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Introduction

Introduction

o Clonoids are a generalization of clones that have connections to the
complexity of Promise Constraint Satisfaction Problems.
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Introduction

o Clonoids are a generalization of clones that have connections to the
complexity of Promise Constraint Satisfaction Problems.

@ Post showed there are only countably many clones on a 2-element set.
In contrast, there are continuum many such clonoids.
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Introduction

Minors and Clonoids

Let [kK] :={1,..., k}.
Definition

Let A, B be sets, k € N, and f: AKX = B. For £ € N and o : [k] — [{], the
function

o AZ — B, (Xl, - ,Xg) — f(XU(l), - ,Xa(k))
is a minor of f.
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Introduction

Minors and Clonoids

Let [kK] :={1,..., k}.
Definition

Let A, B be sets, k € N, and f: AKX = B. For £ € N and o : [k] — [{], the
function
o AE — B,(Xl,. .. 7Xg) — f(Xg(l), A ,Xg(k))

is a minor of f.

Let A be a set and B = (B, F) an algebra. A subset C of [J,cy B is a
clonoid with source set A and target algebra B if

@ C is closed under taking minors, and
@ for all k € N, the k-ary functions of C form a subalgebra of BA*.

The set of all clonoids with source A and target algebra B is denoted Cx .
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Boolean Clonoids Boolean Clones

Post’s Classification of Boolean Clones

Lattice of all clones on a two-element set
{0,1}, ordered by inclusion.

IUTISISA,
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Boolean Clonoids Boolean Clones

Post’s Classification of Boolean Clones

Lattice of all clones on a two-element set N
{0,1}, ordered by inclusion. - ARt .
VAR, e N N
i o % ! PN \
i ANRYZ A
< 7 N N7
Question: R

How many clonoids are there with a
finite source A and a Boolean target
algebra B?
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Boolean Clonoids Number of Boolean Clonoids

Number of Boolean Clonoids

Theorem (A.S., submitted 2018) .
Let Ca g denote the set of all clonoids ;‘
with finite source A (|A| > 1) and target “
algebra B of size 2. Then /
@ Cap is finite iff B has an ‘;
near-unanimity (NU) term;
@ Cap is countably infinite iff B has a
cube term but no NU-term;
© Cap has size continuum iff B has
no cube term. |
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Boolean Clonoids Number of Boolean Clonoids

Definition
A k-cube term of B is a (2K — 1)-ary term c in the operations of B such
that

y X
X X
C =
X e X
—_———
all x, y-columns
except X
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Boolean Clonoids Number of Boolean Clonoids

Definition
A k-cube term of B is a (2K — 1)-ary term c in the operations of B such
that

y X

X X
C =

X X

all x, y-columns
except X

An NU-term of B is an k-ary (k > 3) term f in the operations of B which
satisfies

Fy,x, X, ..., x,x) = F(x, ¥, %, ..., %, X) = - = F(X, X, X, .., X, ¥) = X

for all x,y € B.
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B has a NU-term
Case 1: B has a NU-term

Proof Idea: -

o Let C € Cyp where B has a n-ary
NU-term.
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B has a NU-term
Case 1: B has a NU-term

Proof ldea:

o Let C € Cyp where B has a n-ary
NU-term.
o By the Baker-Pixley Theorem

)
i

oo
e

Ck < BA" is uniquely determined by -

its projections on the subsets of AX
of size < n.

Athena Sparks (CU Boulder) Clonoids

7/17



B has a NU-term
Case 1: B has a NU-term

Proof Idea: e =
e .
o Let C € Cyp where B has a n-ary o A e
NU-term. f; g /. :}: %
e By the Baker-Pixley Theorem EIe 0N b
o .. \
Ck < BA" is uniquely determined by o / ' e 4 Y
its projections on the subsets of AX .

of size < n.

@ C is uniquely determined by its
|A|"~1 elements, Cjjn-1.
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B has a NU-term
Case 1: B has a NU-term

Proof ldea:

o Let C € Cyp where B has a n-ary
NU-term.

o By the Baker-Pixley Theorem
Ck < BA" is uniquely determined by
its projections on the subsets of AX
of size < n.

LA,
Le=sa s )

\
p7 N

@ C is uniquely determined by its
|A|"~1 elements, Cjjn-1.

@ Cap is finite.
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Boolean Clonoids B has a cube term but no NU-term

Case 2: B has a cube term but no NU-term

Note: If Clo(B) C Clo(B’), then K
) T AT )
Cap S Capg. i // ;E ?
‘/E /‘ A ‘4(,/’ v / .\\ \
VANV BN GRS
e 4 . - . N “
@ .
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Boolean Clonoids B has a cube term but no NU-term

Case 2: B has a cube term but no NU-term

Note: If Clo(B) C Clo(B’), then N
r R o N
Cap CCap. /,‘ 4 N D]
/A: | ™N N
v } // '\. .
Enough to show . : S
SV (+,01) N
@ |Cag| < Ng when B has a cube Y oY | N
term, and AU G s e

Q [Cag| = No when
Clo(B) = (+,0,1).
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Boolean Clonoids B has a cube term but no NU-term

Claim 1: |Cag| < X when B has a cube term.

