Math 2400: Midterm 2 Review

1. Let pp = (1,0,2). In 3-dimensional space, identify the range of each of the following as either
a line, a plane, or neither:

(a) ’l“_i(t) =po+t< _2707 1>
Answer: This is a line.

(b) 73(t) = po + 12 < —2,0,1 >
Answer: This is neither a line nor a plane. As t ranges over all real numbers t? ranges
over [0,00) so that 73(t) traces out the ray starting at py and going off to infinity in the
direction < —2,0,1 >.

(c) 73(t) =po+t* < —2,0,1>
Answer: This is a line. As t ranges over all real numbers t3 will also range over all real
numbers so that the range of 73(¢) will trace out a line.

(d) 74(t) =< 1 — 2t +2,t, -2t >
Answer: This is neither a line nor a plane. Because the z-coordinate has the equation of
a parabola (i.e. 1 — 2t + t?), the x-coordinate will trace out a parabola while the y and
z-coordinates will trace out lines. If the ¢? was not there then it would trace out a line.

(e) 75(s,t) =po+s<1,—-1,2> 4+t < -2,0,1>
Answer: This will trace out a plane.

(f) r6(s,t) =po+s<—2,0,1>+t<—2,0,1>
Answer: This will trace out a line. Note that 7§(s,t) = po+s < —2,0,1 > +t <
—2,0,1 >=pg+ (s+1t) < —2,0,1 > always lies on the line 71(¢) so it can’t be a plane.
As s and t both vary (independently) over all real numbers, s + ¢ will vary over all real
numbers so the range of 74(t) is a line.

(g) r7(s,t) =po+s<0,0,0 >+t <—-2,0,1>
Answer: This will trace out a line. Note that 77(s,t) = po+s < 0,0,0 > +t < —2,0,1 >=
po+1t < —2,0,1> so that s doesn’t affect the range.

(h) 73(s,t) =<1 —282 +t,t,2+ s+ 2t> >
Answer: This is neither a line nor a plane.

2. Let 2(t) = 1+t¢, y(t) = —t, and z(t) = 2 + 2¢. Write this symmetric equations of this line and
write the vector equation of this line.

Answer: To write the symmetric equations of this line, we first solve each of the above equations
fort: t=x—1,t=—y,and t = 252. Then the symmetric equations are x — 1 = —y = 252.
The vector equation is 7(t) =< z(t),y(t),z(t) >=< 1 +1t,—t,2 + 2t >=< 1,0,2 > + <

t,—t,2t >=<1,0,2 >+t < 1,—1,2 >.

3. Find the domain and derivative/partial derivatives of each of the following:

(a) 71(t) = (V9 — 2, In(t — 1), ¢')
Answer: We need 9 — ¢ > 0 for /9 — t2 to be defined, which implies that 9 > t2, which
happens exactly when [¢t| < 3 i.e. when —3 < ¢ < 3. For In(¢ — 1) to be defined, we need
to have t —1 > 0 so that ¢ > 1. Since e’ is always defined so it places no restrictions on
the domain of 71 (¢). So the domain is (1, 3].



Note that e’ means e®) and not (e)? (since (ef)? = efe! = €2 so we would write

et instead of (¢/)?). So the derivative is 77’ (t) = <% (\/9 — t2) , L n(t—1), 4e > =

(30— 2)772(=28), Ly, 20 ) = (St iy 216,
(b) () = (= 14t2,tant arcsin t)
5 is undeﬁned exactly when 0 = 72 —4t? = 72 — (2t)? which happens exactly

