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The g—Theorem

Theorem. If G is a finite nonabelian group, then the probability that a pair of
elements a,b € G commute is < %.
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Theorem. If G is a finite nonabelian group, then the probability that a pair of
elements a,b € G commute is < %.

Here, we use the uniform distribution on G x (G, so we assign each pair
(a,b) € G x G the same probability, @

Proof. Let z be the fraction of elements in the center of G. (z = |Z|(GC|'Y)| .) The

proportion of commuting pairs (a, b) to all pairs is at most
(Case a € Z(@G)). proportion = z - 1.

(Case a ¢ Z(G)).
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(a,b) € G x G the same probability, @
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Theorem. If G is a finite nonabelian group, then the probability that a pair of
elements a,b € G commute is < %.

Here, we use the uniform distribution on G x (G, so we assign each pair
(a,b) € G x G the same probability, @

Proof. Let z be the fraction of elements in the center of G. (z = |Z|(GC|'Y)| .) The

proportion of commuting pairs (a, b) to all pairs is at most

(Case a € Z(@G)). proportion = z - 1.

(Case a ¢ Z(G)). proportion = (1 — z) - ‘C%‘a)' <(1-2)-3.
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Theorem. If G is a finite nonabelian group, then the probability that a pair of
elements a,b € G commute is < %.

Here, we use the uniform distribution on G x (G, so we assign each pair
(a,b) € G x G the same probability, @

Proof. Let z be the fraction of elements in the center of G. (z = |Z|(GC|'Y)| .) The

proportion of commuting pairs (a, b) to all pairs is at most

(Case a € Z(@G)). proportion = z - 1.

(Case a ¢ Z(G)). proportion = (1 — z) - ‘C%‘a)' <(1-2)-3.

Hence proportion < z + (1 — z)3 < 3z + 1.
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(a,b) € G x G the same probability, @

Proof. Let z be the fraction of elements in the center of G. (z = |Z|(GC|'Y)| .) The

proportion of commuting pairs (a, b) to all pairs is at most
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Theorem. If G is a finite nonabelian group, then the probability that a pair of
elements a,b € G commute is < %.

Here, we use the uniform distribution on G x (G, so we assign each pair
(a,b) € G x G the same probability, @

Proof. Let z be the fraction of elements in the center of G. (z = |Z|(GC|'Y)| .) The

proportion of commuting pairs (a, b) to all pairs is at most

(Case a € Z(@G)). proportion = z - 1.

(Case a ¢ Z(G)). proportion = (1 — z) - ‘C%‘a)' <(1-2)-3.

Hence proportion < z + (1 — 2) z+ % Since z < %, this probability is

1 1 _5
sstz=5 O
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proves that the commuting probability of a finite group G is

k

Pr(zy = yz | G)
( | =G

where k is the number of conjugacy classes.

© In 1969, Keith Joseph completed his Ph.D. thesis on Commutativity in
non-abelian groups, where the % bound appears.
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Some historical remarks

@ Erdds and Turén initiated the field of statistical group theory with a series
of seven papers between 1965-1972. In their 1968 Paper IV, Theorem IV
proves that the commuting probability of a finite group G is

k

Pr(zy = yz | G)
( | =G

where k is the number of conjugacy classes.

© In 1969, Keith Joseph completed his Ph.D. thesis on Commutativity in
non-abelian groups, where the % bound appears. Here one finds that a
finite nonabelian group attains the g bound iff its center has index 4.

© Sean Eberhard showed in 2015 that the set of all commuting
probabilities of all finite groups is reverse-well-ordered subset of [0, 1],
of reverse-order-type either w* or w®

Q@ Miklés Abért showed in 2006 that if GG is nonsolvable, but every quotient

of G is solvable, then the set of all probabilities of equations is dense in
[0, 1].
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If A is a finite algebra and s = ¢ is a k-variable identity, then

#successes
Pr(s~t| A) =
(s [A) #£possible outcomes
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If A is a finite algebra and s = ¢ is a k-variable identity, then

Pr( t|A) #successes F##solutions to s &~ t
r(s = = : _
#possible outcomes |A[F

d6 Olmo Keith Kearn endrei Finite algebras with a big gap



If A is a finite algebra and s = ¢ is a k-variable identity, then

#successes _ ##solutions to s ~ ¢
#possible outcomes |A|k

Pr(s~t|A)=

PSpec(A) = {Pr(s = t | A)} = equational probability spectrum of A.
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@ Every probability in PSpec(A ) is a rational number in [0, 1].
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@ If A’ is an expansion of A, then PSpec(A) C PSpec(A’).
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© Thus, we expect primal algebras and algebras with maximal clones to
have the largest spectra,
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Observations

@ Every probability in PSpec(A) is a rational number in [0, 1]. In fact,
every element of PSpec(A) must be an “| A|-adic rational number” ( = of

the form iz, 0 < m < |AJR).

