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Our Categories

Loc= Frmop

Locales

• Locales

• Localic maps

Frm
Frames

• Frames Complete Lattice +

a ∧
∨
S =

∨
{a ∧ s | s ∈ S}

Ω(x) = τ

• Frame homomorphisms
(preserve

∨
and ∧)

Ω(f ) = f−1 : Ω(Y) → Ω(X)

Top
Topological Spaces

• Topological Spaces

(X, τ)

• Continuous maps

f : X → Y

Ω(−)

frame homomorphism

L ⊥ M

localic map

h

f
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Our Subobjects

Loc= Frmop

Locales
Frm
Frames

Top
Topological Spaces

Our subobjects? Extremal monomorphisms in Loc

Sublocales ( ̸= subframes)

A sublocale of a locale L
is a subset S ⊆ L closed
under

∧
and x → s ∈ S

for x ∈ L and s ∈ S.

S ↪→ L localic embedding

Quotients

A frame quotient of a frame
L is an onto frame homomor-
phism h : L↠ M.

Subspaces

A subspace of a topolog-
ical space X is a subset
S ⊆ X with the subset
topology.

S ↪→ X embeddings
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Sublocales ( ̸= subframes)

A sublocale of a locale L
is a subset S ⊆ L closed
under

∧
and x → s ∈ S

for x ∈ L and s ∈ S.

S ↪→ L localic embedding
S(L), ⊆,

∧
,
⊔
, O = {1}, L

Coframe (S(L)op is a frame)

Quotients

A frame quotient of a frame
L is an onto frame homomor-
phism h : L↠ M.

Subspaces

A subspace of a topolog-
ical space X is a subset
S ⊆ X with the subset
topology.

S ↪→ X embeddings
P(X), ⊆,

⋂
,
⋃
, ∅, X, _c

Complete atomic boolean algebra.
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S sublocale of L L S

x
∨

{s ∈ S | x ≤ s}

h∗[M] is a sublocale of L L M

q

h

h∗ 2/18



≺≺ and Complete Regularity

• Rather below relation: for a,b ∈ L

a≺b ≡ ∃ c ∈ L, a ∧ c = 0 and c ∨ b = 1

Spatial case: X a topological space and U, V ∈ Ω(X), U ≺ V iff U ⊆ V

• Completely below relation: Largest interpolative relation contained in ≺.
Equiv. for a,b ∈ L

a≺≺b ≡ There is {aq}q∈Q∩[0,1] ⊆ L such that

a0 = a, a1 = b, and ar ≺ as for r < s

• A frame L is completely regular if a =
∨

{b ∈ L | b ≺≺ a} for every a ∈ L.

• Every sublocale of a completely regular locale is completely regular.
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a0 = a, a1 = b, and ar ≺ as for r < s

• A frame L is completely regular if a =
∨
{b ∈ L | b ≺≺ a} for every a ∈ L.

Topological analogue

A space X is completely regular (or Tychonoff) if it is Hausdorff
and whenever F is a closed set and x a point there is a continu-
ous φ : X → R such that F ⊆ φ−1[{0}] and x ∈ φ−1[{1}].

• Every sublocale of a completely regular locale is completely regular.
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The Cozero Elements of a Frame

• A cozero element is an element c ∈ L such that c =
∨
n∈N cn where

cn ≺≺ c.

• Coz L := all cozero elements of L.

Let (X, τ) be a topological space.
A subset Z ⊆ X is a zero set if Z = φ−1[{0}] for some continuous
φ : X → R.
A subset C ⊆ X is a cozero set if C = φ−1[R \ {0}] for some contin-
uous φ : X → R. Equivalently, if C = X \ Z for some zero set Z of X.

One can define zero sublocales and cozero sublocales, and they
behave "almost" the same as zero and cozero sets. For each coz-
ero element we get a cozero sublocale and a zero sublocale.
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Cozero Elements and Cozero and Zero Sublocales

5/18



Cozero Elements and Cozero and Zero Sublocales

5/18



Cozero Elements and Cozero and Zero Sublocales

5/18



The Cozero Part of a Frame and Sublocales

• A cozero element is an element c ∈ L such that c =
∨
n∈N cn where

cn ≺≺ a.

• Coz L := all cozero elements of L. This is the cozero part of a frame.
• Coz L is a sub-σ-frame of L.

Lattice with finite meets and countable joins such that
a ∧

∨
B =

∨
{a ∧ b | b ∈ B} for countable B.

• A frame is completely regular if it is
∨

-generated by its cozero
elements:

a =
∨

{c ∈ Coz L | c ≤ a}

• Recall that sublocales of completely regular frames are
completely regular.

• If S is a sublocale of L, then Coz S is a subσ-frame of S that∨
-generates S. (joins in S)
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Coz S vs. Coz L

If S is a sublocale of L and we think of Coz S and Coz L ...

