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Bjarni Jónsson
Philip Whitman, 1946

(Whitman, 1946) Every lattice can be represented as a
lattice of equivalence relations.

Bjarni Jónsson, 1953
Every lattice can be represented as a lattice of 4-permuting
equivalence relations.

α ∨ β = α ◦ β ◦ α ◦ β

Every lattice of 3-permuting equivalence relations is
modular and
Conversely, every modular lattice can be represented as a
lattice of 3-permuting equivalence relations.

What’s the story on lattices of permuting (= 2-permuting)
equivalence relations??
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Bjarni Jónsson

What’s the story on lattices of permuting equivalence relations?
Does every modular lattice have such a representation?

No. In fact
there is an equation, the arguesian law, separating them:

(a0 ∨ b0) ∧ (a1 ∨ b1) ∧ (a2 ∨ b2) ≤ a0 ∨ (b1 ∨ [c2 ∧ (c0 ∨ c1)])

where c0 = (a1 ∨ a2) ∧ (b1 ∨ b2) and cyclically.
Bjarni asked if the class of lattices representable by
permuting equivalence relation is equational?
Answer: We still don’t know.
Is it finitely axiomatizable?
No (Mark Haiman)

Ralph Freese New Old Results PALS Apr 25, 2023 4 / 24



Bjarni Jónsson

What’s the story on lattices of permuting equivalence relations?
Does every modular lattice have such a representation?
No. In fact
there is an equation, the arguesian law, separating them:

(a0 ∨ b0) ∧ (a1 ∨ b1) ∧ (a2 ∨ b2) ≤ a0 ∨ (b1 ∨ [c2 ∧ (c0 ∨ c1)])

where c0 = (a1 ∨ a2) ∧ (b1 ∨ b2) and cyclically.

Bjarni asked if the class of lattices representable by
permuting equivalence relation is equational?
Answer: We still don’t know.
Is it finitely axiomatizable?
No (Mark Haiman)

Ralph Freese New Old Results PALS Apr 25, 2023 4 / 24



Bjarni Jónsson

What’s the story on lattices of permuting equivalence relations?
Does every modular lattice have such a representation?
No. In fact
there is an equation, the arguesian law, separating them:

(a0 ∨ b0) ∧ (a1 ∨ b1) ∧ (a2 ∨ b2) ≤ a0 ∨ (b1 ∨ [c2 ∧ (c0 ∨ c1)])

where c0 = (a1 ∨ a2) ∧ (b1 ∨ b2) and cyclically.
Bjarni asked if the class of lattices representable by
permuting equivalence relation is equational?

Answer: We still don’t know.
Is it finitely axiomatizable?
No (Mark Haiman)

Ralph Freese New Old Results PALS Apr 25, 2023 4 / 24



Bjarni Jónsson

What’s the story on lattices of permuting equivalence relations?
Does every modular lattice have such a representation?
No. In fact
there is an equation, the arguesian law, separating them:

(a0 ∨ b0) ∧ (a1 ∨ b1) ∧ (a2 ∨ b2) ≤ a0 ∨ (b1 ∨ [c2 ∧ (c0 ∨ c1)])

where c0 = (a1 ∨ a2) ∧ (b1 ∨ b2) and cyclically.
Bjarni asked if the class of lattices representable by
permuting equivalence relation is equational?
Answer: We still don’t know.

Is it finitely axiomatizable?
No (Mark Haiman)

Ralph Freese New Old Results PALS Apr 25, 2023 4 / 24



Bjarni Jónsson

What’s the story on lattices of permuting equivalence relations?
Does every modular lattice have such a representation?
No. In fact
there is an equation, the arguesian law, separating them:

(a0 ∨ b0) ∧ (a1 ∨ b1) ∧ (a2 ∨ b2) ≤ a0 ∨ (b1 ∨ [c2 ∧ (c0 ∨ c1)])

where c0 = (a1 ∨ a2) ∧ (b1 ∨ b2) and cyclically.
Bjarni asked if the class of lattices representable by
permuting equivalence relation is equational?
Answer: We still don’t know.
Is it finitely axiomatizable?

