £(X).

Lemma 2.2.1. Letd > 1 and let f(X),g(X) € My(R). Then J(f(g(X))) = J(f)J(g) and f(X) is invertible

under composition if and only if J(f) is invertible in My(R). Therefore if we define

MGR) = {f(X) € Ma(R) : J(f) € GLa(R)}
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then the Jacobian is a surjective group homomorphism J : M;(R) — GL4(R).

Proof. Let f(X), g(X) € My(R). It is a straightforward check to see that J(f(g(X))) = J(f)J(g). Now sup-
pose that f(X) is invertible under composition, so there exists some f~!(X) € My(R) such that f(f~1(X)) =
X. Then J(f)J(f~1) = I, so J(f) and J(f~') are both in GLy(R).

Conversely, suppose J(f) is invertible in M;(R). We can construct an inverse for f(X) inductively by
degree. Let g'(X) = J(f)~'X and observe that f(g' (X)) = X (mod deg 2). Now suppose that for n > 1 we
have constructed some g"(X) such that g"(X) = ¢"'(X) (mod deg n) and f(g"(X)) = X (mod deg n + 1).

We want to solve for 4" (X) € My(R) homogeneous of degree n + 1 such that
X)) = g"X) + M (X) = ¢"(X) (mod degn + 1)

and

f&"™X0) = f(&" X0 + K (X)) = f(g" (X)) + IO (X) = X (mod deg n +2).

Thus we must have J(f)h"“(X) = X - f(g"(X)) = 0 (mod deg n + 1), and since J(f) is invertible we can
solve for A"*1(X) € My(R). This proves by induction that f(X) is invertible if and only if J(f) € GL4(R).
Finally, we note that for any M € GL4(R) that MX € M’/(R), so J : M7(R) — GL4(R) is a surjective

group homomorphism. o

We define £,4(0k) = ker(J) = {f(X) € M;(OK) J(H) =1} fF,GeJFGy(0kg)and f: F > Gisa
homomorphism then we say that f is strict if and only if f € £4(Ok).

Any commutative formal group law F over R has a multiplication-by-n endomorphism for every
integer n, and this map is given by repeated addition. More precisely, we define [0]r(X) = 0, [1]7(X) = X,
and [n]F(X) = [n— 1]p(X) +F X for all n > 2. We also define [—n]r(X) = ir([n]r(X)), and thereby construct
an endomorphism for every integer. If the residue field of & is of characteristic p then we can associate a

notion called the height to any homomorphism.

Definition 2.5. Let k = Og/nOk be the residue field of K with char(k) = p > 0 and let F,G € FG,(k). Let
fX) = (iX),..., fa(X)) € My(k) be a homomorphism from F to G. If k[[x1, ..., x;]] is finitely generated

as a module over its subring k[[ f1(X), ..., f7(X)]] then it has rank ph for some positive integer 4 and we say
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that the map f(X) has height h. If k[[x1, ..., x4]] is not finitely generated over k[[ f1(X), ..., fa(X)]] we say
that f(X) has infinite height.

The height of a formal group law F € FG,(k) is defined to be the height of its multiplication-by-p
endomorphism [p]r(X). The height of a formal group law F € FG,(Ok) is defined to be the height of the

formal group law £ € FG,(k) obtained by reducing the coefficients of F modulo pg.
Formal group laws also have a notion of direct sum.

Definition 2.6. Let F = (F,...,Fy) and G = (G, ...,Gyg,) be formal group laws over K of dimension
dy and d», respectively. We define the direct sum of F' and G to be the formal group law F & G over K of

dimension d; + d» which for 1 < i < d; has i’* coordinate equal to
(F®G)i(X,Y) = Fi(x1,...,X4,,Y15--+>Yd,)
and for 1 < j < d, has (d; + j)" coordinate

(F®G)a+/(X,Y) = Gj(Xag 415+ s Xdy+do> Yy 15 - - +» Yy +da)-

Example 2.7. Let Gp(x,y) = x+y+xyand F = (x; +y; — Sxy2, X2 + ¥2). Then

X1 +y1+x1y1
Cn®F = |x; +y; — 5x3y3 -
X3 +Y3
This notion is useful in higher dimensions, as direct products of formal group laws can be described

in terms of their direct summands.

2.2.2 The importance of the logarithm

Recall that K is a finite extension of Q,, so it is in particular a Q-algebra. We are naturally interested
in understanding the isomorphism classes of formal group laws of a fixed dimension d over K. As it turns
out, the answer is simple: every formal group law F € FG,(K) is isomorphic to the additive formal group

law G,(X,Y) = (x1 + y1,..., X4 + Ya), so there is only one isomorphism class over K.
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Theorem 2.2.2. Let F(X,Y) € FG4(K) and define 1,(X) = p™"[p"1r(X). Then lim A,(X) converges to
n—oo

AX) € My(K) with J(A) = Iljand A(X +r Y) = A(X) + AY), so A : F — G, is an isomorphism.
Proof. See [6] for details. O

If A: F — G, is an isomorphism, we say that A is a logarithm of F. We say that an isomorphism
A : F — G is strict if its Jacobian is the identity matrix, or equivalently, if A(X) = X (mod deg 2). Any
commutative formal group law F over a Q-algebra has a unique strict logarithm; we will usually refer to this
as “the” logarithm of the formal group law F.

Conversely, if A(X) € M;(K) then we will see that there exists a unique formal group law F(X,Y)
over K for which A(X) is a logarithm. Thus elements of M (K) are particularly helpful because they give us

a method of constructing formal group laws explicitly.

Lemma 2.2.3. Let A(X) € M;(K) and let F(X,Y) = A7 AX) + A(Y)). Then F(X,Y) is a commutative

formal group law and f is a K-isomorphism from F to the additive formal group law G,.
Proof. Since A(X) = X (mod deg 2) it is clear that F(X,Y) = X + Y (mod deg 2). F is associative since

F(X,F(Y,2)) = 7' (AX) + A(F (Y, 2))
- /l‘l(/l(X) AN A + /l(Z))))
=270 + AY) + A2))

=F(F(X,Y),2)

and commutative since F(X,Y) = 271 AX) + AY)) = 271 QAY) + A(X)) = F(Y, X). Therefore F is a formal

group law, and A is an isomorphism to G, by definition. O

Let F(X,Y) € FG,(0k) and suppose A(X) € My(K) is a logarithm of F. If § € M;(K), it is an easy
exercise to see that A(X) is also a logarithm of F(X, Y). Since A(X) is an isomorphism then J(1) must be
invertible, so J(1)~'A(X) is a strict logarithm of F(X, Y).

Recall that £4(K) = {f(X) € My(K) : J(f) = I}.
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Theorem 2.2.4. Let K be a p-adic field. Then there exists a bijection
Y La(K) = FGa(K)
defined by 1 — F(X,Y) := 271(A(X) + A(Y)).

