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Some basic concepts in frame theory

Categories: Frm and Loc
A frame is a complete lattice L which satisfies

xAVx;=\(xAx;)forallx,x; € L

Examples: Complete Boolean/Heyting algebras
The open sets ©X of a topological space X

A frame map preserves finite meets and arbitrary joins.
Examples: lattice morphism between complete Boolean algebras
Preimage of continuous maps

Loc = Frm°?
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Sublocales/quotient frames/nuclei/congruences

0]

Every frame is a complete Heytingalgebra:  x —y=\/{z:zAx <y}
NotethatzAx <yiffz<x—y  Galoisconnection

A subset S of Lis asublocale if
[l Sis closed under A
Blx—seSforallseSandx € L.

® Shasthesame meetsas L
® 1eS§
® joinsin S may be different fromjoinsin L

The collection of all sublocales form a coframe: (arbitrary) meetis
intersection.
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Sublocales/quotient frames/nuclei/congruences

Aframe map h : L — M has aright adjoint:
® h.(x)=V{aeL|h(a)=x} largest element mapped to x
® h(h.(x))=x

O ""',:_1 Towers of sublocales




Sublocales/quotient frames/nuclei/congruences

Aframe map h : L — M has aright adjoint:
® h.(x)=V{aeL|h(a)=x} largest element mapped to x
® h(h.(x))=x

If hisonto, h,[M] = M,

® h,[M]isasublocaleof L h,ohisanucleus

If Sisasublocale of L, defineaframemaph:L — S
h(a)= N\{seS|s=a}

® hisanontoi.e. aframe quotient
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Skeleton a.k.a. Booleanization: B L

»

a™ denotes the pseudocomplement of a € L: “complement of closure’
® |argest elementdisjoint from a
e a"=\{x|lxna=0=a—-0

aisdenseifa* =0 “closure” is the top
a™* denotes the double pseudocomplement “interior of closure”
BL={a"":ace€ L}istheBooleanization/skeleton “regular opens”

® complete Boolean algebra
® sublocaleof L

® has no proper dense elements

O < Tow




Dense sublocales/quotient frames

Sisadensesublocaleof Lif0 € S “closure” of Sis L
A frame map is dense if it maps only 0 to 0
¢ Sisdense iff the associated frame quotient is a dense map.

® 0=0"s00€eBL

O = Towers of sublocales  Joanne Walters"Wayland



Dense sublocales/quotient frames

Sisadensesublocaleof Lif0 € S “closure” of Sis L
A frame map is dense if it maps only 0 to 0
® Sisdenseiff the associated frame quotient is a dense map.

® 0=0""s00€BL

Theorem (Isbell)
Every locale has a smallest dense sublocale namely 8L = {x** : x € L}.

Sisdenseiff BL< S
No spatial analog
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Cozero elements

Rather below relation: b < ameansthatb* va =1

® acLiscozeroifa =\/{a,|a, < a}
n

® (Coz L denotes all cozero elements of L

® |argest regular sub-g-frame of L

These may be described as images of “continuous” real-valued functions:
a € Coz Liffa = h(R~{0}) forsome framemap h: GR — L.
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Kappa cozeros

For a regular cardinal x:
® a e Lisax-cozeroif aisax-join of cozeros

® i Coz L denotes the xk-cozero elements of L

® |argestregular regular sub-x-frame of L
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Kappa cozeros

For a regular cardinal x:
® a e Lisax-cozeroif aisax-join of cozeros

® i Coz L denotes the xk-cozero elements of L

® |argestregular regular sub-x-frame of L

Cozero tower

Ascending sequence of regular sub-x-frames of L:
CozL=w,CozLc--ckCozLc--<cpCozL =L

The least such cardinal p is called the perfectly normal degree of L

® Lis perfectly normal iff PN degree is w, forexample, OR
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x-Lindelof coreflections

A frame is k-Lindelof if every cover has a x-sized subcover.

