MATH 8304: TOPICS IN FUNCTIONAL ANALYSIS
FALL 2025
PROBLEM LIST

ALONSO DELFIN

This file will be constantly updated during the semester, so that the numbers of
problems may change. When writing a solution, make sure to include the complete
statement rather than the problem number.

Little proofreading has been done.

1. REVIEW/PRELIMINARIES

Problem 1.1. Let F and F be normed vector spaces and a: E — F' a linear map.
The operator norm of a was defined by

[al| :== sup{|[a&|F: [|€]z < 1}
1.1.1. Show that
|a€l|F

lall = sup{llacll: €]l = 1} = sup{ e ¢ oE} — nf{M > 0: o] < ME]£}.

Conclude that if a € B(E, F), then ||a||F < |la]|||¢||g for all £ € E.

1.1.2. Show that the following statements are equivalent:

(1) @ is continuous at Og,

(2) a is continuous on F,

(3) a € B(E,F).
1.1.3. Show that if F' is a Banach space, then so is B(E, F') when equipped with
the operator norm.

If X is any topological space, we use C(X) to denote the vector space of
continuous functions X — C.

Problem 1.2. Let X be a compact Hausdorff space.
[[.2l1. Let A be any Banach algebra. Show that
C(X,A):={f: X - A: [ is continuous }
is a Banach algebra with norm || f|| = sup,cx ||f(2)||a and point-wise mul-
tiplication.

[[.212. Show that C'(X, A) is unital if A is.

[[213. Show that C(X, A) contains a dense subalgebra that is isomorphic to the
algebraic tensor product C(X) ® A. That is, find an injective algebra
homomorphism ¢: C(X)® A — C(X, A) such that p(C(X)® A) is a dense
subspace of C(X, A).
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Let X be a locally compact Hausdorff space. The space of continuous functions
on X that vanish at infinity is

Co(X):={feC(X): {x e X:|f(x)|] > e} is compact Ve > 0}

Problem 1.3. Let X be a locally compact Hausdorff space.
[L3l1. Show that f € Cy(X) if and only if f € C(X) and for each € > 0 there is
a compact space K. C X such that |f(z)| < e for all z € X \ K.
[[.312. Show that R with the usual topology is locally compact. Then show that
f € Co(R) if and only if f € C(R) and
am [f(z)] = 0.
[[313. Let A be any Banach algebra. Show that

Co(X, 4) :={f € C(X, A): (x = [[f(2)] a) € Co(X)}

is a Banach algebra with norm || f|| = sup,cx || f(2)|/a and point-wise mul-
tiplication.

[I3l4. Show that Cp(X, A) contains a dense subalgebra that is isomorphic to the
algebraic tensor product Co(X) ® A.

Recall the classic convolution Banach algebras

NZ) = {a Z— C:a|; = Z la(n)| < oo},(a*b)(k) = Za(n)b(k— n)

nez nez
and

L{(R) = {f R C: Il = [ 15(e |dx<oo} (o)) = [ F(@lol

Problem 1.4. For each a € ¢}(Z) and f € L'(R) define a*: Z — Cand f*: R — C
by

a*(n) :=a(=n), f*(x):= f(-x)
[L4l1. Show that ¢!(Z) is unital.
[L4l2. Show that a — a* makes ¢!(Z) a Banach *-algebra, but that it is not a
C*-algebra.
[L4l3. Show that L(R) is not unital.
[[4l4. Show that f — f* makes L'(R) a Banach *-algebra, but that it is not a
C*-algebra.

Problem 1.5. Let 7, and Ho be Hilbert spaces and let a: Hi — Ha, b: Ho — Hy
be two functions satisfying
(a(&),m) = (& b(n))

for any & € Hy,n € Hy. Show that a € B(H1,Hz2), b € B(Ha,H1), and that
lall = [

(Remark/Hint: Here both a and b are not assumed to be linear to begin with. You
will need the closed graph theorem to show boundedness).