Proof. By lemma[2.2.3] y(2) = F (X, Y) satisfies the conditions to be a formal group law.

All that remains is to establish that ¢ is invertible. Define a map ¢’ : FG,4(K) — L4(K) by letting
Y'(F) be the unique noramlized logarithm of F obtained as in lemma Then if 2 = ¥/'(F), y(Q) =
A1 AX)+A(Y)) = F(X, Y) by definition. We conclude that g0y’ is the identity map on FG,(K). Conversely,
if F = (1) = 271 (A(X)+A(Y)) then F has a unique strict logarithm, which must by definition be A. Therefore

Y and ¢’ are inverses of each other. m]

Example 2.8. Once again we will consider the multiplicative formal group law
Gux,y)=x+Dy+1)-1=x+y+xy.

Its multiplication-by-p" endomorphism is given by [p"](x) = (x + 1)’ =1 = px + --- + x”". Arithmetic
with binomial coefficients shows that lim (1 + x)”" = 1, which implies that lim (1 + x)*"~! = (1 + x)~!. By
n— oo n—oo
integrating, we obtain that p~"[p"](x) converges p-adically to
A)=x—-x22+x/3-x*/4+-- =In(1 + x).

This gives us a clue as to why this map is typically called the logarithm.

Remark: Even if both F(X,Y) and therefore [p](x) are defined over Ok, the logarithm does not
necessarily have p-integral coefficients. However, it can be shown that the logarithm could have been

obtained by integrating a differential form over Og. This means that we can obtain restrictions on the

denominators, since the derivatives of the logarithm are integral.
Theorem 2.2.5. Fix two formal group laws F,G € FG4(K). There exists a unique group isomorphism
[—1rG : (Ma(K), +) — (Homg(F1, F2), +F,)

satisfying J([0)rg) = 6, and this map is given by 6 — /l(_;l (0 - Ap(X)). In the case that F = G, this is a ring

isomorphism.
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Proof. Let [0]r6(X) = A1(X) 0 0X 0 Ap(X) = A5'(045(X)). Then

[61r.6(X) 0 F(X,Y) = A5 (62r(X)) 0 A5 (Ap(X) + Ap(Y))
= A5 (0(AF(X) + Ap(Y)))
= A5 (0Ap(X) + 05(Y))
= AG (A6(X) + A6(Y)) © A5 (02F(X))
=G(X,Y) o [0]r6(X)
so we have obtained a homomorphism from F to G with linear term given by 6X. We can see by a similar
argument that Ag(X) o [0]rg(X) o /ll;l(X) must be a homomorphism of G,, which is necessarily given by a

matrix multiplication, so [—]r¢ is a bijection.

To see that [-]r is a group homomorphism, observe that
[ + BlrG(X) © F(X, Y) = (A5 (@ + B)Ar) o (45! (Ar(X) + Ap(Y))
= 26! (00 + Ar (V) + B + A£(V)
= 25! (46 (46! @00 + 2p0) + A6 (16 B0 + 2r(1)) )
= []r(F(X, Y)) +6 [Blrc(F(X, Y))

Finally, let F = G. If o, 8 € M (R) then

[@]F(X) o [BIF(X) = (3! (@Ar(X)) o (A5 (BAF(X))
= 3 (@ B)AF(X))

= [a - Blr(X)
so we conclude that [—] is a ring isomorphism. O

This theorem implies that a formal group law F cannot have two distinct endomorphisms with the
same Jacobian matrix.
We have now obtained a method of constructing not only all commutative formal group laws, but

also all homomorphisms between them. However, many of our applications of formal group laws will



17

require them to have integral coeflicients, and this proves to be a crucial point. Even for formal group
laws with integral coefficients, their logarithms will in general have denominators since they are obtained
by anti-differentiating a differential form with integral coefficients. This means we will need a method of
determining when a formal group law or homomorphism of formal group laws has integral coefficients. We

will introduce three related constructions due to Lubin and Tate, to Honda, and to Hazewinkel.

2.2.3 Lubin and Tate, Honda, and Hazewinkel

Recall that K is a p-adic field with residue field k = Ok /vg, g = |k|.

Lubin and Tate worked with one-dimensional formal group laws. Their aim was to study the structure
of ramified extensions over p-adic fields, such as the p-adic rationals Q,,. They accomplished this by showing
that the roots of certain Eisenstein polynomials could be given additional structure by recognizing them as

the torsion points of formal group laws with complex multiplication.

Theorem 2.2.6. (Lubin—Tate) Fix a uniformizer ©1 € Ok and a positive integer h. Let f(x) € Og[[x]] be a

(single) power series satisfying
fx)=nx and f(x) = X7 (mod 7).

Then there exists a one-dimensional formal group law F such that [n]p(x) = f(x) and F has its coefficients
in Ok. Additionally, if L = K" _then F has complex multiplication by the ring of integers of L, meaning that

there exists a ring injection [—]r : O = Endg, (F).

Lubin and Tate proved this directly by constructing the formal group law F one degree at a time.
They constructed a sequence of compatible polynomials (F,(x, y)) where each F, is of degree n, F,,(x,y) =
F,-1(x,y) (mod deg n), such that F,,(x,y) o f = f o F,(x,y) (mod deg n + 1). They were able to show that
this could always be done by taking coefficients in Ok, although we will see that in higher dimensions their
method fails.

Throughout the rest of the section we will let L be an unramified extension of K, O its ring of
integers, and py, its maximal ideal. If we take ¢ = @k]|r to be the restriction of the Frobenius to L then we

note that ¢(x) = x4 (mod py).
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Honda developed a method for constructing formal group laws of dimension d > 1 with coefficients

in Or. Let I; denote the d X d identity matrix.

Theorem 2.2.7. (Honda) Let L{{7}} be the ring of non-commutative formal power series with multiplication
rule ta = @(a)t for a € L. Let u € My(L{{t}}) be a d X d matrix such that u = nl; (mod ) and write
uln= I; + Z aﬂ'i

i=1

n

where a; € My(L) is a d X d matrix for i > 1. Iqu” = (xf ,...,xtq;) then
AX) =X+ a1 X!+ a X7 + ..

is the logarithm of a unique formal group law F (X, Y) = -1 (A(X) + A(Y)) and F (X, Y) has its coefficients

in OL.

The results of Lubin and Tate, as well as that of Honda, were subsumed into a general result by
Hazewinkel. We will eventually rephrase this in the language of Honda, which will allow us to use matrix
methods, but for now we will pay homage to the author and state the following lemma as it was originally

written.

Lemma 2.2.8. (Hazewinkel’s functional equation lemma) Let A C L be a subring of aring L, o : L — L an
endomorphism of L, I an ideal of A, p a prime number, and q a power of p. Let sy, 52, ... be d by d matrices
with coefficients in L. Further suppose o(a) = a? (mod 1) for all a € A and suppose spl € My(A) for all
k>1.