Answer: ——» 4t
when 2t = +7 so that m is defined exactly when ¢ # 7. tant is defined exactly
when t 7& + nm for any integer n. Note that since n =0 and n = —1 give us t # § and
t#£ — the restriction on the domain that tant gives subsumes the restriction that ——~ 4t2
gave us. For arcsint to be defined, we need to have —1 < ¢ < 1. Since all 5 tnm (for
integers n) are not in this interval we have that the requirement —1 < ¢t < 1 is stronger
than the requirement on the domain that is given by arctant. Thus the domain of 73(t)

s [-1,1].
The derivative is 75’ (t) = <% (ﬁ) , jt tant, 5 arcsmt> <(7r278#)2,se02 t, \/11_7>

(c) 75(s,t) = (==, tan s, arcsin t)
m2—4s
Answer: By using the reason from 75(¢) we see that we 73(s,t) is defined exactly when
s # 5 + nm for any integer n and —1 <t < 1. The partial derivatives with respect to s
and ¢ are

%7"53(3 t) = <% (@) ,%tan s, % arcsint> = <(7r2_8+82)2,se(:2 s,O> and
or3 o) 1 o) 0 : 1
G (s,t) = <§ (77#—452) , 57 tan s, 5 arcsmt> = <0,0, 7\/@>
(d) r1(t) = (sint,cost,e)
Answer: If we plug any real number into 73(¢) then we will be able to compute resulting
vector so this means exactly that the domain consists of all real numbers. The derivative

with respect to t is 73/ (t) = <C‘lit sint, C‘lit cost, dt e') = (cost, —sint, e’).

4. Let r(t) = (e’ cost,e'sint,e’). Compute T(t), N(t), B(t), the curvature x(t), and the length
of r(t) from a to b.
Answer: 1r/(t) = (e' cost — el sint, e’ sint + el cost,e!) = ef(cost — sint,sint + cost, 1).
Note that (cost — sint)? 4 (cost + sint)? = (cos? —2sint cost + sin?t) + (cos® +2sintcost +
sin?t) = 2so |r'(t)| = ef|(cost—sint,sint+cost, 1)| = efy/(cost — sint)2 + (cost + sint)2 + 12 =

elv/2+1 =+/3e.

So T'(t) = |:i8| — cHlcosto bui}jtnt%o” D \%(cost —sint,sint¢ + cost, 1).
Now, T'(t) = %(— sint—cost,cost—sint, 0) and so |T"(t)| = %\/(— sint — cost)? + (cost —sint)? + 02 =
%\/(sint + cost)? 4 (cost —sint)? = %\/i = \/g
So N(t) = ‘;:E& _ w Smt_cos;’COSt_smtm = %(— sint — cost, cost —sint,0) and
3
B(t)=T(t)xN(t) = ﬂ—%(cost—sin t)] —f[—%(— cost—sint)] +E%[(cost—sin t)%+ (cost+
sint)?] = L (sint — cost, —sint — cost, v/2).

NG

Since we've already computed |7”(t)| and |r/(¢)| to compute the curvature we will use x(t) =
17" (t) [ — /et

IT’(t)I = V3et :

The length of r(t) from a to b is ff |7 (t)|dt = f V3eltdt = v/3e!|b = V/3[e? — e9].
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5. True or False (and justify your answer): Let f(¢) be a real-valued function and let (t), ¥(¢),
and 7(t) be vector valued functions.

(a)

G T

(k)

%dt (f(O)a(t)) = f(t)a(t) + f(e)d'(t)

e () - () = (1) - (1)

False: The correct formula is 4 (i(t) - 7(t)) = @'(t) - U(t) + @(t) - ¥'(t).

i ((t) x () = @ (1) x (1)

False: The correct formula is 4 (@(t) x 9(t)) = @' (t) x 9(t) + @(t) x 7'(t).

If 7(t) # 0 then Lir(t)| = £/r(t) -r(t) = Wlt)‘r(t) -r'(t).