@ If A’ is an expansion of A, then PSpec(A) C PSpec(A’).

© Thus, we expect primal algebras and algebras with maximal clones to
have the largest spectra, while pure sets and algebras with minimal
clones have the smallest spectra.
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Let A be a primal algebra. (All functions f: A* — A are term operations.)
Assume that 0,1 € Aand 0 # 1. Let s: A¥ — A be constant with range {0}.
For any nonnegative m < |A|*, lett: A¥ — A be a function that maps m
tuples to 0 and the rest of the tuples to 1.

m

Hence PSpec(A) equals the set of all | A|-adic rational numbers in [0, 1].
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Example 2: a pure set

If A = (A;0) is a pure set, then any term operation is a projection. Hence the
only identities s ~ t that need to be considered reduce to those of the form

o x~u,
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Example 2: a pure set

If A = (A;0) is a pure set, then any term operation is a projection. Hence the
only identities s ~ t that need to be considered reduce to those of the form

@ x ~,o0r

o T RY.

Now Pr(z ~ x| A)
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If A = (A;0) is a pure set, then any term operation is a projection. Hence the
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o T RY.
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Example 2: a pure set

If A = (A;0) is a pure set, then any term operation is a projection. Hence the
only identities s ~ t that need to be considered reduce to those of the form

@ r~x,o0r
° xR~ Y.
NowPr(m%m|A):1,andPr(x%y|A):%:%r

Finite algebras with a big gap
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Example 2: a pure set

If A = (A;0) is a pure set, then any term operation is a projection. Hence the
only identities s ~ t that need to be considered reduce to those of the form

@ x ~,o0r

o T RY.

Now Pr(:n ~z|A)=1l,andPr(z~y | A) = % = ‘7}|. This shows that

PSpec(A { }
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Example 2: a pure set

If A = (A;0) is a pure set, then any term operation is a projection. Hence the
only identities s ~ t that need to be considered reduce to those of the form

@ r~uzx,o0r
o =y.
Now Pr(z ~ x| A)

— 14|
PSpec(A) = {IT}I’ 1}.

lL,andPr(z =y | A) = 1Ag = ‘7}|. This shows that

— O
o
—

These examples show that PSpec(A ) is a subset of the | A|-adic rational
numbers in [0, 1],
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If A = (A;0) is a pure set, then any term operation is a projection. Hence the
only identities s ~ t that need to be considered reduce to those of the form

@ r~uzx,o0r
o =y.
Now Pr(z ~ x| A)

— 14|
PSpec(A) = {IT}I’ 1}.

lL,andPr(z =y | A) = 1Ag = ‘7}|. This shows that

— O
o
—

These examples show that PSpec(A ) is a subset of the | A|-adic rational
numbers in [0, 1], (and may contain them all)

Carles Cardé Olmo Keith Kearnes Agnes Szendrei Finite algebras with a big gap



Example 2: a pure set

If A = (A;0) is a pure set, then any term operation is a projection. Hence the
only identities s ~ t that need to be considered reduce to those of the form

@ r~uzx,o0r
o =y.
Now Pr(z ~ x| A)

_ |A] 1
PSpec(A) = {IT}I’ 1}.

lL,andPr(z =y | A) = 1A = TAT- This shows that
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—

These examples show that PSpec(A ) is a subset of the | A|-adic rational

numbers in [0, 1], (and may contain them all) and this subset must contain the

two numbers ﬁ and 1
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Example 2: a pure set

If A = (A;0) is a pure set, then any term operation is a projection. Hence the
only identities s ~ t that need to be considered reduce to those of the form