Now let g(X) € My(A). We construct a new d-tuple of power series by means of the recursion formula
FoX) = g0 + ) sirh fo(X)
i=1

where o’ fo(X) is obtained from f,(X) by applying the endomorphism o' to the coefficients of fo(X) and
where X9 = (x?i, cees x[q;), We say that f,(X) satisfies a functional equation of type (s1, 52, . ..).

Let g(X), g'(X) € My(A) and obtain f,(X) and fg(X) from these power series and a functional equa-
tion as above. Suppose the Jacobian matrix J(f,) is invertible. Then f,(X) is invertible under composition,

and we have
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(1) the d-tuple of power series F(X,Y) = fg‘l(fg(X) + fe(Y)) has coefficients in A;
(2) fg_l(fgf(X)) has its coefficients in A;
(3) if l(X) € My(A) then fo(h(X)) satisfies a functional equation of type (s1, $2,...);

(4) if «(X) € A[[X11? and B(X) € L[[X11? then for all r > 1 we have

aX)=pX) (mod ") = fo(a(X)) = fo(B(X)) (mod I).

In our case we will always take L to be a finite unramified extension of K, A to be its ring of integers
Or, I = pg, and o to be the restriction of the Frobenius g to L.

We can restate this lemma by using matrices with elements in a non-commutative power series ring,
in language that is very similar to that used by Honda. Again let Og{{r}} be the ring of non-commutative
power series in the variable T with multiplication rule 7'a = ¢/(a)7’ fori > 1 and a € Og. Define an action
of 7 on K[[X]] by T f(X) = ¢ f (X"i). It is a straightforward exercise to verify that this extends to an action
of My(Og{{r}}) on My(K) where, if 5; € My(K) fori > 0 and f(X) € My(K), the action is given by

[Z s,-r") X)) =) siol fx9).
i=0 i=0

We define the set of functional equation matrices over O by
84(0) =1{S € My(Ogf{t}}): S =0 (mod 7)}.
We can now restate Hazewinkel’s functional equation lemma.

Lemma 2.2.9. Let L be an unramified extension over K and let S € 8;(0p), let D € M4(Or) be a diagonal
matrix whose non-zero entries are all uniformizers in Or, and let g(X) € My(Op). Suppose A(X) = 1,(X) €
My(L) satisfies

AX)-D7'S - AX)=g(X)=0 (mod Op).

We say that A(X) satisfies a functional equation of type (D, S) and is generated by g(X). If g(X) € M’ (Or)

then A(X) € M; (L), so A(X) is invertible under composition. Then
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(1) if FA(X,Y) := 7NAX) + AY)) then Fi(X, Y) has coefficients in Op;

(2) if u(X) € M(L) also satisfies a functional equation of type (D, S ) then 1N AX)) has coefficients

in Op and p~"(A(X)) is an Op-isomorphism from F; to F;

(3) if h(X) € M4(Op) then there exists some Ap(X) € My(L) also satisfying a functional equation of

type (D, S) such that A(h(X)) = Ap(X);
(4) if f(X) € My(OL), g(X) € My(L) then

Af) = Ag) € Ma(m"Op) = [ - g€ Myx@"Op).

If a formal group law F has a logarithm satisfying a functional equation, we will say that F is a
functional equation formal group law.

This lemma has several important consequences. Firstly, it gives us a method for constructing formal
group laws and homomorphisms with integral coefficients. Parts (2) tells us that two functional equation
formal group laws F,G € FG,(Ok) are isomorphic over Ok if they satisfy the same type of functional
equation. Conversely, part (3) tells us that if Ar is a logarithm of F satisfying a functional equation of type
(D, S) and if we have an Op-isomorphism 4 : F — G then Ag(X) = h o Ap is a logarithm of G and also
satisfies a functional equation of type (D, S). Finally, part (4) will allow us to make conclusions about the
form of [D]z(X) modulo 7.

Hazewinkel’s generalization of Lubin-Tate formal group laws to higher dimensions was as follows.
Suppose F € FG,;(0k) and F(X,Y) = A7 HAX) + A(Y)), so that A(X) is the unique normalized logarithm of
F(X,Y). Then F is a generalized Lubin-Tate formal group law if there exist S € 7 "My(Ok) and gX) €

M4(Ok) such that A(X) satisfies the functional equation
AX) = (SDAUX) = g(X).

Our construction will include this definition but will also allow non-linear power series in 7, so it is
more general.
Hazewinkel also had a notion of a d-dimensional formal A-module, which is a d-dimensional formal

group law F over an A-algebra B that is equipped with a homomorphism p : A — Endpg(F) satisfying
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J(p(a)) = aly for all a € A, where J is the Jacobian map and I is the d X d identity matrix. Our construction

will allow for a more general choice of p.



Chapter 3

Construction of formal groups with complex multiplication

Lubin and Tate showed that if 7 € Og is a uniformizer, g = |Og /7O is the order of the residue field

of K, and £ is a positive integer, then any power series f(x) € Og[[x]] satisfying
f(x)=nx (moddeg2) and f(x)=x7 (modn)

is an endomorphism of a unique one-dimensional formal group law F(X, Y) with coefficients in Og. They
also showed that this formal group law F has complex multiplication by O; where L = K’ is the unramified
extension of K of degree h. If g = p” then rh is the height of f(x).

In the higher-dimensional case, we will consider more options both for the linear term of f(X) and
for the form of f(X) modulo 7. Let D € M;(Og) be a diagonal d X d matrix whose non-zero entries are
all uniformizers in Og. We will say that D is a diagonal uniformizer matrix. Suppose that hy, ..., h; are

hi d
positive integers and ji,..., jq € {1,...,d} are indices, and let ®(X) = (xj.f ) . We will say that ®(X) is a
13 : 1

i=

q-power tuple.

Our generalization of Lubin and Tate’s result will concern f(X) € My(Og) satisfying
fX)=DX (moddeg?2) and f(X)=®dX) (mod ). 3.1

We will see in that there exists a unique formal group law F¢(X,Y) € FG,(K) for which f(X) is an
endomorphism. While it is no longer true in multiple dimensions that every f(X) satisfying gives rise
to Fy € 3G4(0k), we will see that there do exist some f(X) satisfying for which F; has coefficients in
Ok. This Fy will once again have complex multiplication by an algebra A over O, but the form of A will

be determined not only by the individual integers /; but also how they interact as ®(X) composes with itself.
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3.1 Comparing the one-dimensional and higher-dimensional cases

Let D € M (K) be a diagonal uniformizer matrix. One similarity between the one-dimensional and
higher-dimensional theories is that if f(X) = DX (mod deg 2) then there exists a unique formal group law
F(X,Y) € FG4(K) such that f is an endomorphism of Fy. We generalize a result of Wiles [[17] to higher
dimensions, which will allow us to construct a logarithm Ay, and hence a formal group law F, such that f

is an endomorphism of Fy.