True. Recall that |r(t)|> = r(t) - r(t) so that the first equality is true. Since r(t) # 0,
r(t) is a point at which the magnitude function (i.e. the function that assigns to a vector
U = (x,y,2) its length || = /22 + y? + 22) is differentiable so that by the chain rule
& (Ir@®P) = 2r @1 (Ir@)]). But also, g (Ir()*) = & (r(t) - r(t)) = r'(8) - 7(t) +r(2) -
r'(t) = 27(t) - 7'(t). So we have 2|r(t)| <L (|r(t)]) = & (|r(t)|?) = 27(t) - '(t). Dividing by
2|r(t)| gives us the second equality.

If #(t) = (t, f(t)) then the length of f(¢) from ¢ = a to t = b is the same as the length of
r(t) from a to b.

True. Recall that the length of f(¢) from atobis ff 1+ f/(t)dt while the length of r(t)
from a to bis [ r/(t)|dt = [V [(Lt, L)) dt = [P (1, f'(2))] dt.

Let T'(t) be the unit tangent vector of r(¢) and let N(¢) be the unit normal vector of r(t).
Then the unit tangent vector of T'(t) is N(t).

True. The unit tangent vector of T'(¢) is %, which is the same as the the unit normal

vector of r(t).

Fix a point pg in space that r(t) goes through. Then the curvature of the curve r(t) at pg
depends on the paramterization of r(t).

False. One reason that curvature, x = ‘% , uses the derivative with respect to the
arclength of the curve (as opposed to using the derivative with respect to the parameter
t) is so that it will not be dependent on how the curve is parameterized.

The curvature of r(t) is x(t) = “Z,l((f))" = ‘r/(li),(xt;;;(t”.

True. Note that although this equation makes it seem as though the curvature depends
on the paramterization of the curve, it is in fact independent of the paramterization of
r(t).

It is possible for T'(t) to point in the opposite direction of r/(t).

False. Since T'(t) = h,,—g;' and |r/(t)] is never negative, T'(t) and r/(¢) will always point in
the same direction.

(t) and N(t) are perpendicular.

True.

If s(t) is the arclength function of 7(¢) (starting at some arbitrary ¢ = a) then % = |r'(t)].

True. s( f |7/ (t)|dt so by the fundamental theorem of calculus, 4 & =1r'(t)].

6. Let 7(t) be a vector valued function. What is Wrong with the following reasoning?
The length of r(t) fromt =atot =bis L = f |7 (t)|dt = \ fb v (t)dt| = |r(t)8] = |r(b) —r(a)l.
Answer: The mistake is that the equality f |7 (t)|dt = | f '(t)dt| is almost never true.
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7. Let 7(t), U(t), and d(t) denote the position, velocity, and acceleration of a particle at time t.
Suppose that 7(0) = (1,In4,1) and #(0) = (1,1,0). For each of the below, find all three of 7(t),

(1),
(a) 7(t)

and d(t).

= (""" In((2 + t)?), cos t).
Answer: Note that In((2+t)?) = 21In(2 +t) so that #(t) = <esmt cost
a(t)=7v(t) = <esmt(cos t —sint),

, 2+t, sint> and so

(2+t) — cost>.

u(t) = <1+%,12+—6;,sintcost>.
Answer: Using the fact that sin(2¢t) = 2sintcost, we have that 7(t) = [d0(t)dt =
f<1—|}t2’ ffe,, 3 sin(2t))dt = (arctant,21n |1 + '], 7t cos(2t)) + C, where C = (C}, Cy, Cs).
Since (1,In4,1) = #(0) = (arctan0,21n |1 + €°|, =2 cos(20)) + C = (0,2In2, )+ C we
have C = (1,In4,1) — (0,2In2, 1) = (1,0, 3).

