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Equivalence problem
I given: finite algebra A
I input: p(x1, . . . , xn), q(x1, . . . , xn) polynomials
I question:

p(x1, . . . , xn)
?≡ q(x1, . . . , xn)

m
every a1, . . . , an ∈ A : p(a1, . . . , an) = q(a1, . . . , an)

Example
:

u ∈ F4 =⇒ u4 = u

x · y + x2 · y + α · x · y2 · z + z + 10
?≡

x · y + x2 · y + α · x · y2 · z + z + 10
?≡

α · x · y2 · z + z3 + 10
?≡
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Equation solvability problem
I given: finite algebra A
I input: p(x1, . . . , xn), q(x1, . . . , xn) polynomials
I question:

p(x1, . . . , xn)
?
= q(x1, . . . , xn)

m

exists a1, . . . , an ∈ A : p(a1, . . . , an) = q(a1, . . . , an)

Example
F4 = {0, 1, α, α2} :

u ∈ F4 =⇒ u3 ∈ {0, 1}

(x4 · y · z3 + x2 · z + α2 · y4 · z5 + 1)3 ?
= 0

(x4 · y · z3 + x2 · z + α2 · y4 · z5 + 1)3

?
6≡ 1
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Complexity

I always decidable
I what is the complexity?

I equation solvability always in NP
I equivalence always in coNP
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Complexity

A a group/ring: solvability is in P =⇒ equivalence is in P

Example

S ,T ∈ G[x1, . . . , xn] : S
?≡ T

S · T−1 ?≡ id

every g ∈ G \ {id} : S · T−1
?
6= g
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Rings

Theorem (Burris, Lawrence
(1993), Horváth (2011))
R not nilpotent =⇒
NP-complete
R nilpotent =⇒ in P
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Sigma problem

Example

(x1 + y1) · . . . · (xn + yn)︸ ︷︷ ︸
n factors

= x1 · . . . · xn + · · ·+ y1 · . . . · yn︸ ︷︷ ︸
2n summands

Lawrence, Willard:
sigma equivalence, sigma solvability :
inputs are given as sums of monomials

Attila Földvári The equation solvability problem over groups
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Example

(x1 + y1) · . . . · (xn + yn)︸ ︷︷ ︸
n factors

= x1 · . . . · xn + · · ·+ y1 · . . . · yn︸ ︷︷ ︸
2n summands

Lawrence, Willard:
sigma equivalence, sigma solvability :
inputs are given as sums of monomials
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Rings

Theorem (Szabó, Vértesi
(2011), Horváth, Lawrence,
Willard)
R/J (R) not comm. =⇒ sigma
problem is NP-complete
R/J (R) comm. =⇒ sigma
problem is in P
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Solvability over groups
Theorem

I not solvable (Goldmann,
Russell (1999)):
NP-complete

I semmipattern (Földvári
(2016)): in P

I meta-Abelien (Horváth
(2015)): in P

I nilpotent (Goldmann, Russell
(1999)): in P

Ramsey =⇒ O

(
n|G|

...|G|
)

Question:
S4,
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The group SL (2,Z3)

SL (2,Z3) ∼= Q o C3

Q = {1,−1, i ,−i , j ,−j , k ,−k}, C3 = {1, α, α2} :

iα = j jα = k kα = i
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Multiplication in the group Q
Polycyclic generating system
u ∈ Q⇒ ∃! x , y , z ∈ {0,1} : u = (−1)x · iy · jz

Product of 2 elements
u1 · u2 = (−1)x1 · iy1 · jz1 · (−1)x2 · iy2 · jz2 =

u1 · u2 = (−1)f1(... ) · i f2(... ) · j f3(... )

f1, f2, f3 ∈ Z2[x1, y1, z1, y2, x2, z2]

f1(. . . ) = x1 + x2 + y1 · y2 + z1 · z2 + z1 · y2

n∑
k=1

f2(. . . ) = y1 + y2

n∑
k=1

f3(. . . ) = z1 + z2

n∑
k=1
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Multiplication in the group Q
Polycyclic generating system
u ∈ Q⇒ ∃! x , y , z ∈ {0,1} : u = (−1)x · iy · jz