Proposition 3.1.1. Suppose f € My(Ok) such that J(f) € nGLy(Ok). Define a valuation v on Og[[X]]
corresponding to the ideal m = (n,X) = (m,x1,...,Xxq), which is maximal in Og[[X]], and extend this
valuation in the natural way to K[[X]]. Then the sequence A, = J™" f(X) converges to some A(X) € L4(K)
as n — oo. In addition, the formal group law F (X, Y) := 271 (A(X) + A(Y)) has coefficients in K and satisfies
JHOIFX) = f(X).

Proof. Notice that for any monomial H = aX' € K[[X]], the valuation of H is given by v(H) = vg(a) + |1,
the sum of the degree of H and the m-adic valuation of the coefficient a. To see that the limit exists, we first
note that v(f(X)) > 2 and observe by induction that v(f*(X)) > n + 1 for all n. Define 1,(X) = J7"f(X).

Then we define g, ,(X) = 4,,(X) — 4,(X) and compute that
Zmn(X) = An(X) — Au(X)
= (M) = I X))
=J7MTNXO = TTTX) o fA(X)
Since J™7"X is the linear term of ™ "(X) then f""(X) — J"7(X) = 0 (mod deg 2), so its lowest degree
term is of degree two. Let I = (iy,...,iz) and let a; € K%be a d-tuple of coefficients such that H(X) = arX!

is a homogeneous d-tuple of monomials of f"7"(X). Since v(f"™) > m—n+1, then v (a;) +|I| >m—n+1

and since v(f") > n+ 1 then v(H o f*) > |I|(n + 1) + im — n + 1 — |I|). Thus we conclude that
V(gmn) = —-m+2m+ D +((m—-—n+1)-2)=n+1.

Therefore (4,(X));”, is a Cauchy sequence and so A(X) = lim 4,(X) exists. Since J(1,(X)) = I, for all n,
n—oo

then A(X) € L£4(K). In particular, A(X) is invertible under composition.
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Now notice that
A(X) 0 f(X) = T F0) = T = T (7D 00) = T A (X,
so by taking the limit as n goes to infinity we see that
AX) o f(X) = J - AX).
This shows that if F(X,Y) = 271 (A(X) + A(Y)), then [J](X) = 71(J - A(X)) = f(X). i

In particular, if f(X) € My(K) such that J(f) = DX then f(X) is the “multiplication-by-D”” endomor-
phism for some unique formal group law F € FG;(K). We would like to know which of these formal group
laws have their coefficients in the ring of integers Og.

When Lubin and Tate showed that f(x) = mx+ x4 is the multiplication-by-7 endomorphism for some
one-dimensional formal group law F'(x, y) with coefficients in Og, they did it directly by constructing F(x, y)
one homogeneous piece at a time. This approach fails in higher dimensions.

(o9

Lubin and Tate constructed a sequence (Fy(x, y)),” , of polynomials F,(x, y) of degree n over Ok such

that Fi(x,y) = x+yandforalln > 2
Fo,(x,y) = F,_1(x,y) (mod deg n) and

Fo(f (%), f() = f(Fa(x,y)) (mod degn + 1).

They were able to show that if F(x,y) = lim F,(x,y) then F(x,y) is a formal group law over Og and f(x)
is an endomorphism of F(x,y). While constructing F,.(x,y) from F,(x,y), we end up needing to solve

equations of the form
(Fp(x,y) + Hyr1(x, ) o (f (%), f() = f(x) 0 (Fp(x,y) + Hypr1(x,y))  (mod degn +2)
where H,,.1(x,y) is homogeneous in Og[[x, y]] of degree n + 1. This is equivalent to solving the equation
(7 + 2" Hyat(x.y) = Fu(f (). ) = f(Fu(x.))  (mod deg n +2). (32)

Since we know by assumption that the right-hand side of this equation is congruent to zero modulo degree

n + 1, it is clear that we can only solve for H,.(x,y) with coeflicients in Ok if the right hand side is
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divisible by 7. We know that f(x) = X7 (mod ), so in dimension one this is equivalent to requiring that
F, (x"h,th) = (Fu(x, y))”h (mod ), which is always true over Ok by the so-called “freshman’s dream.”
In higher dimensions, however, this forces a non-trivial relationship between the coordinates of the d-tuple

F,(X,Y). We can now only solve for H,. (X, Y) with coeflicients in O if, for 1 <i < d,
Fj, (x2",v7") = Fi(@(X), (Y)) (mod n).

Therefore, although the parallel construction in higher dimensions results in an equation similar to (3.2)), it
may be impossible to solve for H,.1(X, Y) while staying within the ring of integers Og. Indeed we have
worked out an example in which this is the case, although the details of this computation are not included
here. In order to construct formal group laws with coefficients in Ok, we will need to take an alternate
approach.

Another difference between the one-dimensional and higher-dimensional theories is in how ®(X)

n\d
affects the “complex multiplication type” of F. Let ®(X) = (x?l_ )

be a g-power tuple. We will soon
i=1

construct a formal group law F which satisfies [7]p(X) = ®(X) (mod 7). Both the integers h; and the
relationships between the indices j; will affect the endomorphism ring of F. We introduce some tools that

are helpful for studying these relationships.

Definition 3.1. Let ®(X) = (0;(X)) € M4(Ok) be a g-power tuple, so for all i we have ©;(X) = x?ihi for
some j; € {1,...,d} and positive integer i;. We define the following objects associated to ®(X).

i

(1) The index map oo : {1,...,d} = {1,...,d}is defined by o¢(i) = j; whenever ®;(X) = x;{_h .

(2) The graph I'p associated to ®(X) is a directed edge-labeled graph permitting loops and is con-
structed on the nodes {1, ..., d} by letting there be an arrow from i to j;. We label this arrow with
7. We will use properties of I'g to describe @(X); for example, if ['p is connected we will also say

that ®(X) is connected.

(3) We define S¢ to be the adjacency matrix of the directed graph of ®, or equivalently, the matrix
whose (i, 0¢(7)) entry is given by

Sol, o) ="
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for 1 <i < dand Se(i,j) = 0if j # o). Recall that for all f(X) € Oz[[X]]¢ we define

T f(X) =l f (Xq"). Then the matrix S ¢ is constructed so as to satisfy
So- f(X)=®o f(X) (modn)
for all f(X) € My(Og) since the i"" coordinate is given by
(SoiX) =" £, = i f(X7") = (/)" = (@0 f)(X) (mod 7).
In particular, S ¢ - X = O(X).