Hence, 7(t) = (arctant + 1,21n |1 + €|, _Tl cos(2t) + 2).

t ty_ot t
NOW a(t) - U(t) = <C(lit 1_&1527 gt 12f8t’ at 2 Sln(2t>> <(1;?2t)27 2 (1<(|*1€+)et)62 (28 ),COS<2t)> -

< (1_7_?215)2 ’ (1+et)2 ’ COS(2t)>'
J(t) = <€t, —m, — COS t>
Answer: We have that ¢(t) = [d(t)dt = [ <et, —ﬁ, —cos t> dt = <et, - —Sint>+5,

1+t
where D = (Dy, Dy, Ds). Since #(0) = (1,1,0) we get D = (0,0,0).
Looking ahead, noticing that f %Hdt = In|1 + ¢| and considering that we want 7(0) =

(1,In4,1) we integrate 13 = =5 to get that the position is 7(t) = [ #(t)dt = [ <et, o — sint> dt

(e',In |4 + 4t|,cost) + C where we conclude that C = (0,0,0) (explain why our answer
would not have been different if we had integrated 1—+t instead of 4t How would your
work have changed?).

8. Parameterize the following surfaces:

(a)

(b)

The sphere of radius R centered at the origin.

Answer: We can parameterize the sphere using spherical coordinates: x(¢,0) = Rsin ¢ cos 6,

y(¢,0) = Rsin¢sinf, and z(¢,6) = R cos ¢ with domain [0, 7] x [0, 27].

The sphere of radius R centered at py = (a, b, ¢).

Answer: x(¢,0) = a + Rsin¢cosl, y(¢,0) = b+ Rsingsinf, and z(¢,0) = ¢ + Rcos ¢
with domain [0, 7] x [0, 27].

The plane that contains the lines pg + v and pg + tw, where py = (a, b, c), U = (v1, va, v3),
W = (w1, wy, ws), and where we assume that ¥ and @ are not parallel.

Answer: We will use the usual parameterization: 7(s,t) = pg + st + t or equivalently,
x(s,t) = a + sv; + twy, y(s,t) = b+ sve + twsy, and z(s,t) = ¢ + sv3z + tws with domain
(—00,00) X (—00,00).

Suppose that P is a plane that goes through the origin and has normal vector 7 =
(n1,n92,n3). Suppose we know that ng # 0. Find equations that parameterize P.
Answer: Since P goes through the origin, if we can find two non-zero and non-parallel
vector ¥ and W that are contained in P then by using the parameterization of the plane
from above, we can parameterize P. Since we need any vectors ¥ and w that are non-zero
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9.

10.

11.

12.

and non-parallel we can (after some thought) hope that we can pick ¥ and @ so that they
have the form ¢ = (1,0, ¢) and W = (0, 1,d) for some unknown constant ¢ and d that we
now wish to find. Since P goes through the origin, for ¥ to be contained in P we need
0 =17 = (ni,ngn3) (1,0,¢) = ni + cng, which forces ¢ = —7 (this is defined since
n3 # 0). Similarly, d = —Z—i. And so we can use the parameterization 7(s, t) = po+ sv+tw

as described above.

(e) Suppose that we have given a real-valued function f(y) with domain D, where D is a set of
real-numbers. Find a parameterization for the surface of revolution obtained by revolving
f(y) around the y-axis.

Answer: One possible parameterization is z(y,0) = f(y)cosf, y = y, and z(y,0) =
f(y)sin@ with domain D x [0, 27).

(f) What surface does 7(r,0) = (r cos 6, r,rsin §) parameterize?
Answer: A right circular cone.

(g) Suppose that f(y,z) is a real-valued function. Find a parameterization for the graph of
f(y,z). Apply it to the specific case of f(y, z) = y* + 222.
Answer: x = f(y,2), y = y, and z = z is a paramterization. For the case of f(y,z) =
y? + 222, the paramterization is z = y? + 222, y = y, and z = z.

Draw the level surfaces of f(z,y) = v/(z —2)2 + (y + 1) and then describe the graph of this
function.what is the domain of this function?