Theorem (Madden & Vermeer)
x-Lindelof completely regular frames are a coreflective (full) subcategory

of completely regular frames
® denoted by Z, L: all x-ideals of kCoz L (downsets closed under
K-joins)
® “free” frame over xCoz ; (as a k-frame)
® coreflection map is given by join and is a frame quotient, so
L may be identified as a sublocale of &, L

® xCozL =«xCoz £, L

o



The “Lindel6f” tower

® CozL =Coz %, Lforallx
® xCozL =«xCoz £, Lforally =«

Ascending sequence of sublocales: Lindelo6f tower

L= LccLLccLlccZ,L

wq

wherep =y =k 2w,
The least such cardinal pris called the Lindelof degree of L

® LisLindelofiff the Lindelof degree p < w,

® Forexample, the Lindel6f degree of OR is w,

0 mEis
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The cozero “tree rings” of a completely regular frame L
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The cozero “tree rings” of a completely regular frame L
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Bruns-Lakser completion of a regular x-frame

Frames are the injective hulls of A-semilattices.

'ﬂ"v_'iﬁ Towers of s

For any A-semilattice A, the injective hull will be denoted by BL A:

may be described as a sublocale of the frame of downsets
If Ahasaleastelement, 04, then BLA is dense

If Ais asub-A-semilattice of a frame L, and A join-generates L,
then BLA isasublocale of L

Moreover, if A has a least element, B Lis asublocale of BLA

if Aisregular, thenitis “proheyting”, so the BL-completion is the
normal (Dedekind MacNeille) completion




BL-tower of sublocales induced by cozeros

For each «, consider BL (xCoz )

® xCoz Lisregular, hence “proheyting”, so the BL-completion is the
normal (Dedekind MacNeille) completion
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BL-tower of sublocales induced by cozeros

For each «, consider BL (xCoz )

® xCoz Lisregular, hence “proheyting”, so the BL-completion is the
normal (Dedekind MacNeille) completion

® xCoz Lisasub-A-semilattice of L, join-generates L,
soBL«xCoz Lisasublocale of L
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BL-tower of sublocales induced by cozeros

For each «, consider BL (xCoz )

® xCoz Lisregular, hence “proheyting”, so the BL-completion is the
normal (Dedekind MacNeille) completion

® xCoz Lisasub-A-semilattice of L, join-generates L,
soBL«xCoz Lisasublocale of L

® 0exCozLsoBL < BL(xCoz)
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BL-tower of sublocales induced by cozeros

For each «, consider BL (xCoz )

® xCoz Lisregular, hence “proheyting”, so the BL-completion is the
normal (Dedekind MacNeille) completion

® xCoz Lisasub-A-semilattice of L, join-generates L,
soBL«xCoz Lisasublocale of L

® 0exCozLsoBL < BL(xCoz)
® |fxCoz L € ACoz L, then BL (xCoz ) isasublocale of BL(ACoz)
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BL-tower of sublocales induced by cozeros

For each «, consider BL (xCoz )

® xCoz Lisregular, hence “proheyting”, so the BL-completion is the
normal (Dedekind MacNeille) completion

® xCoz Lisasub-A-semilattice of L, join-generates L,
soBL«xCoz Lisasublocale of L

® 0exCozLsoBL < BL(xCoz)
® |fxCoz L € ACoz L, then BL (xCoz ) isasublocale of BL(ACoz)
o If Lis«x-perfectly normal (thatis L = xCoz), then L = BL (xCoz)
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BL-tower of sublocales induced by cozeros

For each «, consider BL (xCoz )

® xCoz Lisregular, hence “proheyting”, so the BL-completion is the
normal (Dedekind MacNeille) completion

® xCoz Lisasub-A-semilattice of L, join-generates L,
soBL«xCoz Lisasublocale of L

® 0exCozLsoBL < BL(xCoz)

® |fxCoz L € ACoz L, then BL (xCoz ) isasublocale of BL(ACoz)

o If Lis«x-perfectly normal (thatis L = xCoz), then L = BL (xCoz)
Ascending sequence of sublocales:

BL(w,CozL) <+ <BL(xkCozL) < - <BL(pCozL)=L

0 mEis
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Tower of BL-quotients

BL(pCozL) =L

BL (xCoz L)
Y i
xCoz L |
A v
BL (w,Coz L)
w,Coz L
¥
] BL (w,Coz L)
(/(
w,Coz L
¥
BL




Tower of sublocales/quotients induced by cozeros

¥

w,CozL ———% L

¥

BLw,Coz L

¥

‘BL

o)




Tower of sublocales/quotients induced by cozeros

Lo L
¥
2L
¥
2,L

¥

w,CozL — xCozL ~— L

+

BL pCoz L

¥

BLxCoz L

¥

BLw;CozL

BL
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Cozero induced “tree rings” of a completely regular frame L
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?