Example 32, Let ®(X) = (4,27, §',x{ ). Then the index map - = o is defined by (1) = o(3) = 2,

0(2) =1, and 0(4) = 4. The associated graph I'y is

72 A
-
D00 2@
T
The corresponding adjacency matrix is
0O 0 O
2 0 0 0
So =
0 7 0 0
0 0 07
and we observe that, as desired,
0O 7 0 0 [x TX) xg
2 0 0 0f |x 2x x‘l"2
SoX = . = = = O(X).

0 7 0 0] |x3 ™x xg

0 0 0 7| |x4 x4 xZ
Lemma 3.1.2. Let I be a directed graph obtained as above. Then each connected component of I contains

exactly one directed cycle.
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Proof Let o = 0g. Consider a node i and let o™(i) = {i, (i), 02(i),...} C {1,...,d)} be its forward orbit
under the index map o. By the pigeonhole principle there must be some n > 1 and 0 < m < n such that
o"'(i) = 0™(i). Let n and m be minimal subject to this condition and let b = n — m. Then 07(i) = o+ (i) for
all @ > m, so we have detected a cycle in I which is unique by the minimality of m and n. Since the node
i was arbitrary, the forward orbit of each node i contains a unique cycle. Let 1 < i, j < d. If the forward
orbits of nodes i and j contain the same cycle, then i and j are in the same connected component. If not,
their forward orbits are disjoint. Their reverse orbits must also be disjoint, since otherwise there would be a

node & such that the forward orbit of k contained two distinct cycles. This proves the claim. O

Suppose that I'¢ is not connected and let D be a diagonal uniformizer matrix over Og. We will see
in the next section that, for F(X,Y) € FG,;(0k) arising from our upcoming construction, F (X, Y) satisfies
[D]F(X) = ©(X) (mod n) if and only if F decomposes as a direct sum of formal group laws, each corre-
sponding to a connected component of ®(X). We can therefore restrict our attention to those g-power tuples

®(X) which are connected.

Definition 3.3. Let I" be the directed graph of a connected g-power tuple ® and denote its unique cycle by
y. Define hg = e, hi. We say that he is the cycle height of ®. Let L = KZ;D be the unramified extension of

degree hg over K. We will say that L is the complex multiplication field (or CM field) of ® over K.

Again let ®(X) be a g-power tuple and let D be a diagonal uniformizer matrix and suppose that we
have some F(X,Y) € FG5,(0Ok) satisfying [D]r(X) = O(X) (mod 7). We will see in the next section that if a
formal group law G can be obtained from another formal group law F by relabeling the indices {1, ..., d} by
some permutation s € S, and rearranging the coordinate functions accordingly, then F' and G are isomorphic

over any ring. This means that we can relabel the indices of ®(X) to put it into a more convenient form.

Definition 3.4. Let ®(X) € M4(Ok) be a connected g-power tuple and let y be its unique cycle with order
lyl. We will say that ®(X) is in standard form if the index map of @ satisfies ogp(i) =i+ 1 for 1 <i < |y|
and o¢(|y|) = 1. Notice that this form is in general not unique, although if ®(X) consists of a single directed

cycle then its standard form will depend only on a choice of base point.
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For the remainder of the chapter ®(X) € M;(Ok) will be assumed to be a connected g-power tuple
that is in a choice of standard form. Although it is not required, assuming that ®(X) is in standard form will

help us state the next two definitions.

Definition 3.5. Let ®(X) € M,4(Z) be a connected g-power tuple in standard form and let I" be its directed
graph with unique cycle y. Let |y| be the order of y, and let L be the CM field of ®, so L = K" where h = ho

is the cycle height of ®. Define ; = 0 and i, = Z;;i hjfor2 <r<lyl.

(1) The embedding type of ® is the ring homomorphism ¢ : L — My(L) given by
to(a) = diag(a, ¢*2(a),...,¢%(a)) where e; = 0 and the other e; are determined by the equations

e = ey + hifor 1 <i<d. If ®(X) is a single directed cycle, the embedding type is given by
tp =diag(L,o™™,...,¢7 M)

where ‘1’ is the identity on L. Since this map is an embedding of L = Kff;", then powers of the

Frobenius ¢ are considered modulo Ag.

(2) We define the type norm Ng : K — K by
Iyl
No(a) = ]_[ ¢"(@)  forallae K.
r=1
If h; = 1 for all i then this coincides with the usual definition of the norm Ny k from L = K down
to K. The type norm is analogous to the “reflex norm” in the theory of complex multiplication of abelian
varieties, where the complex multiplication type of the variety in question is given by (¢!, ..., ¢%).
Since these definitions depend on a choice of standard form of @, it is natural to wonder how different
choices of standard form affect the embedding type and type norm of ®. It is sufficient to consider the case
in which the unique cycle y of @ is rotated forward by one node, by which we mean i — o ¢ (i) for all i € 7.

The “tails” of ® do not affect the computation of the type norm, so we do not need to specify how they

change under this isomorphism of directed graphs.

Lemma 3.1.3. Let ®(X) be a connected g-power tuple and let ' (X) be obtained from ®(X) by the relabeling

i — oo(i) for all indices i in the unique cycle y of ®. Let n = |y| and let h = hg = hq be the cycle height of
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®, which is equal to the cycle height of ®'. Then, for all a € K*,

Nor(a) - ¢"(a)/a = No(¢" () = " (No(a)).

In particular, ifa € L* = (Kf,’r)x then

Nor(a) = No(@™"(a)) = ¢""(No(a)).

Proof. Leta € Og. Then
n—1
¢ (No(@) = ¢ [l_[ ¢ (a))
r=0

— ‘,Dh" (Cl)(,Dh"+hl (Cl) L (phn‘*'hl‘*‘""*‘hn—l (Cl)
= ag" (@) (a) ... "2 (a) - (PP (a)/a)

= Ny (a) - (¢"(a)/a).

O

Example 3.6. Suppose d = 5 and O(X) = (xq4,xq3,xq2,x§’2,xg), which is a connected g-power tuple in

27307
standard form. By examination we can see that the unique cycle y of @ is given by y = (1,2,3). Since
hy +hy +h3 =4 +3+2 =09, then the CM field of @ is given by L = K,,. Automorphisms of L over K are

given by powers of the Frobenius considered modulo 9. We can use the graph I'g to help us compute the

type norm of ®(X) by looking at an orbit of an element a € O.