Problem 1.6. Let X be a compact Hausdorff space and let p a regular Borel
measure on X such that p(U) > 0 for every open set U C X. Show that C(X)
is faithfully represented on the Hilbert space L?(X, u). That is, find an isometric
*-homomorphism ¢: C(X) — B(L?(X, u)).
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For a normed space E the weak-* topology on E’ := B(E,C) is the topology
generated by the seminorms {pg: £ € E} where pe: E/ — Rxg is defined by
pe(p) == |p(€)]. In other words, U C E’ is said to be weak-* open if and only
if for each ¢g € U there is n € Z>g, &1,...,&n € E, r1,...,1, € [0,00), and
Ui, ...,%, € E' such that

woe{p €l pe,(p—y)<r;, j=1,...,n} CU

Problem 1.7. Let F be a normed space.

[L71. Show that E’ with the weak-* topology is Hausdorff (note that ¢ = 0p if
and only if ps(¢) =0 for all £ € E).

[L72. Let (vx)rea be a net in E’. Show that ¢y — ¢ in E’ with the weak-x

topology if and only if ¢y (£) = ¢(§) in C for each £ € E.
[L.73. Let

K = {FeCP: |F(¢) < |l¢]| V& € B} C [] By (0)
I3

Show that the toplogy that Ba(E’) = K N E’ inherits from the product
topology in K coincides with the weak-* topology of E’.
[ 7l4. Show that Ba(E’) is closed in K and therefore compact.

Problem 1.8. Let E, F' be Banach spaces and u € B(E, F’). Show that u extends
uniquely to a weak-* continuous a map u: E” — F’ with ||u|| = |Ju]|.

Let E be a Banach space and let F C E be a closed subset. We define F- C E’
by

Et={pcE": ¢lp =0}
Also, we say £ ~p nif and only if § —n € F and put [{]p :={n € E: £ ~F n}.
The quotient space E/F := {[¢]p: £ € E} is a Banach space with the norm

lig)el = inf i€ =

Problem 1.9. Let E, F be Banach spaces with F' C F.

[[.9l1. Show that F- is a closed subset of E’ with the usual norm topology.
[MLO12. Show that E'/F* is isometrically isomorphic to F’.

[LO13. Show that (E/F)’ is isometrically isomorphic to F+.

[[.Ol4. As subsets of E”, show that the weak-* closure of F' is F--+

Let E,F be Banach spaces and a € B(E,F). The dual of a is the map
a': F' — E' defined by
a(p)§ = p(af)

for any o € F' and £ € E.

Problem 1.10. Let E, F' be Banach spaces.

[.10l1. Show that o’ € B(F', E’) and that |la|]| = ||a’||.
[I.1012. If both E and F are Hilbert spaces, find a formula that relates a’ with a*.
(Hint: The obvious maps E — E’ and F — F’ are bijective)

Problem 1.11. Let H, Ho be Hilbert spaces and let IC C H; be a closed subspace.
Show that IC, H1/K, Hi @2 Ha are also Hilbert spaces with their natural norms.
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2. TENSOR PRODUCTS OF BANACH SPACES

Recall that if V, W, and Z are vector spaces, we put

L(V,W) = all linear maps V — W,

F(WV, W) ={a€ L(V,W): a(V) is finite-dimensional},
VT = L(V,C), the algebraic dual of V,

L(V x W, Z) = all bilinear maps V x W — Z.

Problem 2.1. Let U, V, W, Z be vector spaces. Show that

2Il1. CevV=VeCxV,

212 (VeaW)ezZ=2Ve(WeZ),

2I13. L(VeW,Z) = L(VxW,Z)=L(V,L(W, 2)),

214. FV,W)=2VieWw.

Here = means isomorphism of vector spaces. For [2.1[3] and [2.1[4]] give a formula

for the isomorphism and its inverse.

[2.315. Show that L(V,W)® L(U, Z) naturally embeds in L(V @ U, W ® Z). More-
over, if W and Z are finite dimensional, then show the embedding is an
isomorphism.