@ r = x,o0r
SR TR

Now Pr(:n ~z|A)=1l,andPr(z~y | A) = % = ‘7}|. This shows that

PSpec(A { }

— O
o
—

These examples show that PSpec(A ) is a subset of the | A|-adic rational
numbers in [0, 1] (and may contain them all) and this subset must contain the
two numbers TAT A| and 1 (and may contain no others).
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In this talk, I am interested in classifying all finite algebras that have minimal
equational probability spectrum,
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The “Big Gap”

In this talk, I am interested in classifying all finite algebras that have minimal
equational probability spectrum, which is { TA 1}
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However, I will relax the requirement of absolute minimality to the
assumption that PSpec(A) contains no probability p satisfying I%ll <p<Ll
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The “Big Gap”

In this talk, I am interested in classifying all finite algebras that have minimal
equational probability spectrum, which is { TA 1}
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LN
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Y
However, I will relax the requirement of absolute minimality to the
assumption that PSpec(A) contains no probability p satisfying I%ll <p<Ll
0 T 1
b 4

The “Big Gap Condition” is the assumption that

PSpec(A) N (]il\’ 1) = 0.
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A consequence of the Big Gap Condition

Assume that A is finite and PSpec(A) satisfies the Big Gap Condition.
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A consequence of the Big Gap Condition

Assume that A is finite and PSpec(A) satisfies the Big Gap Condition. Let
t(x, z1,...,2;) be aterm involving k + 1 variables.
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A consequence of the Big Gap Condition

Assume that A is finite and PSpec(A) satisfies the Big Gap Condition. Let
t(x, z1,...,2;) be aterm involving k + 1 variables.

Question.
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A consequence of the Big Gap Condition

Assume that A is finite and PSpec(A) satisfies the Big Gap Condition. Let
t(x, z1,...,2;) be aterm involving k + 1 variables.

Question. What can be said about the probability that a tuple (a, b, c) € A*+2
satisfies
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A consequence of the Big Gap Condition

Assume that A is finite and PSpec(A) satisfies the Big Gap Condition. Let
t(x, z1,...,2;) be aterm involving k + 1 variables.

Question. What can be said about the probability that a tuple (a, b, c) € A*+2
satisfies
t(x,2) = t(y,z),
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A consequence of the Big Gap Condition

Assume that A is finite and PSpec(A) satisfies the Big Gap Condition. Let
t(x, z1,...,2;) be aterm involving k + 1 variables.

Question. What can be said about the probability that a tuple (a, b, c) € A*+2
satisfies
t(x,2) = t(y,z),

where {x,y, 21, ..., 2} is a set of k + 2 distinct variables?
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t(zx,z) =~ t(y,2z)

There are | A|*+1 substitutions of the form
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(z,9,2) = (a,a,c) € A¥
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t(zx,z) =~ t(y,2z)

There are | A|*+1 substitutions of the form
(z,9,2) = (a,a,c) € A¥

that satisfy the equation ¢(z, z) ~ t(y, z).
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t(zx,z) =~ t(y,2z)
There are | A|*+1 substitutions of the form
(z,9,2) = (a,a,c) € A¥

that satisfy the equation ¢(z,z) ~ t(y, z). If there are no additional
substitutions (a, b, c) € A**?2 that satisfy t(z,z) ~ t(y, z),
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(z,9,2) = (a,a,c) € A¥
that satisfy the equation ¢(z,z) ~ t(y, z). If there are no additional
substitutions (a, b, c) € A**2 that satisfy t(z,z) ~ t(y, z), then
_ |A|k+1 1

Pr(t(z,z) = t(y,2z) | A) = A m
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t(zx,z) =~ t(y,2z)

There are | A|*+1 substitutions of the form
(z,9,2) = (a,a,c) € A¥
that satisfy the equation ¢(z,z) ~ t(y, z). If there are no additional
substitutions (a, b, c) € A**2 that satisfy t(z,z) ~ t(y, z), then
_ |A|k+1 1

Pr(t(z,z) = t(y,2z) | A) = A m

If all substitutions (a, b, c) € A*+2 satisfy the equation t(x, z) ~ t(y, z),
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t(zx,z) =~ t(y,2z)

There are | A|*+1 substitutions of the form
(z,9,2) = (a,a,c) € A¥
that satisfy the equation ¢(z,z) ~ t(y, z). If there are no additional
substitutions (a, b, c) € A**2 that satisfy t(z,z) ~ t(y, z), then
_ |A|k+1 1