Product of n elements
u1 · . . . · un = (−1)x1 · iy1 · jz1 · . . . · (−1)xn · iyn · jzn =
u1 · . . . · un = (−1)F1(... ) · iF2(... ) · jF3(... )

F1,F2,F3 ∈ Z2[x1, y1, z1, . . . , xn, yn, zn]

F1(. . . ) =
n∑

k=1

xk +
n∑

l=2

l−1∑
k=1

ykyl +
n∑

l=2

l−1∑
k=1

zkzl +
n∑

l=2

l−1∑
k=1

zkyl

F2(. . . ) =
n∑

k=1

yk

F3(. . . ) =
n∑

k=1

zk
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Multiplication in the group SL (2,Z3)

I SL (2,Z3) ∼= Q o C3

g ∈ SL (2,Z3) =⇒ ∃! u ∈ Q, h ∈ C3 : g = (u, h)

I the rule for multiplication:
g1 · g2 = (u1, h1) · (u2, h2) = (u1 · , h1 · h2)

I conjugation:

u ∈ Q =⇒ ∃! x , y , z ∈ : u = (−1)x · iy · jz

h ∈

basis form:

φ1, φ2, φ3 ∈ [x , y , z , h]

uh = ((−1)x · iy · jz)h = (−1)φ1(... ) · iφ2(... ) · jφ3(... )
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Equation solvability problem over SL (2,Z3)
I question: T =t1 · t2 · . . . · tn

?
= id

I semidirect product: tk = (uk , hk)

T = (u1, h1) · (u2, h2) · · · (un, hn) = (TQ,TC3)

TQ = u1 · uh1
2 · u

h1·h2
3 · . . . · uh1·h2·...·hn−1

n

?
= idQ

TC3 = h1 · h2 · . . . · hn

?
= idC3

I conjugation: ∃ φ1, φ2, φ3 ∈ :

uh = (−1)φ1(... )iφ2(... )jφ3(... )

I multiplication in Q : ∃ F1,F2,F3 ∈ :

u1 · . . . · un = (−1)F1(... ) · iF2(... ) · jF2(... )

I ∃ Φ1,Φ2,Φ3 ∈ :
= Fi (. . . , φ1, φ2, φ3, . . . ), Φi is a sum of monomials,

TQ = (−1)Φ1 · iΦ2 · jΦ3

?
= (−1)0 · i0 · j0

I system of equations over F4 :

Φ1
?
= 0 Φ2

?
= 0 Φ3

?
= 0 h1 · h2 · . . . · hn

?
= 1
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Main ideas

I semidirect product: N o H

=⇒
an equation over N + an equation over H

I Nis a p-group =⇒

polycyclic generating system of N =⇒
characterization the multiplication of N with the suitable
polynomials over Zp

I H Abelian, =⇒

a field Fq : H ≤ F×q and Zp ≤ Fq =⇒
characterization the conjugation with polynomials over Fq

I solvability over N o H =⇒ system of equation over Fq is in P
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Results

Theorem (Földvári,Horváth)
G ∼= P o A ⇒ equation
solvability in P

Corollary (Földvári)
G nilpotent: solvability deciding
in O

(
n|G|

2 log |G|
)

time

Question:
S4 ?

Thank you for your attention!
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The group S4

S4 is solvable =⇒ S4 has a bases:

a = (1 2)(3 4), b = (1 3)(2 4), c = (1 2 4), d = (2 4)

g ∈ S4 =⇒ ∃!x , y , u ∈ {0,1}, z ∈ {0, 1, 2} : g = ax · by · cz · du

g1 · · · gn = ax1by1cz1du1 · · · axnbynczndun =

= af1(... ) · bf2(... ) · c f3(... ) · d f4(... )

f1, f2, f4 ∈ F2α [x1, y1, z1, u1, . . . , xn, yn, zn, un]

f3 ∈ F3β [x1, y1, z1, u1, . . . , xn, yn, zn, un]

=⇒ the lengths of f1(. . . ) and f2(. . . ) is exponential in n
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