Problem 2.2. Let V be a vector space and ev: VT x V — C be the evaluation
map

ev(p,§) = p(§)

We denote by try the linearization of ev, that is try, € (VI ® V)T is the unique map
such that the following diagram commutes

VixV —*—C
o
FV)=VieV

22l1. If dim(V) = n < oo, then F(V) =2 Vi@V = M, (C). Show that under
these idendifications, try agrees with the usual trace of a matrix.
2212, (Trace Duality) Let W be another vector space. For each z = Z;;l §i®m; €

V ® W define a map S,: Wt — V by
S:(v) =D v(n;)§;.
j=1

Show that z — S, is a well defined injection V@ W — F(WT, V) and that
@o(z) =try(S; 0 Ly) = try+(Ly 0 Sz),

for any ¢ € (V ® W)' represented by L, € L(V,WT) via the map from
2.113] with Z = C.

Problem 2.3. Let H;,Hs be Hilbert spaces. Show that the formula

(61 ® &2,m @ m2) = (€1,m1)(E2,m2)

for &1,m € Hi, &2,7m2 € Ho extends to an actual inner product on the algebraic
tensor product Hi ® Ho. Conclude that the completion of H; ® Hs under the norm
induced by this inner product is a Hilbert space.
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Problem 2.4. Let E, F be normed vector spaces and let G be a Banach space.
Show that every ® € B(E x F, G) has a unique extension & € B(E x F'| G) satisfying
|®]| = ||®||, where E and F are the completions of F and F.

Problem 2.5. Show that the projective tensor product does not respect subspaces.
That is, give an example of Banach spaces E, F', a subspace G C E, andx € GRQ F
such that

[2ll5,7 < ||2[lx.c,F

Problem 2.6. Let F and F' be Banach spaces and isometrically identify (E Q™ F)’
with both B(E, F') and B(F, E’) as done in class. Show that

2]l = sup{|¢(x)|: ¢ € Ba(B(E, F"))} = sup{|¢)(x)|: ¢ € Ba(B(F, E'))}

Problem 2.7. Let ¢y be the Banach space of complex valued sequences converging
to 0 equipped with the sup norm. Show that

[[(61 ® 01) + (62 ® 62) |7 co,c0 = 1
where §; = (1,0,0,...) and d2 = (0,1,0,...).

Problem 2.8. Let F and F' be Banach spaces. Show that even though FE is
usually not complemented in E”, we do have that F ®™ F is an isometric subspace
of E” ®™ F”. That is show that the algebraic inclusion t: E® F — E" @ F" is
isometric with respect to the projective norm.

Problem 2.9. Set E = (?(Z>1) @™ (*(Z>1) and let {d,,: n € Z>1} be the standard
unit basis for (2(Z>1) (i.e. §,(k) = 6n k).

2.911. Show that £!(Z>1) is isometrically isomorphic to the subspace of E gener-
ated by {0, ® §,: n € Z>1}.

2.912. Show that the isometric copy of /!(Z>1) in E is complemented.

[2.913. Show that ¢?(Z>1) ®" £*(Z>1) is not reflexive even though ¢?(Z>) is.

[2.914. How much of the above is still true for ¢P(Z>1) when p € [1,00) \ {2}7?

Problem 2.10. Let E,F be Banach spaces and a € B(E,F). Show that the
following statements are equivalent

(1) E/ker(a) = F via a,
(2) a is surjective and ||n||r = inf{||¢||g: a(&) = n},
(3) a(Bf(0)) = B (0).

Let Q be any set and F a Banach space. We say a function a:  — F is
summoable if there is & € E such that for all € > 0 there is a finite set A, C

SuCh thal

AeA
for all finite subsets A C  with A C A.. In such case we say that ) . a(w)
converges to £ and write
=Y alw).

weR

Problem 2.11. Prove the following statements about summable functions:
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2.1711. Show that a: Z>9 — E converges to { € E if and only if for any bijection
0: Z~o — Z~o we have

£=3 alo(n)).

2.1112. Show that if n — ||a(n)||g is summable then so is a: Zso — E. Give an
example that the converse is false.

2.1713. Show that a: @ — R>¢ is summable if and only if {} ., a(N): A C
2 is finite} is a bounded subset of R, and in this case

Z a(w) = sup{ Z a(A): ACQis ﬁnite}.
weN AEA
[2.1714. Suppose that £ = C and let v be counting measure on €. Show that
a: Q — C is summable if and only if 3 a(w) = [, adv.
2.1115. Let a: Q — E be summable. Show that there is a countable set N C
such that a(w) =0 for all w € O\ N.