Pr(t(z,z) = t(y,2z) | A) = A m

If all substitutions (a, b, c) € A¥+2 satisfy the equation ¢(x, z) ~ t(y, z), then
’A‘IHQ

Pr(t(z,2) ~ t(y,z) | A) = A = b
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But if at least one, but not all additional substitutions satisfy t(z,z) ~ t(y, z),
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t(zx,z) =~ t(y,2z)

There are | A|*+1 substitutions of the form
(z,9,2) = (a,a,c) € A¥
that satisfy the equation ¢(z,z) ~ t(y, z). If there are no additional
substitutions (a, b, c) € A**2 that satisfy t(z,z) ~ t(y, z), then
_ |A|k+1 1

Pr(t(z,z) = t(y,2z) | A) = A m

If all substitutions (a, b, c) € A¥+2 satisfy the equation ¢(x, z) ~ t(y, z), then
’A‘IHQ
Pr (t($,Z) [ t(y,Z) | A) = W =1.
But if at least one, but not all additional substitutions satisfy t(z,z) ~ t(y, z),
then
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t(zx,z) =~ t(y,2z)

There are | A|*+1 substitutions of the form
(z,9,2) = (a,a,c) € A¥
that satisfy the equation ¢(z,z) ~ t(y, z). If there are no additional
substitutions (a, b, c) € A**2 that satisfy t(z,z) ~ t(y, z), then
_ |A|k+1 1

Pr(t(z,z) = t(y,2z) | A) = A m

If all substitutions (a, b, c) € A¥+2 satisfy the equation ¢(x, z) ~ t(y, z), then
’A‘IHQ
Pr (t($,Z) [ t(y,Z) | A) = W =1.
But if at least one, but not all additional substitutions satisfy t(z,z) ~ t(y, z),
then

1
A < Pr(t(z,z) = t(y,z) | A) < 1,

Carles Cardé Olmo Keith Kearnes Agnes Szendrei Finite algebras with a big gap 10/19



t(zx,z) =~ t(y,2z)

There are | A|*+1 substitutions of the form
(z,9,2) = (a,a,c) € A¥
that satisfy the equation ¢(z,z) ~ t(y, z). If there are no additional
substitutions (a, b, c) € A**2 that satisfy t(z,z) ~ t(y, z), then
_ |A|k+1 1

Pr(t(z,z) = t(y,2z) | A) = A m

If all substitutions (a, b, c) € A¥+2 satisfy the equation ¢(x, z) ~ t(y, z), then
’A‘IHQ
Pr (t($,Z) [ t(y,Z) | A) = W =1.
But if at least one, but not all additional substitutions satisfy t(z,z) ~ t(y, z),
then

1
A < Pr(t(z,z) = t(y,z) | A) < 1,

which is not consistent with the Big Gap Condition.
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First conclusions

Let A be a finite algebra and assume that PSpec(A) satisfies the Big Gap
Condition.
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First conclusions

Let A be a finite algebra and assume that PSpec(A) satisfies the Big Gap
Condition. Let f(x) = t(x, c) be a unary polynomial of A constructed from a
(k + 1)-term t(x, z) with parameter sequence c.
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Let A be a finite algebra and assume that PSpec(A) satisfies the Big Gap
Condition. Let f(x) = t(x, c) be a unary polynomial of A constructed from a
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Condition. Let f(x) = t(x, c) be a unary polynomial of A constructed from a
(k + 1)-term t(x, z) with parameter sequence c.
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(a) f(z) is injective
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First conclusions

Let A be a finite algebra and assume that PSpec(A) satisfies the Big Gap
Condition. Let f(x) = t(x, c) be a unary polynomial of A constructed from a
(k + 1)-term t(x, z) with parameter sequence c.

(1) Either
(a) f(=x) is injective (hence a permutation of A),
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Let A be a finite algebra and assume that PSpec(A) satisfies the Big Gap
Condition. Let f(x) = t(x, c) be a unary polynomial of A constructed from a
(k + 1)-term t(x, z) with parameter sequence c.
(1) Either
(a) f(z) is injective (hence a permutation of A), or
(b) f(z) is constant.
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First conclusions

Let A be a finite algebra and assume that PSpec(A) satisfies the Big Gap
Condition. Let f(x) = t(x, c) be a unary polynomial of A constructed from a
(k + 1)-term t(x, z) with parameter sequence c.
(1) Either
(a) f(z) is injective (hence a permutation of A), or
(b) f(z) is constant.
(2) Moreover, whether we are in 1(a) or 1(b), the “character” of f(z) is
independent of the choice of the parameter sequence c in f(z) = t(z, c).
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First conclusions