Proof Idea (Aichinger, Mayr, 2016):
Show each C € Cxp is finitely related, i.e. there exists a pair of relations
(P, Q) such that C is the set of all functions that preserves (P, Q).
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Boolean Clonoids B has a cube term but no NU-term

Claim 1: |Cag| < X when B has a cube term.

Proof Idea (Aichinger, Mayr, 2016):
Show each C € Cxp is finitely related, i.e. there exists a pair of relations
(P, Q) such that C is the set of all functions that preserves (P, Q).

Claim 2: |Cag| = Ng when Clo(B) = (+,0,1).
Proof Idea:

Construct an infinite family of clonoids with target algebra B.
Let 0,1 € A and for k € N define

1 ifx=(1,...,1),

e AK = {01}, x —
0 else.

Show (e1) € (e2) C ...
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Boolean Clonoids B does not have a cube term

Case 3: B does not have a cube term
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Boolean Clonoids B does not have a cube term

Case 3: B does not have a cube term

Enough to show e
TN
_ »X A N
(Cnel =27 ISR =
when Clo(B) is one of the following: ! <71>/> N <i>>
o (7.0,1) T o Wy
o (v,0,1) N ()
° (=)
° (/) e
(=,0)
° <_‘70> W
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Boolean Clonoids B does not have a cube term

Case 3: B does not have a cube term

Enough to show e
I
_ o 7 ) R
Cael =27 S S =
when Clo(B) is one of the following: <7Z/>> N <:>> |
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CA,B when B = ({0, 1}, A, 0, 1)

e Clo(B) = Clo(B") U {0,1} where B’ = ({0,1},A)
@ Goal: Show there are continuum many clonoids with target
algebra B'.
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CA,B when B = ({0, 1}, A, 0, 1)

e Clo(B) = Clo(B") U {0,1} where B’ = ({0,1},A)

@ Goal: Show there are continuum many clonoids with target
algebra B'.

Theorem (A.S., submitted 2018)

Let A be a finite set and B a finite idempotent algebra with |A|,|B| > 1.
Then Ca g has size continuum iff B has no cube term.

Note

We have already discussed the forward direction.
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Idempotent Target Algebras with no Cube Terms B be finite, idempotent with no cube term

B finite idempotent with no cube term

@ Take a set A and finite idempotent algebra B without a cube term
with |A[,|B| > 1.
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B be finite, idempotent with no cube term
B finite idempotent with no cube term

o Take a set A and finite idempotent algebra B without a cube term
with |A[,|B| > 1.

@ B must have cube term blocker (Kearnes, Szendrei, 2016), i.e. there
exists a nonempty proper subset V of B such that

T,:=B"\(B\ V)"

is a subuniverse of B for all n.
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Idempotent Target Algebras with no Cube Terms B be finite, idempotent with no cube term

B finite idempotent with no cube term

o Take a set A and finite idempotent algebra B without a cube term
with |A[,|B| > 1.

@ B must have cube term blocker (Kearnes, Szendrei, 2016), i.e. there
exists a nonempty proper subset V of B such that

T,:=B"\(B\ V)"

is a subuniverse of B for all n.
@ WLOG assume 0 € Vand 1€ B\ V. Thus

{0, 1"\ {(1,...., 1)} c T, <B
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B be finite, idempotent with no cube term
Construction (cf. Yanov, Muchnik, 1959)

Let P, :={(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1)} C A".
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B be finite, idempotent with no cube term
Construction (cf. Yanov, Muchnik, 1959)

Let P, :={(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1)} C A"
Define

fi: Ak = {0,1}

1 ifxe Py,
X
0 else
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B be finite, idempotent with no cube term
Construction (cf. Yanov, Muchnik, 1959)

Let P, :={(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1)} C A"
Define

fi: Ak = {0,1}

1 ifxe Py,
X
0 else

For UCN, Fy:={fx : k€ U}.
Let (Fy)g denote the clonoid generated by Fy.

Athena Sparks (CU Boulder) Clonoids 13 /17



B be finite, idempotent with no cube term
Construction (cf. Yanov, Muchnik, 1959)

Let P, :={(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1)} C A"
Define

fi: Ak = {0,1}

1 ifxe Py,
X
0 else

For UCN, Fy:={fx : k€ U}.
Let (Fy)g denote the clonoid generated by Fy.

Claim: (Fy)g N Fy = Fy for each U C N. J
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Idempotent Target Algebras with no Cube Terms B be finite, idempotent with no cube term

P,=1{(1,0,...,0),...,(0,...,0,1)} C A" fi.: Ak = {0,1}

n 1 if x € P,
{0, 1}"\ {(4,...,1)} Cc T, <B X'_){O else -
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Idempotent Target Algebras with no Cube Terms B be finite, idempotent with no cube term

P,=1{(1,0,...,0),...,(0,...,0,1)} C A" fi.: Ak = {0,1}

n 1 if x € P,
{0, 1}"\ {(4,...,1)} Cc T, <B X'_){O else -

Lemma
fi preserves (P, Tp) iff k  n.
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Idempotent Target Algebras with no Cube Terms B be finite, idempotent with no cube term

P,=1{(1,0,...,0),...,(0,...,0,1)} C A" fi.: Ak = {0,1}

@ 1 if x € P,
{0,1}"\{(1,....)} Cc T, <B X'_){O else

Lemma
fi preserves (P, Tp) iff k  n.