Answer: The level surfaces are of the form ¢ = f(z,y) = \/(z — 2)2 + (y + 1)2, which is only
valid if ¢ > 0 (since f(z,y) is a function, the square root only outputs the positive root).
And this equation becomes (x — 2)? + (y + 1)2 = ¢?, which is a circle or radius ¢ centered
around the point (2, —1). Since the radius is exactly ¢, we see that the graph of this function
is the upper half of a right circular cone centered at (2,—1). The domain of this function is
(—00,00) X (—00,00).

Draw a contour map of the function f(z,y) = ye™* showing several level curves.

Answer: The level curves are ¢ = f(z,y) = ye™* which gives y = ce”. Note that these level
curves are drawn in the z-y plane (not in 3-D). If ¢ = 0 then it is just the line y = 0. Otherwise,
if ¢ > 0 then it looks like a vertical scaling (with scaling factor ¢) of the graph of e and if ¢ < 0
then it looks like a vertical scaling (with scaling factor |c|) of the graph of e* followed by a flip
across the x-axis. When drawing a contour map, make sure to increase the value of ¢ uniformly
by some constant step size (ex: maybe draw the level curves for c = —4, c= -2, ¢ =0, ¢ = 2,
¢ = 4, where we happened to have picked a step size of 2). Also include any special case (ex:
in this problem it was important to draw the level curve of ¢ = 0 since it is a special case).

State Clairaut’s Theorem.
Answer: See Stewart p. 763. Suppose that f is defined on a disk D that contains the point
(a,b). If the functions f;, and f,, both exist and are continuous on D then f,,(a,b) = fy.(a,b).

True or False (and justify your answer): Let f(x,y) be a real-valued function.

(a) If fo(z,y) and fy(z,y) exist for all  and y, then f(z,y) is continuous.
Answer: False. If f(z,y) = L5 for (z,y) # (0,0) and f(0,0) = 0 then f,(x,y) and

x2+y2
fy(z,y) exist for all x and y but f(z,y) is not continuous.

(b) If fo(x,y) and fy(x,y) exist for all z and y and both are continuous functions then f(x,y)
is continuous.
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13.

14.

15.

Answer: True. This is a special case of Stewart p. 773 Theorem 8. Note that for the
counter-example above, although the partial derivatives exist everywhere they are not

continuous so this theorem does not apply in that situation.
. zy? .
() lim ——— exists.
(z,y)—(0,0) = + Y
2
x
Answer: False. This limit does not exist. Along the line x = 0, we have  lim 5 i 1=
(z,y)—(0,0) = + Y

y? ay? 'y
lim ——— = 0 while along = = y? we have lim ———F = lim —&—7 =
y—0 0% +y (z,y)—(0,0) 2 + ¥y y—0 (y2)2 +y
1 1
lim - = —.
y—0 2 2
%
(d)  lim 5 exists.
(z,y)—(0,0) T2 + Yy
4 4
Answer: True. Note that x§3y4 = |z nyTyAl < |z|1 = |z| so that by the squeeze
4
theorem, as (z,y) — (0,0), we have  lim ny 1= 0' < lim |z| =lim|z| =0
(z,y)=(0,0) |27 + Y (z,y)—(0,0) z—0

: xy
lim ————0p =

(z,y)—(0,0) T2 + ¥y

(e) Suppose that f is defined on an open disk D. If all of f’s partial derivatives exist and are
continuous on D then fry, = fyy: at every point of D.
Answer: True. By Clairaut’s Theorem, f;, = fy, at every point of D so that that by
taking this functions partial derivative with respect to y we get fryy = fyzy. By Clairaut’s
Theorem applied to f, this time, we have that fy.y = (fy)ay = (fy)ye = fyyz at every
point of D. Hence, at every point of D we have fryy = fyay = fyya-