4 3 2
T T og
@ (a)
2 T

The type norm is given by
_ Ay T
No(a) = ag™(a)¢'(a)

for all a € L. Now let us compute the embedding type tp. We can again use the graph, but this time we will

consider the powers of ¢ to be negative. Then by definition, if a € L then

tal@ = ding(a, 9™ (@), 7 (@, ¢ (@, ¢ (@)
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3.2 Using Hazewinkel’s functional equation lemma

Let K’ be any finite unramified extension of K and let @(X) be a mixed g-power tuple. The matrix S ¢
can be used to construct logarithms of formal group laws defined over Ok~ by using Hazewinkel’s functional
equation lemma. Recall that in section we defined Og{{7}} to be the ring of non-commutative power
series in T with multiplication rule 7"a = ¢"(a)7" for all a € Og, and we defined the set of d X d functional

equation matrices over O to be
84(0%) = {S € Mg (Ogl{r})): S =0 (mod 1)},

By fixing some S € 84(Og), a diagonal uniformizer matrix D € M;(Og), and g(X) € M4(Ok-), we can

define A(X) € My(K’) by the recursion formula
AX)=D7'S - AX) = (I; - D7'S) - AX) = g(X).
We can multiply on both sides to solve for A(X) explicitly:

AX)=(Ig+D7'S + (D7'S) +...) - g(X) = Z(D“S)” - g(X).
n=0

It is clear that S¢ € S§4(Og) for any g-power tuple ®(X) , so we need only to fix a choice of diagonal
uniformizer matrix D € My(Og/) and g(X) € My(Ok) to use the recursion formula to construct A(X) €
My(K").

If the Jacobian J(g) is invertible in My(K"), then A(X) is invertible under composition. Thus A(X) is
the logarithm of a formal group law F(X,Y) = A1 AX), A(Y)) and by Hazewinkel’s functional equation
lemma we can deduce that (X, Y) has coefficients in Og,. We can also use the functional equation
lemma to construct O g-homomorphisms from F, to itself and to other formal group laws. The following
lemma establishes a sufficient condition for two formal group laws coming from functional equations to be

homomorphic over Og.

Lemma 3.2.1. Let Di, D, € My(Og) be two diagonal uniformizer matrices and let 1,52 € 84(0Ok) be
functional equation matrices. Suppose that A, u € M (K) satisfy functional equations of type (D1, S 1) and

(D2,S7), respectively. Let FA(X,Y) = 71 (A(X) + AY)) and Fy(X,Y) = = (u(X) + u(Y)).
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If0 € My (Og) satisfies 0-(D7'S1) = (D3'S2) - 0 then [01,,(X) := u~'(8- A(X)) has its coefficients in
Ok so it is an O g-homomorphism from F, to F,.

Proof. We can see immediately that

(0A) — (D5'S2) - (62)
=01-6(D;'S1)- A
=0(1-D;'S; - 2)

6-0

=0 (mod Og)

which shows that 61 satisfies a functional equation of type (D, S ;). By part (2) of Hazewinkel’s functional

equation lemma this implies that =1 (8A(X)) = [6] 2u(X) € My(Op). O

Lemma 3.2.2. Let ®(X) € My(Og) be a mixed g-power tuple, I' = I'g be its associated graph, and S = S ¢
its adjacency matrix. Let K’ be any finite unramified extension of K and fix a diagonal uniformizer matrix
D € My(Ok/) and a choice of g(X) € M;((‘)K/). Let A(X) € M;(K’) be defined by the recursion formula

(I; = D7'8) - AX) = g(X) and define
FopgX,Y) = 171 (AX) + AY)).
By the functional equation lemma, Fo p ¢ has coefficients in Og:. We also have the following.
(1) Let g'(X) € M)(Ok'). Then Fopg = Fopg over Og.

(2) LetT'y,...,I), be the connected components of I and let w; = |T'j| for 1 <i < m. Let ®y,..., Dy,
be corresponding q-power tuples and let X1, ..., X, be tuples of variables of lengths wy,...,wn,
respectively. For 1 < i < d let D; be the diagonal matrix obtained from D by restricting to the
indices in ®;(X). Then Fg px decomposes as a direct sum of formal group laws. More precisely,

m
Fopx = @ Fo,.p,.x;-
=1



(3)

Proof.

2)

3)
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Suppose ¥ € My(Ok) is a g-power tuple such that Iy and U'g are isomorphic as directed edge-

labeled graphs. Then Fo p g is isomorphic to Fy p ¢ over Ok.
(1) This follows immediately from part (ii) of Hazewinkel’s functional equation lemma.

This follows immediately from the definition of a direct sum of formal group laws, since we can
partition the index set in such a way that coordinate power series in one block of the partition

depend only on the indices in that block.

Suppose that s : ['¢ — 'y is an isomorphism of directed, edge-labeled graphs. This means that in
I'y there exists an arrow from s(i) to s(j) labeled with 7@ if and only if in T'e there is an arrow
from i to j labeled with 7", Then the map h(X) = (hi(X)) with h;(X) = x; is defined over Z
and h : Fopg — Fypg is an isomorphism of formal group laws. This isomorphism corresponds
to relabeling the indices {1,...,d}. Alternatively, this corresponds to conjugating the adjacency

matrix of ®(X) by a permutation matrix.

The lemma shows that, given functional equations of type (D1, S 1) and (D>, S;), we will often

be interested in determining whether there is some 6 € M;(Og) satisfying (DIIS 1)9 = H(Dg lSz). Let

m € Ok be any uniformizer and let 7, T, € n‘ISd(OIg). We define

Z(Ty,Ty) = {0 € Mg(Og) : To0 = 0T}

The following lemma will prove to be useful in showing the non-emptiness of Z(T, T») in certain cases.

Lemma 3.2.3 (Iwasawa). Recall that K is the completion of the maximal unramified extension of K with

respect to the extension v of the n-adic norm vg. Define Og = {x € K : v(x) > 0} and observe that the

units of this ring are given by 0% = {x € K : v(x) = 0}. Let m > 1 be an integer and let K’ = K™ be the
8 8 y K ur

unramified extension of K of degree m. Then we have an exact sequence

1—>OIX(,—>OIX-{—>OIX-(—>1

where the first map is the natural inclusion and the second map is given by a — ¢™(a)/a for all a € (9;5(.
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Proof. See Iwasawa Lemma 3.11. O

It should be noted that this lemma would not be true as written if we were working over a finite
extension K’ of K. In that case, if a € K’ then Nk,x(a) = Nk /x(¢(a)) and so ¢(a)/a must be of norm one.
But since K is the completion of an infinite extension, there are elements a € O which are not contained
in any finite extension of K. Thus the norm map is not well-defined, so we are not restricted to elements of
norm one.

Fix a g-power tuple ®(X) and two choices of diagonal uniformizer matrices D; and D, in M4(Og).

We are now ready to state and prove a result about Z (D]‘lS o, D;'S (1)).

Lemma 3.2.4. Let O(X) be a connected g-power tuple in standard form and let S ¢ be its adjacency matrix.
Let L be the CM field of ® and let « be the embedding type of ©, which embeds L into the subring of diagonal
matrices in My(L). Let D1, D> € My(Og) be two choices of diagonal uniformizer matrices.

