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During this talk, A will be a fixed Banach algebra with a contractive
approximate identity. That is, there is (eλ)λ∈Λ in A with ∥eλ∥ ≤ 1 and

∥eλa − a∥, ∥aeλ − a∥ → 0.

Further, we assume A is nondegenerately represented on a Banach space
E: That is, there is an isometric representation π : A → B(E) such that

π(A)E := span{π(a)ξ : a ∈ A,ξ ∈ E} = E.

These two assumptions give that M(A), the multiplier algebra of A, is
nondegenerately represented on E as two sided multipliers:

M(A) := {t ∈ B(E) : tπ(a), π(a)t ∈ π(A) ∀a ∈ A}.

We also fix a locally compact group G together with νG a left Haar
measure. For notational convenience, we let

dx := dνG(x).
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Twisted Actions
A twisted action of G on A is a pair (α,σ)

α : G → Aut(A) σ : G × G → Inv1(M(A))

x 7→ αx := α(x) (x, y) 7→ σx,y := σ(x, y)

such that α is strongly continuous, σ is strictly continuous, and
1 α1G = idA, σ(1G , x) = σ(x, 1G) = idM(A),
2 αx(αy(a)) = σx,yαxy(a)σ−1

x,y ,
3 αz(σx,y)σz,xy = σz,xσzx,y.

We call (G, A,α,σ) a TBADS:

Twisted Banach Algebra Dynamical System.

Let L1(G, A,α,σ) be the Banach space L1(G → A,νG) equipped with
the twisted multiplication

( f ∗α,σ g)(x) :=
∫

G
f (y)αy(g(y−1x))σy,y−1xdy.
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L1-algebra of a TBADS

Proposition

L1(G, A,α,σ) is a Banach algebra with a cai and is nondegenerately
represented on itself.

Proof. Consider the Banach bundle A = (G ⋉α,σ A, π) where G ⋉α,σ A
is G × A with multiplication

(x, a)(y, b) = (xy, aαx(b)σx,y),

and π : G ⋉α,σ A → A is the projection onto the first coordinate.

L1(G | A)
1∼= L1(G, A,α,σ),

so the cai of A transfers to a cai for L1(G, A,α,σ) via a result by
Fell-Doran (1988) for general Banach bundles. ■
In fact, if (ψU)U⊆G is the usual cai for L1(G) then

fλ,U(x) := ψU(x)eλ

is the desired cai for L1(G, A,α,σ).
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Covariant Representations

A covariant representation of (G, A,α,σ) is a pair (π , u) together with a
Banach space E where

1 π : A → B(E) is a nondegenerate representation,
2 u : G → Iso(E) is strongly continuous,
3 uxuy = π(σx,y)uxy,
4 π(αx(a)) = uxπ(a)u−1

x .
Each (π , u) induces a representation π ⋊ u : L1(G, A,α,σ) → B(E) via

(π ⋊ u)( f ) :=
∫

G
π( f (x))uxdx.

Fact: The map (π , u) 7→ π ⋊ u is a bijection between covariant
representations of (G, A,α,σ) and nondegenerate representations of
L1(G, A,α,σ).
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Twisted Crossed Products

We fix a class R consisting of covariant representations of (G, A,α,σ).
satisfying ∥π∥ ≤ CR for all (π , u) ∈ R. On L1(G, A,α,σ) define a
seminorm by

∥ f ∥R := sup{∥(π ⋊ u)( f )∥ : (π , u) ∈ R}.

Definition

The twisted crossed product of (G, A,α,σ) with respect to R is the
Hausdorff completion of L1(G, A,α,σ)/ ker(∥ − ∥R). It will be denoted
by FR(G, A,α,σ).

Notice that FR(G, A,α,σ) has a CR-approximate identity. Indeed,

∥(π ⋊ u) fU,λ∥ =

∥∥∥∥∫G
π(ψU(x)eλ)uxdx

∥∥∥∥ ≤ ∥π∥
∫

G
ψU(x)dx ≤ CR.

Since there is an R-isometric map τ : L1(G, A,α,σ) → FR(G, A,α,σ),
the net (τ( fU,λ))U,λ is the desired bai.
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Universal Property
If CR ≤ 1, then FR(G, A,α,σ) is the isometric universal Banach algebra
generated by R-continuous covariant representations.
The formulas

(λA(a) f )(x) := a f (x) (ρA(a) f )(x) := f (x)αx(a),

(λG(y) f )(x) := αy( f (y−1x))σy,y−1x (ρG(y) f )(x) := f (xy−1)σxy−1 ,y∆(y−1),

extend to well defined maps (λA,ρA) : A → M(FR(G, A,α,σ)) and
(λG ,ρG) : G → M(FR(G, A,α,σ)) such that ((λA,ρA), (λG ,ρG)) is a
covariant representation of (G, A,α,σ) on FR(G, A,α,σ).

