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• Answer each of the six questions on a separate page. Turn in a page for each

problem even if you cannot solve the problem.

• Label each answer sheet with the problem number.

• Put your number, not your name, in the upper right hand corner of each page. If

you have not received a number, please choose one (1234 for instance) and notify

the Graduate Program Assistant (Kellie Geldreich) as to which number you have

chosen.

Problem 1 2 3 4 5 6 Total

Points 17 17 17 17 17 17 102

Score
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Problem 1. Let (X,M, µ) be a complete measure space with µ(X) = 1. Fix 1 < p < ∞,

and let { fn} be a sequence of elements of Lp(X, µ) such that there exists M > 0 with

‖ fn‖p ≤ M for all n ∈ N. Suppose that the sequence { fn} converges pointwise almost

everywhere to a function f defined on X. Prove that f ∈ Lp(X, µ).

Problem 2. Show that if f : [a, b] → R is continuous at (Lebesgue) almost every point,

then f is Lebesgue measurable. (Hint: the union of an open set and a null-set is always

measurable.)

Problem 3. Suppose that f and g are positive Lebesgue measurable functions defined on

the unit interval [0, 1] with

f (x)g(x) ≥ 1, ∀x ∈ [0, 1].

Prove that ∫
[0,1]

f (x)dm ·
∫
[0,1]

g(x)dm ≥ 1.

Problem 4. Let H be a separable Hilbert space and let S be an orthonormal set of vec-

tors (unit vectors where any two of them are orthogonal). Prove that S is either finite or

countably infinite.

Problem 5. Let f and g be real-valued Lebegue measurable functions on [0,1], not as-

sumed to be integrable over [0, 1]. Let E = {(x, y) ∈ [0, 1]× [0, 1] : f (x) = g(y)}.

(a) Prove that E is measurable with respect to the Lebesgue product measure m× m

defined on [0, 1]× [0, 1].

(Hint: consider the function F(x, y) = f (x) − g(y).)

(b) Suppose in addition that m×m(E) = 1. Prove that there is a real constant c such

that f ≡ g ≡ c, m a.e. on [0, 1].

Problem 6. Let us define the function f : [0, 1]→ R by f (0) := 0 and f (x) := x sin(1/x), x 6=

0. Show that f is uniformly continuous but not absolutely continuous.
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