For any p € [1,00), we say a is absolutely p-summable if the function w —
la(w)||% is summable. We define

P(Q; E) := {absolutely p-summable functions Q — E},
which is a Banach space with norm

laly = (X la@)i) "

weN

Problem 2.12. Let E be a Banach space.
1
2.1211. Modify the proof given in class of £1(Z+~q) @™ E = {*(Zwo; E) to show that
1
Q) @™ E = (Y(Q; E) for any set .
2.1212. Show that ¢?(Q2) ®" E is not isometrically isomorphic to ¢7(£2; E) when
p#1L
Problem 2.13. In the definitions introduced in Problems and replace the

Banach algebra A by a Banach space E to get the Banach spaces (potentially not
algebras now) C(X, E) and Cy(X, E).

1
2.13l1. Show that C(X)®! E 2 C(X,E),
1
2.1312. Show that Co(X) @' E = Cy(X, E).

Problem 2.14. Let ¢y be as defined in Problem and let 7 := (P(Zg) for
pe[l,00)

B14l1. Show that ¢y ®@F ¢ é co,
[2.141.2. Show that ¢* ®' ¢2 is not a Hilbert space,
[21413. Show that if ¢: £! — ¢ is a quotient map, then id; ®7 g is not a quotient
map.

Problem 2.15. Let p € (1,00), let p' = p%l be its Holder conjugate, and let
(X,3, ) be a measure space. Show that K(LP(X,u)) (the algebra of compact
operators on L (1)) is isometrically isomorphic to LP(X, 1) @' L' (X, 1). Conclude
that K(LP(X, ) and K(LP (X, 1)) are isometrically isomorphic.
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Problem 2.16. Let E and F be Banach spaces with at least one of them finite
1 1
dimensional. Show that (E ®™ F)' = E' ®! F’ and that (E®! F)' 2 E' @™ F'.

Let p € [1,00), let (X, X, i) be a measure space, and let F be a Banach space.
We define LP (1) ®, E as the completion of LP(u) ® E with the norm

[ sed], = ([ IS swsamew)™

1
Problem 2.17. Show that L'(u) ®1 E = L'(p) @™ E.

3. OPERATOR SPACES

Problem 3.1. Show that the tensor product of Hilbert spaces from Problem [2:3]
coincides with the tensor product ®s. Then show that if a € B(Hi,H2) and
b € B(G1,G2), then a ® b extends uniquely to a ®2 b € B(H1 ®2 G1, Ha ®2 Go) with
lla ®2 bl| = [|all[|b]]-

Problem 3.2. Let o € M,, and let x € B(H). Show that the norm of a ® x seen,
via Problem as an element in B(C™ ®y H) agrees with its norm as an element

in B(H™) via the action defined, for £ = (&)= € H" and j € {1,...,n}, by

(a® ff)g)g = Zaj,kfrfk eH.
k=1

Problem 3.3. Let a € M,,. Show that ||«]| is the largest singular value of a. That
is, show that if o(a*a) = {eigenvalues of a*«a}, then

lla]] = N max [A]-
Eo(a*a)

Let H be a Hilbert space and for each &, € H define the rank-1 operator
Oy € B(H) by

957"7(<) = <C777>€'
The compact operators on H, K(H) <B(H), coincide with the closure of finite
rank operators, that is

K(H) = span{0¢ ,: &, € H}.

Problem 3.4. Let H be a Hilbert space and let u: B(H) — B(H) be the isometry
given by u(a) = a’ (see Problem [I.10).

B.4L1. Show that u(f¢,) = 0, for all {,n € H,

BA4l2. show that u(K(H)) = K(H),

B4l3. is v in CB(K(H),K(H))?

Problem 3.5. Let H be a Hilbert space and fix 19 € H with [|no]| = 1. Show that
{0 ¢: & € M} C B(H) is completely isometrically isomorphic to Hyow-
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