Then there exists a diagonal matrix { = diag({y,...,{q) € My (Oxk) such that
(L)-{ S Z(D7'Se. D3'Sq).
If D1 = Dy then we can take { = 1.

Proof. Let U = DI‘]DZ = diag(ui, ..., uy) for some units uy,...,us € Og andlet S = S¢ and o = 0.
Let a1,...,a4 be elements of O such that @ = diag(ai,...,aq) € Z(DI‘S,DE‘S). Notice that this is
equivalent to saying a(US) = S, since we can multiply through by D,. Let us compute these two matrix
products. Both products are nonzero only for entries (i, j) with j = (i), 1 <i < d, so we need only compare

those entries. We obtain that for all i
(S)i,00) = Moy = af  and  (@US)G ) = 0w

and conclude that S = @(US) if and only if
i

Yoy
a;

u; for all i. 3.3)

This shows us that knowing «; determines «; for all indices j since ®(X) is connected. But is it

possible to satisfy all of the conditions in (3.3) simultaneously? Since ®(X) is in standard form then we
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know that the node ‘1’ is in the cycle of I, so we can combine the relations in (3.3)) to get a constraint on ¢ .
In particular, if & = hg is the cycle height of @ and 7; is defined as in definition [3.5]for 1 < i < |y| then we

get a telescoping product

h hy hy Ny|
al(f _ (15 /‘11 a/;a I’l1+"'+h\y|—l a,‘f
1 ay 0%) Ay

where N (U) is defined by the equation above. Notice that Ng(U) is the type norm of ®(X) when u; = u;

Iyl

= [ [¢"@) = No(), (34)
i=1

for all indices 1 < i, j < |y|; in particular, this is the case if U is a constant multiple of the identity matrix /.
If equation has a solution @ then equation determines all entries of a.

In the case that U = I;, No(U) = 1 and so equation forces | € L. If not, we note that Np(U) is
aunit in O and apply lemma with K’ = K* = L to see that has a solution a1 € Og. In fact it has
many solutions; if & satisfies then we can see that a¢ is also a solution of for all @ € L. Similarly
if & is another solution then

€/ _ @ ¢
45 & @

= No(U) - No(U)™' = 1

so & /€ € L. Therefore if £ is any solution of equation (3.4) then the full set of solutions of (3.4) is given by

L. The other entries are determined by the embedding type of ®(X). This proves the claim. O

We are now ready to state and prove our main theorem on the construction of formal group laws with

complex multiplication.

Theorem 3.2.5. Let D(X) = (x;].‘h[) € My(Og) be a connected q-power tuple with directed graph I and let
v C I be its unique cycle. Let L be the CM field of ®(X) and let ¢ be its embedding type. Fix some choice of
uniformizer m € Op. Then there exists a formal group law F(X,Y) = Fyn.o(X,Y) € FG4(Ok) for which the

following hold.
(1) [«(m)]F(X) has coefficients in Ok and satisfies [¢(m)](X) = O(X) (mod 7).

(2) If i’ € Ok is any other choice of uniformizer then F ) o and F o are isomorphic over Og.
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(3) If hy is the cycle height of ® and L = KZZ is the unique unramified extension of K of degree h, then
we have an injective ring homomorphism p : O — Endg, (F). In other words, we say that F has

complex multiplication by the ring of integers of L.

Proof. LetS = So € 84(Ok) be the matrix associated to ® as above, so that S (i, j) = 7" whenever j=Jjiand
S (i, j) = O else. Recall from the definition that S ¢ is constructed to satisfy S ¢ - X = O(X). Let A(X) € L4(L)
be the d-tuple of power series satisfying the functional equation corresponding to (¢(rr), S') and generated by

g(X) = X. Equivalently, let A(X) be the unique element of £,(L) satisfying (I — (m)71S) - AX) = X, so that

AX) =X +um)7'S - X+umn)28% - X +...

= X + «(m) "' OX) + (1) PDX(X) + . ..

By the first part of Hazewinkel’s functional equation lemma, since the Jacobian of g(X) = X is invertible,
the resulting formal group law F(X,Y) = A7HAX) + A(Y)) has its coefficients in O7. We can now prove the

three remaining claims.

(1) We will see that [¢(7)]#(X) has its coefficients in Oy by showing that ¢((mr)A(X) and A(X) satisfying
the same type of functional equation and then applying part (ii) of Hazewinkel’s functional equation

lemma. Recall that A(X) satisfies a functional equation of type (¢(1), S ), which means that
AX) — (7S - AX) =0 (mod Op). (3.5)

To simplify notation, let S¢ = u(m)71s. By lemma with D| = D, = «(n), «(m)S o = Sot(rr). This

allows us to see that

(UmAX)) = So - (Um)A(X))
=(UmAX)) — Um)So - AX)
=u(m) (A(X) = S - AX))
=i(m)X

=0 (mod Og)
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so we conclude that ((mr)A(X) and A(X) satisfy the same type of functional equation (¢(rr), S). By

part (ii) of Hazewinkel’s functional equation lemma, we conclude that
[e(m]F(X) = @D AX))

has its coefficients in Oy.

To see that [¢(m)]F(X) = O(X) (mod m), we have as in (1) that S¢(mr) = «()S and conclude by
induction that S ()" = «(n)"S for all n € Z. We also know from definition[3.1]that S is constructed

to satisfy § - X = ©(X), so
Su(m)"D(X) = «(m) S X o D(X) = 1(m) "D o D(X) = o(m) D" (X)
for all n € Z. Therefore

A([u(m]r(X)) = (m)AX)
= UmX +S - AX)
= UmX + (O(X) + 1(r) " O (X) + ...
= UmX + AD(X))

= A(D(X)) (mod n)
which implies that [¢(7)]r(X) = ©(X) (mod 7) by part (iv) of the functional equation lemma.

Let A(X), u(X) € £4(K) be d-tuples of power series satisfying functional equations of type (¢«(7), S)
and («(7r'), S), respectively, and both generated by g(X) = X. Let F,G € FG,(Ok) be their corre-
sponding formal group laws. By lemma [3.2.1} we know that there is an O g-homomorphism from
F to G if and only if there exists some 6 € M;(Og) such that 0u(m)~'S) = (u(n’)18)6, or equiva-
lently, § € Z(u(7)~'S, «(x’)~1S). We can apply lemmaMto see that there exists a diagonal matrix
¢ € My(O%) such that Z(u(m)~'S,u(x')™'S) = «(L) - £, so we can take 6 € «(O) - £. Then u~' (6(X))
has its coefficients in Og and gives us an O g-homomorphism from F to G. Since the matrix 6 is

invertible then this map has an inverse and we see that F' and G are isomorphic over Og.
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(3) We once again apply lemma and to see that ((@)A(X) and A(X) satisfy the same type of

functional equation for any @ € O, and therefore that A N Wa)AX)) =

[t((@)]F(X) has coefficients

in Or. We have already seen that the map [—]r(X) : My(L) — Endp(F) is a ring homomorphism

in chapter 2] Since [«(@)]r(X) = (@)X (mod deg 2), this map is also injective. Thus we have an

inclusion of rings

Example 3.7. Let ®(X) = (xg, xZ ,x1

p: Or — Endg, (F).

