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Problem 1. Prove or disprove the following statement. There exists a nowhere dense
set (that is, a set whose closure has empty interior) in [0, 1] which has positive Lebesgue

measure.

Problem 2.

Let (X, d) be a compact metric space. Let
D = sup{d(w,z) : w,z € X}.
Prove that there exist x,y € X such thatd(x,y) = D.

Problem 3. Let f be a Lebesgue-integrable function on R?. Prove that for every ¢ > 0,

there exists a 6 > 0 such that for all measurable A, m(A) < ¢ implies
[ V@) am(x) <.
Problem 4. For a > 0, define the shift operator T, : L*(R) — L*(R) as
(Ta(f))(x) = f(x +a)
Suppose that g € L*(RR) and that g is continuous on R. Is it true that
lim | T, (5) — g, =0?

Prove or give a counter-example (with justification).

Problem 5. Let f : C\{0} — C be a continuous function. For n € Z define the functions
an : (0,00) — C as the Fourier coefficients of the functions f on the circle of radius r i.e.
Fre) = X an(r)e™
nez

forr € (0,00) and 6 € [0,27]. For each n € Z, prove that the function a, is continuous on

(0, 00).



Hint: Recall that for each n € Z and r € (0, o) we have the formula

27 . )
ay(r) = % ; f(re®)e M4

Problem 6. Consider the complex Hilbert space L?([0,27]). Let V C L?(]0,27]) be the

vector space defined as

n=1

N
V= { Z (a, cos(nx) + by, sin(nx))‘N € N,a,, b, € C}

Let V be the closure of V in the Hilbert space L?([0,27]). Prove that V # L2([0,27]).