How do Coz S and Coz L relate to each other? No obvious way!
We are trying to understand how generating sub-lattices (algebraic struc-
tures) among frames that are geometrically related, behave.
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z-Embeddings

Let S ⊆ L be a sublocale of L and q : L↠ S its corresponding frame
quotient. If we take the restriction of q to their cozero parts (frame
homomorphisms preserve cozero elements) we obtain

qCoz : Coz L→ Coz S

a σ-frame homomorphism.

Warning! This map may not be onto.
A sublocale S is z-embedded (or q is coz-onto) if qCoz : Coz L→ Coz S is
surjective.
But, this still does not answer the question: how does
Coz S sit inside L or Coz L?

Coz S is a subσ-frame of S, but since S is a sublocale
≠⇒ Coz S is a sublattice of any kind inside L.

Note: 0L /∈ S, thus 0L /∈ Coz S. Furthermore 0s ∈ Coz S,
but 0S /∈ Coz L
For instance, when does Coz S ⊆ Coz L ?
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z-Embeddings

Let S ⊆ L be a sublocale of L and q : L↠ S its corresponding frame
quotient. If we take the restriction of q to their cozero parts (frame
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Coz -Inclusions

Let S ⊆ L be a sublocale of L and q : L↠ S its corresponding quotient.

We know that Coz L ∩ S ⊆ Coz S. Indeed, since q(a) =
∧
{s ∈ S | a ≤ s},

when we take the restiction qCoz : Coz L→ Coz S if a ∈ Coz L ∩ S then
q(a) = a ∈ Coz S.

Definition
A sublocale S of L is coz-included if Coz S ⊆ Coz L.

If Coz S ⊆ Coz L then since q(a) = a for any element in S (in particular
any element in Coz S), the restriction qCoz : Coz L→ Coz S is clearly
surjective.

coz-included

⇍=

=⇒ z-embedded (coz-onto)

Counterexample: The Stone-Čech compactification of the reals
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Counterexample: Stone-Čech Compactification of the Reals

Let us consider the frame of opens of the reals Ω(R) ∼= L(R)

• It is perfectly normal: Coz L(R) = L(R)

Let us take the Stone-Čech compactification of

L(R) ↪→ βL(R) (in Loc) βL(R) ↠ L(R) (in Frm)

We can think of L(R) as a dense sublocale of its Stone-Čech compactification
βL(R), and βL(R) is a compact and completely regular frame.

• L(R) is C∗-embedded in βL(R); in particular, it is z-embedded.

• There is a v ∈ L(R) such that v /∈ Coz βL(R)

=⇒ Coz L(R) = L(R) ⊈ Coz βL(R)

Thus, L(R) is not coz-included in βL(R).
Note: we have also shown that βL(R) is not es perfectly normal.

• coz-inclusion ⇍= z-embedded (coz-onto)

But...under what conditions can we get the implication?
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Bueno Cozeros and Casi Coz-Inclusions

Let S be a sublocale of L. q : L // // S

qCoz : Coz L // Coz S

The restriction may not always be onto, but q[Coz L] is interesting:

• q[Coz L] ⊆ Coz S ⊆ S
• Just as Coz S, q[Coz L] is also a subσ-frame of S
• Just as Coz S, q[Coz L] also

∨
-generates S.

We write bCoz S = q[Coz L] and say these are the bueno cozeros of S.
z-embedded coz-inclusion

bCoz S = q[Coz L] ⊆

⊇

Coz S ⊆ Coz L
Definition
A sublocale S of L casi coz-included if bCoz L ⊆ Coz L.
coz-included casi coz-included

z-embedded (coz-onto)
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Counterexample: One-point Compactification of Uncountable
Set

• Let E be an uncontable set with the discrete topology Ω(E) = P(E).

• X = E ∪ {∞} is the one-point compactification of E given by:
Ω(X) = P(E) ∪ {A ∪ {∞} | A ⊆ E is cofinite}

• Let us take the sublocale S ⊆ Ω(X):

S := {B ⊆ E | B not cofinite } ∪ {B ∪ {∞} | B ⊆ E is cofinite }

• S ∼= Ω(E) =⇒ S is Boolean (every element is complemented) =⇒ Coz S = S.
• S is not coz-included in Ω(X), but it is casi coz-included.

Coz S = S = {B ⊆ E | B not cofinite } ∪ {B ∪ {∞} | B ⊆ E is cofinite }
Coz Ω(X) = {B ⊆ E | B is countable} ∪ {B ∪ {∞} | B ⊆ E is cofinite}
bCoz S = {B ⊆ E | B is countable} ∪ {B ∪ {∞} | B ⊆ E is cofinite }

We have bCoz S ⊆ Coz Ω(X) but Coz S ⊈ Coz Ω(X) (take A ⊆ E not countable and
not cofinite).