Let A be a finite algebra and assume that PSpec(A) satisfies the Big Gap
Condition. Let f(x) = t(x, c) be a unary polynomial of A constructed from a
(k + 1)-term t(x, z) with parameter sequence c.
(1) Either
(a) f(z) is injective (hence a permutation of A), or
(b) f(z) is constant.
(2) Moreover, whether we are in 1(a) or 1(b), the “character” of f(z) is
independent of the choice of the parameter sequence c in f(z) = t(z, c).

(1))
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Tame Congruence Theory “Review”

Tame congruence theory is a localization theory.
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Tame Congruence Theory “Review”

Tame congruence theory is a localization theory. This means that the theory is
based on a method for selecting small subsets of an algebra,
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Tame congruence theory is a localization theory. This means that the theory is
based on a method for selecting small subsets of an algebra, restricting

structure to that subset,
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Tame Congruence Theory “Review”

Tame congruence theory is a localization theory. This means that the theory is
based on a method for selecting small subsets of an algebra, restricting
structure to that subset, calculating locally,
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Tame Congruence Theory “Review”

Tame congruence theory is a localization theory. This means that the theory is
based on a method for selecting small subsets of an algebra, restricting
structure to that subset, calculating locally, and piecing together local data to
solve globally stated problems.
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Tame Congruence Theory “Review”

Tame congruence theory is a localization theory. This means that the theory is
based on a method for selecting small subsets of an algebra, restricting
structure to that subset, calculating locally, and piecing together local data to
solve globally stated problems.
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Tame Congruence Theory “Review”

Tame congruence theory is a localization theory. This means that the theory is
based on a method for selecting small subsets of an algebra, restricting
structure to that subset, calculating locally, and piecing together local data to
solve globally stated problems.

A
U

O

The theory succeeds because the appropriate local structures have been
classified.
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Tame Congruence Theory “Review”

Tame congruence theory is a localization theory. This means that the theory is
based on a method for selecting small subsets of an algebra, restricting
structure to that subset, calculating locally, and piecing together local data to
solve globally stated problems.

A
U

O

The theory succeeds because the appropriate local structures have been
classified. The key concept is that of a “minimal algebra”.
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Palfy’s Theorem

Definition. a finite algebra A is minimal (or permutational)
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Palfy’s Theorem

Definition. a finite algebra A is minimal (or permutational) if every unary
polynomial is a permutation or a constant.
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Definition. a finite algebra A is minimal (or permutational) if every unary
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Definition. If ¢(z, z) is a term and ¢ and d are parameter sequences from A,
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Palfy’s Theorem

Definition. a finite algebra A is minimal (or permutational) if every unary
polynomial is a permutation or a constant.

Definition. If ¢(z, z) is a term and ¢ and d are parameter sequences from A,
then the unary polynomials ¢(z, c) and ¢(x, d) are called twin polynomials.
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Palfy’s Theorem

Definition. a finite algebra A is minimal (or permutational) if every unary
polynomial is a permutation or a constant.

Definition. If ¢(z, z) is a term and ¢ and d are parameter sequences from A,
then the unary polynomials ¢(z, c) and ¢(x, d) are called twin polynomials.

Péter Pal Palfy proved a theorem whose proof can be reorganized to show:
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Palfy’s Theorem

Definition. a finite algebra A is minimal (or permutational) if every unary
polynomial is a permutation or a constant.

Definition. If ¢(z, z) is a term and ¢ and d are parameter sequences from A,
then the unary polynomials ¢(z, c) and ¢(x, d) are called twin polynomials.

Péter Pal Palfy proved a theorem whose proof can be reorganized to show:

© If A is minimal and |A| > 3, then twins have the same character.
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Palfy’s Theorem

Definition. a finite algebra A is minimal (or permutational) if every unary
polynomial is a permutation or a constant.

Definition. If ¢(z, z) is a term and ¢ and d are parameter sequences from A,
then the unary polynomials ¢(z, c) and ¢(x, d) are called twin polynomials.

Péter Pal Palfy proved a theorem whose proof can be reorganized to show:
© If A is minimal and |A| > 3, then twins have the same character.