SO

Find the total differential of z = f(z,y) = 22 + 3zy — y? and use it to estimate f(2.05,2.96).
Answer: We have % = %(932+333y7y2) = 8%(:62) +3y8%(93) - %(yQ) =22x+3y+0 = 2x+3y.
Similarly, 3—5 = —2y + 3z. So the total differential is dz = (2z + 3y)dx + (—2y + 3x)dy. Since
£(2.05,2.96) is difficult to compute while f(2,3) is easy to compute and since (2, 3) is close to
(2.05,2.96) we let (z,y) = (2,3) and (Ax, Ay) = (2.05,2.96) — (2,3) = (0.05, —0.04) we have
that Az =~ (2(2) + 3(3))(0.05) + (—2(3) + 3(2))(—0.04) = 13(0.05) + 0 = 131§i0 = 25 =0.65
or we could equivalently express this number as the fraction Az = 13% = %—0. Note that no
calculator was necessary to compute this approximation of f(2.05,2.96).

Find the tangent plane to f(z,y) = 22 + 3zy — y? at (x,y) = (2,3).

Answer: Using the computations from the problem above, we have that %(2,3) = 13 and
%(2,3) = 0. Since f(2,3) =22 +3(2)(3) — 32 = 4+ 18 — 9 = 13, the equation of the tangent
plane is z = f(2,3) + f(2,3)(z — 2) + f,(2,3)(y — 3) = 13+ 13(x — 2) + 0(y — 3) = 13(z — 1).

Find an equation for the tangent plane to the surface given by
Ty + y22 +2=0

at the point (—2,1,1).
Answer: Let f(x,y,2) = xy+yz?+2z. Then the surface described is the level surface f(z,y, z) =
0. We calculate that

Vf=yi+(x+22)]+ 2z + 1)E,
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16.

17.

18.

meaning that the vector
(V)(=2,1,1)=i—j+ 3k

is normal to the tangent plane at (—2,1,1). Using the equation for a plane given a point on
the plane and a normal vector to the plane, an equation for the tangent plane is

(x+2)—(y—1)+3(z—-1)=0

Suppose that zyz = cos(z + y + z). Use implicit differentiation to find % and %
Answer: Differentiating both sides with respect to x gives us %(xyz) = &(cos(x +y+ 2)),

which becomes by the product rule and the chain rule yz + 222 8 + :L‘y e = —sin(x + y +
2) (1 + 32 —|— ) Since we’re considering y as a function of the independent variables x and

z we have 8—; = 0 so that yz + acza —sin(zx +y + z) (1 + @>. This becomes yz + sin(x +

y+2) = —sin(x +y + z) ngg = gg (sm(az +y+ 2) +xz). Dividing, we get % =

% Similarly, yz 8z + xza +zy =5, (:L’yz) = 86z (cos(zx+y+2)) =— sin($ +y+

2) (g‘ﬁ + 52 + 1) which becomes xzaz +ay = —sin(zx +y + 2) ( + ) Solving for 3L gives
us & = w

0z —  sin(z+y+z)tzz °
Let w = f(t)g(t)h(t). Use the chain rule applied to p(z,y, z) = f(z)g(y)h(2) to calculate & &,
Answer: Note that w = p(t,t,t), which is the same as saying that w = p(x(t), y(t), z(t)), where
x(t) = y(t) = z(t) = t. The chain rule tells us that

dw dp
At dt
_ Opdx  Opdy 6p dz
T Oxdt ' Qydt ' dxdt
op  Op  Op

“or "oy ox

= f1@(®)gly®)(z(t) + f(2(t)g' (y(E)n(=(t) + f(z(t)g(y(t)h' ((¢))
= f'(t)g(®h(t) + f(t)g' O)h(t) + f(E)g()N' ().

True or False (and justify your answer): Let f be a real-valued function of 2 or of 3 variables.

(a) For any vector u, Dy, f =V f - u.
Answer: False. This is only true if the vector u has unit length (i.e. ||u|| =1).

(b) At any point p in the domain of f, V f(p) is the direction of greatest change in f, although
this change in f in this direction could be a positive change or a negative change (we’d
have to check to see which).