Theorem (D., Farsi, Packer: 2025)

Let B be a Banach algebra and let (kA, kG) be a covariant representation
of (G, A,α,σ) on B. If (kA ⋊ kG)(L1(G, A,α,σ)) is dense in M(B) and
∥(kA ⋊ kG)( f )∥ = ∥ f ∥R for all f ∈ L1(G, A,α,σ), then

B
1∼= FR(G, A,α,σ).
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Equivalent twisted actions
Two twisted actions (α,σ) and (β,ω) of G on A are exterior equivalent
if there is θ : G → Inv1(M(A)) strictly continuous such that

1 βx(a) = θxαx(a)θ−1
x ,

2 ωx,yθxy = θxαx(θy)σx,y.

In such case we write (α,σ) θ∼ (β,ω), and for each (π , u) ∈ R we
define the map v = vπ ,u : G → Iso(E) by

vx := π̂(θx)ux.

Let Rθ := {(π , vπ ,u) : (π , u) ∈ R}.

Theorem (D., Farsi, Packer: 2025)

If (α,σ) θ∼ (β,ω), then Rθ is a class of covariant representations of
(G, A,β,ω) and

FR(G, A,α,σ)
1∼= FRθ (G, A,β,ω).
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Lp-operator algebras

From now on, we fix p ∈ [1, ∞) and assume that A acts nondegenerately
on a separable Lp-space. That is, there is a measure space (ΩA,µA)
such that

A ⊆ B(Lp(ΩA,µA)) and ALp(ΩA,µA) = Lp(ΩA,µA).

Let Rp = Rp(G, A,α,σ) be the class of all contractive covariant
representations of (G, A,α,σ) on Lp-spaces. We define the Lp-twisted
crossed product as

Fp(G, A,α,σ) := FRp(G, A,α,σ)

Corollary

If (α,σ) θ∼ (β,ω), then Fp(G, A,α,σ)
1∼= Fp(G, A,β,ω).

Proof. Rp(G, A,α,σ)θ = Rp(G, A,β,ω). ■
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A p-version of the Packer-Raeburn untwisting trick

Let p ∈ (1, ∞) and consider

Stp(A) := K(Lp(G))⊗p A ⊆ B(Lp(G ×ΩA,νG ×µA)).

Let p′ ∈ (1, ∞) be the Hölder conjugate of p (i.e, 1
p + 1

p′ = 1). The

map Lp(G → Lp′(G → A)) → Stp(A) given by ψ 7→ Kψ, where

(Kψξ)(x, w) :=
∫

G
ψ(x, y)ξ(y, w)dy,

has dense range and is such that ∥Kψ∥ ≤ ∥ψ∥.

Theorem ( D., Farsi, Packer: 2025)

There is a genuine action β of G on Stp(A) such

K(Lp(G))⊗p Fp(G, A,α,σ)
1∼= Fp(G, Stp(A),β).
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Reduced twisted crossed product
For any nondegenerate representation π0 : A → B(Lp(Ω,µ)), let
E := Lp(G → Lp(Ω,µ)) and define π : A → B(E) by

(π(a)ξ)(x) := π0(α
−1
x (a))(ξ(x)).

Define also u : G → Iso(E) by

(uyξ)(x) := π̂0(α
−1
x (σy,y−1x))(ξ(y−1x)).

Fact: reg(π0) := (π , u) is a covariant representation of (G, A,α,σ) on
E. Set Rp

r := {reg(π0) : π0 ∈ Repp(A)}. We define the reduced
Lp-twisted crossed product by Fp

r (G, A,α,σ) := FRp
r
(G, A,α,σ).

Conjecture

If G is amenable then Fp
r (G, A,α,σ)

1∼= Fp(G, A,α,σ)

Conjecture (Rigidity for p ̸= 2)

Fp
r (G, A,α,σ)

1∼= Fp
r (G, A,β,ω) ⇐⇒ (α,σ) ∼ (β,ω).
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Thank you!

Questions?
References, details:

arXiv:2509.24106 [math.FA]
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