No (Mark Haiman)

Ralph Freese New Old Results PALS Apr 25, 2023 4 / 24



Bjarni Jónsson

What’s the story on lattices of permuting equivalence relations?
Does every modular lattice have such a representation?
No. In fact
there is an equation, the arguesian law, separating them:

(a0 ∨ b0) ∧ (a1 ∨ b1) ∧ (a2 ∨ b2) ≤ a0 ∨ (b1 ∨ [c2 ∧ (c0 ∨ c1)])

where c0 = (a1 ∨ a2) ∧ (b1 ∨ b2) and cyclically.
Bjarni asked if the class of lattices representable by
permuting equivalence relation is equational?
Answer: We still don’t know.
Is it finitely axiomatizable?
No (Mark Haiman)

Ralph Freese New Old Results PALS Apr 25, 2023 4 / 24



A Universal Algebra Result

Theorem (B. Jónsson and RF)
If V is congruence modular then it is congruence arguesian.

The idea:
Desagues Law holds in higher dimensional spaces.
Increase the dimension using S and P.
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Higher arguesian identities: Bill Lampe

A chain of identities of increasing strength:

n−1∧
i=0

(xi ∨ x ′
i ) ≤ x ′

0 ∨ (x0 ∧ (x1 ∨ [(x ′
0 ∨ x ′

1) ∧
n−1∨
i=1

yi ])) (∗n)

where yi = (xi ∨ xi+1) ∧ (x ′
i ∨ x ′

i+1), mod n so
yn−1 = (xn−1 ∨ x0) ∧ (x ′

n−1 ∨ x ′
0).
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Higher arguesian identities: Bill Lampe
Diagram showing (∗n) holds in lattices of perm. equiv. rels.

n−1∧
i=0

(αi ∨ α′
i) ≤ α′

0 ∨ (α0 ∧ (α1 ∨ [(α′
0 ∨ α′

1) ∧
n−1∨
i=1

γi ])) (∗n)

where γi = (αi ∨ αi+1) ∧ (α′
i ∨ α′

i+1), mod n so
γn−1 = (αn−1 ∨ α0) ∧ (α′

n−1 ∨ α′
0).

Let ⟨a,b⟩ ∈
∧n−1

i=0 (αi ∨ α′
i) =

∧n−1
i=0 (αi ◦ α′

i). Then there exists
ci so that
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Higher arguesian identities: Bill Lampe

n−1∧
i=0

(αi ∨ α′
i) ≤ α′

0 ∨ (α0 ∧ (α1 ∨ [(α′
0 ∨ α′

1) ∧
n−1∨
i=1

γi ])) (∗n)

Remark: The relation (∗n) holds if αi and α′
i permute, for each i .
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Haiman’s Lattices

Are the equations (∗n) properly increasing in strength?

Haiman constructs lattices Hn(F), n ≥ 3 and F a field with
|F| > 2, such that

(∗n) fails in Hn(F).
Every n − 1 generated sublattice is proper.
Every proper sublattice is embeddable into the lattice of
subspaces of a vector space over F.

Theorem (Haiman)
The class of lattices of permuting equivalence relations is not
finitely axiomatizable.
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Notation: Con(V) := {Con(A) : A ∈ V}.
For V a variety define the

congruence prevariety: SP Con(V) = S Con(V)
congruence variety: HSP Con(V) = HS Con(V)

Theorem (RF, 1994)
If a modular congruence variety is finitely based, then it is
distributive.

Theorem (P. Lipparini & RF, real soon)
If a proper congruence variety is finitely based, then it is join
semidistributive.
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Elements of the Proof

None of the lattices Hn(F) lie in any proper congruence
variety.

The proof uses the remark above and
M3 is projective for proper congruence varieties.

The lattice of subspaces of a nondesarguesian plane
cannot be embedded into a proper congruence variety.
A nonprincipal ultraproduct of the Hn(F)’s (F fixed) lies in a
lattice of subspaces of a vector space over F.
If V is not congruence join semidistribuitve then its
congruence variety V Con(V) contains V Con(Mp) for
some p, a prime or 0.
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Elements of the Proof

Let
C∞ =

⋂
p a prime or 0

S Con(Mfd
p ).

be the class of all modular lattices that can be embedded
into the lattice of subspaces of a finite dimensional vector
space over a prime field.

Corollary
If V is a variety with a weak difference term but which is not
congruence meet semidistributive, then C∞ ⊆ S Con(V).
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Elements of the Proof

Figure: Two members of C∞
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Mal’tsev Conditions and the Commutator

Related Mal’tsev conditions:
Congruence modularity.
Having a Hobby-McKenzie term.
Having a weak difference term.
Having a Taylor term.