Answer: False. Vf(p) is the direction of greatest change in f at p and furthermore f’s
change in the direction V f(p) is always positive (assuming that f is not constant around
p)-

(c) At any point p in the domain of f, |V f(p)| is the maximum value of D,, f(p) as u is allowed
to vary over all unit vectors.
Answer: True. See Stewart p. 795.
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(d) If the domain of f is closed and bounded then there is a number M > 0 (independent of
x and y) for which f is everywhere < M.
Answer: True. See Stewart p. 807.

(e) If the domain of f is closed and bounded then f has a maximum and minimum value and
furthermore f attains these values.
Answer: True. See Stewart p. 807.

(f) Suppose that g(z) and h(y) are both real-valued functions of real-variables so that g(z)h(y)

is real-valued function of 2 real-variables. If both g(z) and h(y) are continuous then so is
g9(@)h(y).
Answer: True. Let m(z,y) = xy so that m is everywhere continuous. Also note that
(x,y) — (g(z), h(z)) is a continuous function since both of its coordinates (i.e. g and h) are
continuous functions of (z,y). Since g(z)h(y) = m(g(x), h(y)) and since the composition
of continuous functions is continuous, it follows that g(z)h(y) is continuous.

19. You are standing above the point (z,y) = (1,3) on the surface z = 20 — (222 + 32).
(a) In which direction should you walk to descent fastest?

(b) If you start to move in this direction, what is the slope of your path when you first start
to move?
Answer: The gradient is
Vz=—4zi — Zyj,

therefore Vz(1,3) = —47 — 67. This vector tells us the direction in which the directional

derivative is the greatest, so you should go in the direction of 47 + 6}.
The slope will be —||4i + 67|| = —v/52.

20. Suppose that f is any differentiable function of one variable. Define V, a function of two
variables, by V(z,t) = f(x + ct), where ¢ is a constant. Show that
ov ov
bR
ot Ox

Solution: Define g(x,t) = 2+ c¢t. Then V = f o g, and the chain rule tells us that

9 o0
ot g dg ot dg
At the same time,

_d4og _df

21. Let f(z,y) = 2* + y* — 4y + 1. Find all (if any) local maximum and minimum values and all
saddle points of f(z,y) by doing the following:

(a) Compute f, and f, and then find the critical points of f(z,y).
(b) Compute frz, fyy, foy, and fyz. Did you need to do two computations to find fy, and fy,7?
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(c) Compute D = fru fyy — [fuy)? and classify all critical points.

Solution: Note that f,(z,y) = 42® — 4y and f,(z,y) = 4y® — 42. Also, foz(z,y) = 1222,
fuw(x,y) = 12¢%, and foy(2,y) = fyo(z,y) = —4, where the last equality is guaranteed by
Clairaut’s Theorem (since f is smooth) so that we only needed to compute one of f,, and
fyz to get both. This gives us that D(x,y) = (12zy)* — 16.

The critical points are all (z,y) where f,(z,y) = 0 and f,(z,y) = 0. These equations
imply that 0 = 423 — 4y and 0 = 4y3 — 42, which become 0 = 23 — y and 0 = 3% — «.
So z = y® = (2%)® = 2% which becomes 0 = 2% — 2 = 2(28 — 1) = z(2? — 1)(2%1) =
r(@® - D22 +1)(2* +1) =2(z — 1)(z + 1)(z? + 1)(2* + 1). Since 22 4+ 1 and z* + 1 are
never 0, this implies that = 0,z = 1, or + = —1. Using y = 2 gives us the following
critical points: (—1,—1), (0,0), (1,1).

At (0,0), the value of D is D =0 — 16 = —16 < 0 so that this is a saddle point.

At both (—1,—1) and (1, 1), the value of D is D = 12216 > 0 and f,, = 12(£1)2 =12 >0
so that there is a local minimum at both (—1,—1) and (1,1).
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