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I. Descriptive combinatorics



Let G be a graph on the vertex set V(G).
Let n€ {1,2,...,N0}. An n-coloring of G isa map c: V(G) = n
with

Vx,y € V(G) xGy = c(x) # c(y).

The chromatic number of G is the minimal n for which G has an
n-coloring. Notation: x(G).
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Let G be a Borel graph on the vertex set V(G).

Borel graphs: G is a Borel graph if G is Borel a subset of
V(G) x V(G).

Let n€ {1,2,...,8N9}. A Borel n-coloring of G is a Borel map
c: V(G) — n with
Vx,y € V(G) xGy = c(x) # c(y).

Here, n is equipped with the discrete Borel structure.

The Borel chromatic number of G is the minimal n for which G
has an n-coloring. Notation: xg(G).



Example: Rotations

V(G) = S*. Let R, be a rotation by an irrational angle o and

xGy <= x = Ry(y) or y = Ra(x).

Claim
2=x(G) <xs(G)=3.



Example: Shift
Let [N]N denote the set of infinite subsets of N.

Definition
Define the map S by
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Example: Shift

Let [N]N denote the set of infinite subsets of N.
Definition
Define the map S by

S(x) = x \ {min x},
and let xGsy <= x = S(y) or 5(x) =y.
Proposition (Kechris-Solecki-Todor&evi¢)
x8(Gs) is infinite.

Theorem (Galvin-Prikry)

For any k € N and any Borel coloring ¢ : [N]N — k there exits an
A € [N]N such that c is constant on [AN.



Example: Shift

Theorem (Kechris-Solecki-Todor&evic)
Let G be a Borel subgraph of Gs. Then xg(Gs) € {1,2,3,8g}.



Why do we care: Paradoxical decompositions

equidecomposition <= matching

picture by Andras Mathé

Theorem (Grabowski-Mathé-Pikhurko, Marks-Unger)
Circle squaring with measurable and Borel pieces.



Why do we care: Complexity

Theorem (Todor&evi¢-V)

Deciding Borel n-colorability is Z%—hard, for n > 3. In fact,
deciding for a Borel subgraph G of Gs whether its Borel chromatic
number < 3 is ¥3-hard.



Why do we care: Complexity

Theorem (Todor&evi¢-V)

Deciding Borel n-colorability is Z%—hard, for n > 3. In fact,
deciding for a Borel subgraph G of Gs whether its Borel chromatic
number < 3 is ¥3-hard.

Theorem (Carroy-Miller-Schrittesser-V)
Borel 2-coloring is ﬂ%.
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Homomorphism problems

Fix a finite relational structure H.

Problem. Given a structure G with the same signature, decide
whether G admits a homomorphism to H. (H-HOM)

Examples:
Graph n-coloring. (n-COL)
Graph homomorphism to some fixed graph H. (H-COL)

Systems of linear equations over F» (3LIN2), encoded as
follows:

m every equation contains 3 variables.
m H= ({0, 1}, Ro, Rl), with

Ri(x,y,z) < x+y+z=i mod 2.

@A n-SAT, HORN-SAT, etc.
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Easy or hard

P \ NP-hard
2-SAT n-SAT, n>3 Cook-Levine
2-COL n-COL, n>3 Karp

H-COL, H is bipartite | H-COL, H is non-bipartite Hell-Nesetfil
3Lin, GE
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The Dichotomy

Conjecture (Feder-Vardi)
H-HOM is either in P or it is NP-hard.

Theorem (Bulatov-Jeavons-Krokhin)

There is an algebraic property of H, (x), such that —(x) implies
that H-HOM is NP-hard.
More precise conjecture: (x) implies that H is in P.

Theorem (Bulatov-Zhuk)

If (%) holds then the H-homomorphism problem is in P.
If =(x) holds then it is NP-hard.
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Polymorphisms

Definition
A polymorphism of H is a homomorphism from H" to H.

(*):“H has a nontrivial higher-dimensional
symmetry /polymorphism”
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Thornton: What happens in the Borel context?

G and the homomorphism is required to be Borel.
Theorem (Thornton)

If (x) does not hold for H, then Borel H-HOM is ¥3-hard.
Next step: Borel 3Lin,.

Theorem (Grebik-V)
Borel 3LIN,, is ¥3-hard.
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Problems

Conjecture

The Borel H-homomorphism problem is M iff H is bounded width.
Problem

Develop the theory of Borel polymorphisms.

Conjecture

The above is also equivalent to H having no non-trivial Borel
polymorphisms.



Thank you for your attention!
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Bonus!

Ky : For every structure G if every finite substructure admits a
homomorphism to H, then so does G.

Theorem (Katay-Téth-V)

(ZF) Assume that H does not satisfy (*). Then Ky <= UL.



Bonus!

Ky : For every structure G if every finite substructure admits a
homomorphism to H, then so does G.

Theorem (Katay-Téth-V)

(ZF) Assume that H does not satisfy (*). Then Ky <= UL.
Theorem (Katay-Té6th-V)

(ZF) There exists a model of ZF, in which for every H the
statement Ky holds iff H has (*).