From the previous slide:
If V has a Hobby-McKenzie term then its congruence
variety does not contain Hn(F). But also
If V has a weak difference term then its congruence
prevariety does not contain Hn(F).

Ralph Freese New Old Results PALS Apr 25, 2023 15 / 24



Mal’tsev Conditions and the Commutator

Related Mal’tsev conditions:
Congruence modularity.
Having a Hobby-McKenzie term.
Having a weak difference term.
Having a Taylor term.

From the previous slide:
If V has a Hobby-McKenzie term then its congruence
variety does not contain Hn(F).

But also
If V has a weak difference term then its congruence
prevariety does not contain Hn(F).

Ralph Freese New Old Results PALS Apr 25, 2023 15 / 24



Mal’tsev Conditions and the Commutator

Related Mal’tsev conditions:
Congruence modularity.
Having a Hobby-McKenzie term.
Having a weak difference term.
Having a Taylor term.

From the previous slide:
If V has a Hobby-McKenzie term then its congruence
variety does not contain Hn(F). But also
If V has a weak difference term then its congruence
prevariety does not contain Hn(F).

Ralph Freese New Old Results PALS Apr 25, 2023 15 / 24



Part III: Alan Day

Let
L be the lattice of all lattice varieties,
K be all congruence varieties.
Is K a lattice?

Don’t know.
We do know

K is a join subsemilattice of L (for finite joins).
Infinite joins can differ.
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Alan Day: Higher Polin Varieties

Alan Day.
Polin’s Non-Modular Congruence Variety.
14 pages, 1977.
math.hawaii.edu/∼ralph/Day/

Alan Day.
Polin’s Non-Modular Congruence Variety–Corrigendum.
5 pages, 1977.
math.hawaii.edu/∼ralph/Day/

Alan Day, Ralph Freese.
A characterization of identities implying congruence
modularity, I. Canad. J. Math., 32:1140–1167, 1980.

Alan Day, Ralph Freese, J. B. Nation.
Higher Polin Varieties.
Coming soon.
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Fhfgdo Mnjhm TVohdshdr

.iRl BRt� NRioe Dpddrd� Rla F, A, JRshnl

9arsoVbs’ ; bg]hm ne u]qhdshdr a]rdc nm Onjhm´r u]qhdsx ]qd hmsqnctbdc
]mc rstchdc- Hs hr rgnvm sg]s sgd bnjjdbshnm ne ]jj bnmfqtdmbd u]qhdshdr
g]r mhsd inhmr ]mc sg]s sghr inhm ]fqddr vhsg sgd inhm hm sgd j]sshbd
ne ]jj j]sshbd u]qhdshdr- Trhmf sgd ghfgdq Onjhm u]qhdshdr hs hr rgnvm sg]s
hmmhsd inhmr l]x ch�dq eqnl sgd inhm hm sgd j]sshbd ne ]jj u]qhdshdr- Nsgdq
oqnodqshdr ne ghfgdq Onjhm u]qhdshdr ]qd dwojnqdc-

LVsgdlVshbr Rtaidbs AjVrrh�bVshnm’ .5A1.+ .7;2.+ .7A.4+ .7A04-

Jdwvnocr’ bnmfqtdmbd j]sshbd+ bnmfqtdmbd u]qhdsx+ bnmfqtdmbd rdlhchr,
sqhatshuhsx+ �,odqlts]ahjhsx-