) Then the CM field of ® is L =

given by ¢ = (1,¢7!, ™), and the adjacency matrix S ¢ is given by

0O O
S=10 0 7
2 0 0

the embedding type of ®(X) is

ur’

Fix a choice of uniformizer 7 € O and let A(X) be defined by the functional equation

Then

(I —um)7 ') - AX) =X

AX) = —u(m)7'8) - X

=X +um)7'S X +um)2S% X+ ...

-1.9 -2 4" -3 4

X1+ X2+7T X3 + Xl + .

1.4

X +¢,0_1(7T) 2.4

X2+ 7l (m)”

1.4

xl +¢,0_4(7T) -2 5[

X3+ o H(m)”

(o)

Z () D" (X).

n=0

X, + (,0_1(77)_3xq

X+ )

9
3,4
X3 +...
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The formal group law F,(X, Y) has complex multiplication by O;. We will soon see that the extensions
L} = L(F[n"]) are abelian over L and that the Galois group Gal(L}/L) is isomorphic to a subgroup of

(O/7"Op)*.

If I is a cycle we say that the formal group law constructed in [3.2.3| has full complex multiplication
by Oy, the ring of integers of L. In the case that I' is connected but is not a cycle the formal group law F

will have partial complex multiplication by a ring of integers of an unramified extension of K.

Lemma 3.2.6. Let O(X) € My(Ok) be a connected g-power tuple, L the CM-field of ®(X), t = tp be the
embedding type of ®(X), and fix a uniformizer m € Or. Let Fyn.o(X,Y) € 3G4(0Or) be the formal group law
obtained in theorem[3.2.3

Then [(()]F(X) has finite height if and only if ®(X) is a cycle.

Proof. Let L be the residue field of L and let £(X) = (fi(X), ..., f2(X)) € My(L) be obtained from [¢(7r)](X)
by reducing the coefficients modulo pz, which we note is possible since [¢(7)]r(X) € M4(Op).

Recall that the height of f(X) is defined to be the integer H such that the rank of L[[x{, ..., x4]] over
the free subring generated by (f1(X),..., fa(X)) = (xﬁh(ll), ces xih(il)) is equal to p", if this rank is finite.

If ®(X) is a cycle then o is surjective, so this rank is finite and is equal to ¢" ¢™ ... gl = g+,
Thus the height is equal to &g f where hp = Y h; and where g = p/ is the order of the residue field of K.
This is also equal to the degree of the residue field extension [L : Z/pZ] = [L : k][k : Z/pZ].

Conversely, suppose @(X) is not a cycle, which since ®(X) is connected implies that o is not surjec-
tive. Then there exists some j € {1,...,d} such that every power of x; is needed to generate L[[X]] over the

subring generated by (f1(X), ..., f4(X)), so the height of ®(X) is infinite. O

Let F(X,Y) € FG4(0r) with full complex multiplication by Oy and let @ € Oy. We recall that
0 = (0,...,0) is the identity element in F[7"] and we define the a-forsion of F(X,Y) to be the set F[a] of
solutions of the equation [¢«(@)](X) = 0 with coordinates in pg, the prime ideal of the ring of integers of the
algebraic closure Q over K. When o = n"* for some n > 1, we can obtain extensions L} = L(F[n"]) of L by

adjoining the coordinates of these solutions to L.
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Theorem 3.2.7. If Ty is a cycle (so that Fo has full complex multiplication) and n > 1 then the extension

L} = L(F[n"]) of L obtained by adjoining the coordinates of F[rn"] to L is abelian and
Gal (L:;/L) C(Op/n"Op) .

Proof. We first observe that since O;, < Endg, (F) then F[n"] naturally has the structure of an O;-module
with @ - { defined to be [a]F({) for @ € Of and { € F[x"]. By definition we have 7" - { = 0, so the action of
Or, on F[n"] factors through the quotient Oy /7"O. In fact, this is the smallest quotient through which this
action can factor. Let £ € F[x"] such that £ ¢ F[n™] for m < n; we know that such an element exists because
|F[7"]]| = (¢")* = ¢"™, as is shown in Appendix B.2 in [6]. Now let @ € O such that @ - { = 0. It is clear that
the ideal generated by « in O; must annihilate ¢ and this ideal cannot be the full ring since 1 - = ¢ # 0.
Therefore a is not a unit, so @ = n”3 for some m > 1 and B € O%. It is now clear that - (7" - {) = 0,
but since g is a unit then in fact 77 - { = 0. By assumption ¢ ¢ F[n™] for m < n so this forces m > n, and
thus @ € 7"O. This shows that Oy /7"y is the smallest quotient through which the action of Oy on F[x"]

factors. Since Oy is unramified of degree i = hg over K, then
0L/7"0L] = (¢")" = 4" = |F[2"].

We conclude that the action of Oy /7" O is transitive on F[z"*]. In other words, F[7"] is principally generated
as an Oz-module.

Now consider the action of the Galois group G = Gal(L!/L) on the set F[n"]. For any g € G,

[t(@)1(&*) = [uxHE)F = (Um0 = 0f =0,
so F[n""]8 = F[n"]. Fix an element ¢ € F[7"] such that Oy - ¢ = F[n"] and fix some g € G. Since {8 € F[n"]
there exists some 8 € O such that {8 = 8- . We claim that in fact &8 = 8- £ for all £ € F[n"]. To see this,
let £ € F[n"] be arbitrary and let @ € Of, such that ¢ = « - {. Then
G=(@ =t C=a-=a-B-H=p-(@-)=p-¢
Define amap f : G — (Op/7"Op)* by p(g) = B where &8 = B - & for all £ € F[a"]. Then p is a group

homomorphism since if g, # € G with g — @ and & — £ then

Gh= =@ 0'=d" "=a-B-0O=0p-¢
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Let g € G and suppose p(g) = 1; then p({) = 1 = { for all € F[n"] so g must be the identity in G.
We conclude that we have an injective group homomorphism
G = Auto, —mod(F[7"]) = Auto, -mod(Or/7"Or) = (O1/7"OL)*,

and consequently that G is abelian and isomorphic to a subgroup of (O /7" Op)*. O

Therefore we have constructed a class of formal group laws with complex multiplication and have
shown that, under some mild conditions, these generate abelian extensions. In the future we would like to
study the ramification degree of these extensions and their norm groups to further extend the analogy with

the results of local class field theory.
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