Some interesting “collapses”...

Total collapse <— £, L =L = BL(w,Coz L)
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?

Some interesting “collapses”...

Total collapse <— £, L =L = BL(w,Coz L)
< BL(w,Coz L) is Lindelof
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Some interesting “collapses” wrt the skeleton

Aframe L is w; -hollow if L has no proper dense cozero elements,
thatis, Coz L < ‘BL; aka almost P

O =& Towers of subloca




Some interesting “collapses” wrt the skeleton

Aframe L is w; -hollow if L has no proper dense cozero elements,
thatis, Coz L < ‘BL; aka almost P

More generally, L is x-hollow if L has no proper dense x-cozero elements,
thatis,kCoz L < *BL
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Some interesting “collapses” wrt the skeleton

A frame L is w,-hollow if L has no proper dense cozero elements,
thatis, Coz L < ‘BL; aka almost P

More generally, L is x-hollow if L has no proper dense x-cozero elements,
thatis,kCoz L < *BL

Lis w;-hollow < BL(w,CozL) =*BL;

Lisx-hollow < BL (xCozL) =‘BL

o mE-ic
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Some interesting “collapses” wrt cozeros

A frame Lis a cozero frame if Coz L is a frame.
(For example, all perfectly normal frames; converse is not true)

More generally, L is a x-cozero frame if kCoz L is a frame.
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Some interesting “collapses” wrt cozeros

A frame Lis a cozero frame if Coz L is a frame.
(For example, all perfectly normal frames; converse is not true)

More generally, L is a x-cozero frame if kCoz L is a frame.
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Some interesting “collapses” wrt cozeros

A frame Lis a cozero frame if Coz L is a frame.
(For example, all perfectly normal frames; converse is not true)

More generally, L is a k-cozero frame if kCoz L is a frame.

Lisacozero frameiff BL (w,Coz L) = Coz L;

Lis x-cozero frame iff BL (kCoz L) = xCoz L

This makes xkCoz L is a sublocale of L
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The “Hollowing out” tower of sublocales

In general, an element ain L can be “removed” by collapsing the frame:
® framequotient L. - |a:b—aAb
® correspondingsublocaleiso(a) ={a — b:be L}:eachbinLis
mappedtoa — b

Theorem (Ball, Hager, WW)

A-hollow completely regular frames are a reflective (non-full) subcategory
of completely regular frames

® denoted by 7 L remove all dense A-cozeros
® intersection of all the dense A-cozero sublocales of L
‘}(/0/1[‘ = ﬂ O(LZ)

denseaeACoz L

o mE-ic




The “Hollowing out” tower of sublocales

In general, an element ain L can be “removed” by collapsing the frame:
® framequotient L. - |a:b—aAb

® correspondingsublocaleiso(a) ={a — b:be L}:eachbinLis
mappedtoa — b
Theorem (Ball, Hager, WW)

A-hollow completely regular frames are a reflective (non-full) subcategory
of completely regular frames

® denoted by 7 L remove all dense A-cozeros
® intersection of all the dense A-cozero sublocales of L
‘}(/0/1[‘ = ﬂ O(LZ)

densea€ACoz L
Hollowing sequence (descending):

L2, L2202 27,L="BL

o mE-ic
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Hollowing vs BL-towers

L
N
Hy, L BL pCoz L
+
J%L BLxCoz L
y
JijL BLw,Coz L
S
BL
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Hollowing vs BL-towers

L
TN
Hy, L BL pCoz L
+
Ji:L BLxCoz L
y
J%,L BLw,Coz L
o
BL

Lisw,-hollow iff L=, L iff ‘BL=BlLw,CozL

Wy
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Advertising Moment: Banaschewski100

Bernhard Banaschewski

Centennial Conference
n Memoriam:
arch 22, 1926 - Dctober 31, 2022

SAVE THE DATE:
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Advertising Moment: Banaschewski100

Bernhard Banaschewski

Centennial Conference
n Memoriam:
larch 22, 1926 - clober 31, 2022

SAVE THE DATE:
? July 13-17,2026 ?

https://sites.google.com/chapman.edu/banaschewskitioo/




Advertising Moment: Banaschewski100

Bernhard Banaschewski

Centennial Conference
n Memoriam:
larch 22, 1926 - clober 31, 2022

Thank you :)

https://sites.google.com/chapman.edu/banaschewskitioo/
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