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Preliminaries

Banach spaces

Definition
A Banach space is a complex vector space E with a norm || — || that
makes E a complete metric space.

For a Banach space E, we denote by Ba(E) its closed unit ball. That is
Ba(E) i= {¢ € E: [l£]l < 1}.

If F is also a Banach space, we let L(E, F) be the space of bounded
linear maps from E to F, which comes equipped with the operator norm

all (e py := sup{l|a&llr: & € Ba(E)}.

When E = F, we set L(E) := L(E, E), which becomes a Banach algebra
with multiplication given by composition of operators.
The dual of E will be denoted by E’, that is

E':= L(E,C).
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Preliminaries

Finite Dimensional LP-spaces

In this talk we will be mostly interested in the Banach spaces ¢}, where
n€Zsyand p € [1,00]. Thatis, £, = (C", || —||,) where

" 1/p
(,_1 |a<f>|”> pelieo)

lellp = § Y

max 1&(7)] p =00

Here for p,q € [1,00] and d, 1 € Z>1, the space L(¢}, 1) is simply the
space of n x d matrices with complex entries equipped with the p — g
operator norm:

M (C) = L8, 60), lallpg = max{[laz |y: & € Ba(£}))
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Preliminaries

Unit p-circles in R2

For p € [1,00) let

By :={&: {1,2} = R: [E()[F +[£(2)" = 1}.

By

X2
B,

X1

NIw
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Letting p — oo

Buoi={&: {1,2) > Ri s lim [E()P + £@)F = 1)
— {&: {1,2) » R: max{|£(1)],&(2)]} = 1}.

X2
B

H

X1

H
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Preliminaries

(1 — 2)-Operator Norm: Example

1

Let a : R — R? be given by a = (2

i). How to find [|a]|1_2?

lallis2 =5
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Preliminaries

1-Operator Norm: Example

1

Let a : R? — R? be given by a = (2

i) How to find ||a|l1—1?

lal1o1 =7
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Preliminaries

p-operator norms in C": Known Cases

Mﬁ((C) is the algebra of d x d complex valued matrices equipped with
the p-operator norm:

M}(C) = L(¢h)

For a € M};(C) we defined ||a||,—p := Hrr|1‘ax lla&llp.
&<t
If a = ()7, then

n
a = max airl,
lall1-1 ke{l,...,n}];| jikl
lalla2 = max /]2,
Aco(ala)
n
a = max aigl-
L
Otherwise, for a general matrix a, the value ||a||p—p is NP-hard to

compute.
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Hélder Duality

Classic Holder Duality

For p € [1, 00| we denote p’ its Holder conjugate. That is,
1 1
p b

Let (Q, 1) be a measure space and consider the dual pairing
(= =)p: LV (1) x LP (i) — C given by

(n,&)p z/anSdu-

This defines : L' (1) — LP(w)’ by [®(n)](&) = (1,&)p.

Theorem (Classic Holder Duality)

@ is an isometric isomorphism from LP' (1) to LP(u)' whenever
Q pe(l,00).
@ p =1 and u is sigma-finite,
© p = oo and  is the counting measure on {1,...,n} forn € Z>1.
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Hélder Duality

Hoélder Duality in finite dimension

a /
8 is isometrically isomorphic to (¢4)" via the map ®: ¢ — (¢h)

This can be reinterpreted through a ‘p-operator space’ perspective:
the= £, dh) = Mh,(C) o = L(eh,¢f) = M ,(C).
The pairing is now multiplication of a 1 X n-matrix by a n x 1-matrix:

CO I
m&) =M1 ... am]| : | =Y (G
my)

Furthermore, Holder duality gives

€], = max{|(n | £)|: n € Ba(€h )}, |nly = max{|(n]&)|: & € Ba(£})}.
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C*-like LP-modules

Definition

Let (Qo, tp) and (Q1, 1) be measure spaces, let p € [1, 0], and let
A C L(LP(ug)) be a closed subalgebra. An LP-module over A is a pair
(X,Y) such that X C L(LP(up),LP(u1)) and Y € L(LP(u1), LP(uo))
are closed subspaces s.t.

Q@ xacXforallxe X, ae A,
Q@aycYforallyeY,ae A
Q@ yxecAforallxeX yev,

Condition @ gives a pairing (— | —)a: Y x X — A defined by
(y[x)a=yx €A

Definition

We say that the module (X,Y) is C*like if both the norms in X and Y
are recovered by the pairing, that is for every x € X and y € Y we have

Q [[x]| = sup{ll(y [ )all: y € Ba(Y)},
O |yl = sup{ll(y [ x)all: x € Ba(X)}.
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C*-like LP-modules

Examples

o Let X be a right Hilbert module over a C*-algebra A. Then (X, X) is
a C*-like L2-module over A.

o (LP(u),L¥ (1)) is a C*-like LP-module over C.
o (LV'(u),LP(w)) is a C*-like LP-module over K(LP(u)).

@ AC L(LP(u)) a closed subalgebra. Then (A, A) is an LP-module
over A, it is C*-like as long as A has a contractive approximate unit.

Definition (Column-Row modules)

Let (X,Y) be an LP-module over A, let n € Z>1 U {0}, and define

M (X) =@, X, MY (Y)=10 ®,Y.

° (Mﬁ1 (X),Mf,n(Y)) is an LP-module over A.
Question: When is (Mfl’1 (X),Mf,n (Y)) C*-like?
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Main results
Positive Results

Theorem (REU(G)-2025)

Let p € [1,00), let d,n € Z>1, and ley A C MY(C) a subalegbra. Then
(Mfl”l(A),Mf,n(A)) is C*-like whenever

e A= Ms((C)
@ A is any block diagonal subalgebra of Mg (C).

Comments:
© Both instances are likely to hold as well when n = cc.

© What happens for (LP (1) ®p A, LV (u) ®p A) when p is a more
general measure?

© Observe that in both cases, id; € A. Is this a sufficient condition?
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Main results
Counter Examples

Consider A C Mg((C) defined by A = { [8 3} 1z € C} . Ais simply

C with trivial multiplication, so (M5,1(A)er,n(A)) has 0 pairing.
Hence, (M | (A), M} (A)) cannot be C*-like. Note that id, ¢ A.

The example above is likely generailzable to any nilpotent subalgebra of
M) (C).

_ Av 0 I
LetA—{u[O A2:|U-A1;A2€(C}thereu_\/§|:l —1]'

Then (M}, 1(A), M] ,(A)) is not C*-like, even though id; € A.

We still don't know whether this last example is C*-like for p # 1,2.
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Thank you!
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Main results

(p — q)-operator norms in C¥: Known cases

Mg—w((C) is the algebra of d x d complex valued matrices equipped with
the (p — g)-operator norm:

METI(C) = £(a, )
P—q : —
Fora € M; "'(C) we defined ||al|,—; := max_|[[a&][,.
&l <1

For a = (a]',k)?l,kzl:
lalli2 = max (@, - aax)ll2,

lall1—00 = max|l(ark - -, ag)) oo,

all2-00 = max (aj1, - raja)llco-

However, the computability of ||a2—1, [|]|co—1, and ||a]|co—2 is
NP-hard.
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