Kds U ad ] u]qhdsx ne ]kfdaq]r ]mc kds

AnS’U( ; {AnS’2( 9 2 ∈ U{.
Sgd u]qhdsx ne k]sshbdr SAnS’U( ; �PHAnS’U( fdmdq]sdc ax sgd bnmfqt,
dmbd k]sshbdr ne sgd ldladqr ne U+ hr b]kkdc sgd bnmfqtdmbd uTqhdsw ]rrnbh]sdc
vhsg U- D]qkx hm ntq b]qddqr sgd sgqdd ne tr rstchdc bnmfqtdmbd u]qhdshdr- Sgd
rtaidbs adf]m vhsg sgd sghqc ]tsgnq”r sgdrhr W05“ vghbg rgnvdc+ ]lnmf nsgdq
sghmfr+ sg]s sgd k]sshbd u]qhdsx fdmdq]sdc ax M4 ’sgd 4 dkdldms mnmlnctk]q
k]sshbd( hr mns ] bnmfqtdmbd u]qhdsx: rdd W6+ Sgdnqdl 5-88“- Sghr kdc sn rdudq]k
o]odqr+ vghbg fdmdq]khydc M]shnmr”r qdrtks+ ax tr ]mc nsgdqr+ W0+ 3+ 8+ 0.“-
Sgd l]inq nodm oqnakdl ne sgd shld v]r jmnvm ]ksdqm]sdkx ]r sgd LbJdmyhd
bnmidbstqd+ sgd Atqqhr,LbJdmyhd bnmidbstqd ]mc Iınmrrnm”r ptdrshnm- Hs ]rjdc
he sgdqd hr ] mnmlnctk]q bnmfqtdmbd u]qhdsx nsgdq sg]m sgd u]qhdsx ne ]kk k]s,
shbdr- Sghr v]r qdrnkudc ax R- U- Onkhm W06“ vgn bnmrsqtbsdc ] u]qhdsx K vghbg
hr mns bnmfqtdmbd lnctk]q ats cndr r]shrex ] mnmsqhuh]k k]sshbd dpt]shnm ]r ]
bnmfqtdmbd hcdmshsx-

Bnlltmhb]shnm adsvddm Ptrrh] ]mc sgd vdrs v]r mns hcd]k hm sgnrd
c]xr ]mc oqdoqhmsr ne Onkhm”r o]odq vdqd mns ]u]hk]akd- O]udk Fnq]kb́ıfij v]r
]akd sn nas]hm sgd cds]hkr eqnl Onkhm ]mc bnlltmhb]sdc ] rjdsbg sn sgd �qrs
]tsgnq hm Oq]ftd- Hm 0866 sgd �qrs ]tsgnq kdbstqdc nm sgd qdrtks ]s U]mcdqahks
]mc vqnsd to mnsdr+ W1+ 2“- Rstcxhmf sgdrd mnsdr b]qdetkkx kdc sn sgd o]odq W3“
ax sgd �qrs svn ]tsgnqr- Hs rgnvr sg]s ]mx mnmlnctk]q bnmfqtdmbd u]qhdsx

�4nppdronmchmf ]tsgnp-
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Alan Day: Higher Polin Varieties
B is the variety of Boolean algebras, signature {∧,1,′ }
Q a variety of meet semilattices with constant 1 and some
unary operations ui .
Let A ∈ B and S a functor from A to Q. So for a ≥ b ∈ A

S(a) ∈ Q and
ξa

b : S(a) → S(b) are compatible homomorphisms.
Let Q[B] have members:

P(S,A) =
⋃
a∈A

{a} × S(a) with

⟨a, s⟩ ∧ ⟨b, t⟩ = ⟨a ∧ b, ξa
a∧b(s) ∧ ξb

a∧b(t)⟩
1 = ⟨1,1⟩

f P(⟨a, s⟩) = ⟨a, f S(a)(s)⟩, f unary in the signature of Q
⟨a, s⟩+ = ⟨a′,1⟩ (external complement)
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Alan Day: Higher Polin Varieties

Q[B] is a variety.

Let P0 be the trivial variety of signature {∧,1} and define
Pn+1 = Pn[B].
P1 is Boolean algebras and P2 is Polin’s variety.
N5, N6, etc. be McKenzie lattices:

N7

β

α
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Alan Day: Higher Polin Varieties

Theorem
For k ≥ 2, Nk+3 ∈ S Con(Pk) but Nk+4 /∈ V Con(Pk). The
containments

V Con(P1) ⊂ V Con(P2) ⊂ V Con(P3) ⊂ · · · (∗)

form a strictly increasing chain of congruence varieties whose
set union, which is the join in the lattice L of lattice varieties, is
not a congruence variety.
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Alan Day: Higher Polin Varieties

Theorem
If Q is k-permutable, then Q[B] is (k + 2)-permutable.

Corollary

Pn is 2n-permutable.

Theorem
The congruence variety of Pn is semidistributive (both kinds).

Theorem (using Kearnes-Nation 2008)
If V is congruence meet semidistributive and n-permutable then
its whole congruence variety is semidistributive (both kinds).
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