Proof.
If k=n:
0 R |
1 LN |
: ; :
0 0 1 = 1
m o m m m
P Py Py Tk
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Idempotent Target Algebras with no Cube Terms B be finite, idempotent with no cube term

P,=1{(1,0,...,0),...,(0,...,0,1)} C A" fi.: Ak = {0,1}
@ 1 if x € Pk,
{0,1}"\ {(1,...,1)} C T, <B x»—){o clse
Lemma
fi preserves (P, Tp) iff k  n.
Proof.
If k=n: If k = n:
1 0 fo For any ai1,...a, € Py,
fx
0 1 —> 1 fk(al,...,a,,)
0 0 1 f_k> 1 has at least one zero entry. O
m m m .
Pr Py Py T

Athena Sparks (CU Boulder) Clonoids 14 /17



n . Ak
P, ={(1,0,...,0),...,(0,...,0,1)} CA" fi: A = {0,1}

n 1 if x € Py,
O\, D} ST, <B {5 s

fx preserves (Pp, T,) < k #n
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Idempotent Target Algebras with no Cube Terms B be finite, idempotent with no cube term

P,={(1,0,...,0),...,(0,...,0,1)} CA" fi: Ak = {0,1}

n 1 if x € Py,
O\, D} ST, <B {5 s

fx preserves (Pp, T,) < k #n

Claim: (Fy)g N Fy = Fy for each U C N.
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Idempotent Target Algebras with no Cube Terms B be finite, idempotent with no cube term

P,={(1,0,...,0),...,(0,...,0,1)} CA" fi: Ak = {0,1}

. 1 ifxePp,
{0, 13"\ {(1,..., 1)} € T, <B X'_){O else -

fx preserves (Pp, T,) < k #n

Claim: <Fu>|3 N Fy = Fy for each U C N.
Suppose
fn = (P(szl7 RN flg,:")

for ki,...,km € U, n € N\ {ki,..., kn} and ¢ € Clo(B).
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n . Ak
P, ={(1,0,...,0),...,(0,...,0,1)} CA" fi: A = {0,1}

. 1 ifxePp,
{0, 13"\ {(1,..., 1)} € T, <B XH{O else -

fx preserves (Pp, T,) < k #n

Claim: <Fu>|3 N Fy = Fy for each U C N.
Suppose
fn = (p(szl, RN flg,,m)

for ki,...,km € U, n € N\ {ki,..., kn} and ¢ € Clo(B).
Since all fi, preserve (Pp, Tp) and T, is closed under ¢, also

@(ft, ... fom) preserves (P, Tp).

However f, does not preserves (Pp, T,). O
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CITIEELNE I ENEEETYVI B does not have a cube term

Case 3: B (Boolean) does not have a cube term

f % }
Y oD N
— '
N Pt
/AN ) e
) (i,
{ {/\01) \/01>\ )
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Boolean Clonoids (again) B does not have a cube term

Case 3: B (Boolean) does not have a cube term

e We proved |Cag| is continuum for e
any finite |d_empot.ent B without a ; 7 ) K Q
cube term, in particular, for o ? A N
B = ({0,1},A). /<7/_>> N X <§>\
\ {/\01} <v01>} ]

<*;‘O>f"ﬁ

Athena Sparks (CU Boulder) Clonoids 16 / 17



Boolean Clonoids (again) B does not have a cube term

Case 3: B (Boolean) does not have a cube term

e We proved |Cag| is continuum for I % 1
any finite idempotent B without a A : X N
. . 7 PN
cube term, in particular, for o é S ) \\ <
B = ({0,1},A). (A NEH
@ The same construction works to / / /\ 0 1> <\/ () 1>\ e

show |C4 | is continuum when

Clo(B) is (—,0) or ().
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Boolean Clonoids (again) B does not have a cube term

Case 3: B (Boolean) does not have a cube term

e We proved |Cag| is continuum for I=
any finite idempotent B without a ; =
cube term, in particular, for é
B = ({0,1},A). (A »

@ The same construction works to / / /\ 0 1> <\/ () 1>
show |C4 | is continuum when Rl /
Clo(B) is (—,0) or ().

REANIANEN
N

o j/,%/

Corollary (A.S., submitted 2018) VAT
For m,n > 1, there are continuum many ‘
clonoids from source {0,1,..., m} into
the target set {0,1,...,n}.
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For B Boolean or idempotent Cs g is countable if B has a cube term;
continuum otherwise.

Question: Does this generalize to clonoids with an arbitrary finite target
algebra?
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