• Thus, S is casi coz-included, but it is not z-embedded.
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Coz S = S = {B ⊆ E | B not cofinite } ∪ {B ∪ {∞} | B ⊆ E is cofinite }
Coz Ω(X) = {B ⊆ E | B is countable} ∪ {B ∪ {∞} | B ⊆ E is cofinite}
bCoz S = {B ⊆ E | B is countable} ∪ {B ∪ {∞} | B ⊆ E is cofinite }

We have bCoz S ⊆ Coz Ω(X) but Coz S ⊈ Coz Ω(X) (take A ⊆ E not countable and
not cofinite).

• Thus, S is casi coz-included, but it is not z-embedded.
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Some Implications Among Types of Embeddings

casi coz-inclusion z-embeddings

coz-inclusions C∗-embeddings

dense C-embeddings

♢ ♡

♣ ♠

△

• z- embedded: q[Coz L] = Coz S
• casi coz-included: q[Coz L] ⊆ Coz L
• coz included: Coz S ⊆ Coz L
• C∗-embedded: Every bounded and continuous real-valued function on S can be

extended to the whole L.
• C-embedded: Every continuous real-valued function on S can be extended to the

whole L.
• A sublocale S is dense if 0L ∈ S.
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Some Implications Among Types of Embeddings

casi coz-inclusion z-embeddings

coz-inclusions C∗-embeddings

dense C-embeddings

♢ ♡

♣ ♠

△

♠: L(R) ⊆ βL(R) is C∗- not C-embedded.

♢: L(R) ⊆ βL(R) is z-embedded not coz-included

♡: Every proper open sublocale of L(R) is z-embedded, but not C∗-embedded.

♣: the booleanization of L(R) is coz-included but not C-embedded (since L(R) is
perfectly normal but not extremally disconnected).

△: The one point compactification of an uncountable discrete space.
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The Big Picture

Let S ⊆ L be a sublocale of L.

How are the cozero parts of S and L related?

Relation between Coz S and Coz L Type of embedding
Coz S⊆Coz L coz-inclusion
Coz S is a sublattice of L C∗-embedded + dense
Coz S is a sublattice of Coz L C∗-embedded + coz-inclusion + dense
Coz S=Coz L C-embedded+ dense

A sublocale S of L is dense if 0L ∈ S.

Relation between Coz S and Coz L Type of embedding
bCoz S⊆Coz L casi coz-inclusion
bCoz S is a sublattice of L casi C∗-embedded + dense
bCoz S is a sublattice of Coz L casi C∗-embedded + casi coz-inclusion + dense
Coz S=Coz L casi C-embedded+ dense
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Characterizing Frames with Coz-Inclusions

Theorem
Let L be a frame, the following are equivalent:
(i) L is normal. (a ∨ b = 1 =⇒ ∃u, v ∈ L, a ∨ u = 1 = b ∨ v and u ∧ v = 0)

(ii) Every closed sublocale of L is z-embedded.

(iii) Every closed sublocale of L is C∗-embedded.

(iv) Every closed sublocale of L is C-embedded.

Theorem
Let L be a frame, the following are equivalent:
(i) L is perfectly normal. (Coz L = L)

(ii) Every closed sublocale of L is coz-included.

(iii) Every sublocale of L is coz-included.

(iv) Every closed sublocale of L is casi coz-included.

(v) Every sublocale of L is casi coz-included.
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More Characterizations

Let L be a frame.
Coz L = cozero elements L∗∗ := regular elements CL := complemented elements

CL ⊆ Coz L and CL ⊆ L∗∗

ED: extremally disconnected L∗∗ = C L
PN: perfectly normal Coz L = L
boolean: L = CL
almB: almost boolean Coz L = CL = L∗∗

P-frame: Coz L ⊆ CL
Almost P: Coz L ⊆ L∗∗

Oz: Oz-frame L∗∗ ⊆ Coz L

WPN: weakly perfectly normal Every sublo-
cale is z-embedded
POz: perfectly Oz Every open sublocale is
coz-included
F-Frame: Every cozero sublocale is C∗-
embedded
Quasi F: Every dense cozero sublocale is
C∗-embedded

Sublocales dense Cozero Cozero Zero Open Closed Dense All

z-emb. all frames all frames ⋆ Oz Normal Oz WPN
C∗-emb. quasi F F-frame ⋆ ED Normal ED ED+CN
C-emb. almost P P-frame ⋆ almB Normal almB P + WPN

casi coz-incl. ∗ † all frames POz PN ◦ PN
coz-incl. ∗ † ⋆ POz PN ◦+Oz PN
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Even More Characterizations

The boolenization of a frame L is the smallest dense sublocale of L. It is in
fact the sublocale of all regular elements; that is L∗∗.

The following table characterizes frames having their booleanization
embedded in a designated way:

Booleanization Frame
z-embedded coole
casi coz-incl. casi-Oz
coz-included Oz
C∗-embedded ED
C-embedded almost boolean
isomorphism boolean
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Thank you!
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