@ If A is minimal, then twins have the same character iff A is abelian.
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Palfy’s Theorem

Definition. a finite algebra A is minimal (or permutational) if every unary
polynomial is a permutation or a constant.

Definition. If ¢(z, z) is a term and ¢ and d are parameter sequences from A,
then the unary polynomials ¢(z, c) and ¢(x, d) are called twin polynomials.

Péter Pal Palfy proved a theorem whose proof can be reorganized to show:
© If A is minimal and |A| > 3, then twins have the same character.
@ If A is minimal, then twins have the same character iff A is abelian.

@ If A is minimal and abelian, then A is polynomially equivalent to a finite
G-set or a finite vector space.
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Applying Pélfy’s Theorem
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Applying Pélfy’s Theorem

Theorem. If A is a finite algebra whose equational probability spectrum
satisfies the Big Gap Condition, then
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Applying Pélfy’s Theorem

Theorem. If A is a finite algebra whose equational probability spectrum
satisfies the Big Gap Condition, then

@ A is polynomially equivalent to a vector space,
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Applying Pélfy’s Theorem

Theorem. If A is a finite algebra whose equational probability spectrum
satisfies the Big Gap Condition, then

@ A is polynomially equivalent to a vector space,
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Applying Pélfy’s Theorem

Theorem. If A is a finite algebra whose equational probability spectrum
satisfies the Big Gap Condition, then

@ A is polynomially equivalent to a vector space, or

@ A is polynomially equivalent to a G-set.
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The equational probability spectrum of a finite vector space
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The equational probability spectrum of a finite vector space

Assume that A is polynomially equivalent to a finite vector space.
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The equational probability spectrum of a finite vector space

Assume that A is polynomially equivalent to a finite vector space. Each term
operation is vec.sp.-representable in the form
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The equational probability spectrum of a finite vector space

Assume that A is polynomially equivalent to a finite vector space. Each term
operation is vec.sp.-representable in the form

s(T1,...,xp) = Zai(xi) + c.
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The equational probability spectrum of a finite vector space

Assume that A is polynomially equivalent to a finite vector space. Each term
operation is vec.sp.-representable in the form

s(T1,...,xp) = Zai(xi) + c.

An equation s ~ t is representable as
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The equational probability spectrum of a finite vector space

Assume that A is polynomially equivalent to a finite vector space. Each term
operation is vec.sp.-representable in the form

s(T1,...,xp) = Zai(xi) +ec.
An equation s ~ t is representable as

ZO@(.%‘Z) +c= Zﬁz(%) +d.
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The equational probability spectrum of a finite vector space

Assume that A is polynomially equivalent to a finite vector space. Each term
operation is vec.sp.-representable in the form

s(x1,..., oK) = Zai(xi) +c.
An equation s ~ t is representable as
Z ai(z;) +c= Z 61(162) +d.

If «; # B; for some 4, then we may solve for z; and get a vec.sp.-equation
x; =7r(x1,...,Z;, ..., x) with the same solutions.
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The equational probability spectrum of a finite vector space

Assume that A is polynomially equivalent to a finite vector space. Each term
operation is vec.sp.-representable in the form

s(x1,..., oK) = Zai(xi) +c.
An equation s ~ t is representable as
Z ai(z;) +c= Z 61(162) +d.

If «; # B; for some 4, then we may solve for z; and get a vec.sp.-equation
x; =71(x1,...,Z;,...,x) with the same solutions. Hence
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The equational probability spectrum of a finite vector space

Assume that A is polynomially equivalent to a finite vector space. Each term
operation is vec.sp.-representable in the form

s(T1,...,xp) = Zai(xi) + c.

An equation s ~ t is representable as

ZO@(.%‘Z) +c= Zﬁz(%) +d.

If «; # B; for some 4, then we may solve for z; and get a vec.sp.-equation
x; =71(x1,...,Z;,...,x) with the same solutions. Hence

‘A|k—1 B 1

Prob(s ~ t’A) = W = m
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The equational probability spectrum of a finite vector space

Assume that A is polynomially equivalent to a finite vector space. Each term
operation is vec.sp.-representable in the form

s(T1,...,xp) = Zai(xi) + c.

An equation s ~ t is representable as

> (i) + =Y Bilxi) +d.

If «; # B; for some 4, then we may solve for z; and get a vec.sp.-equation

x; =71(x1,...,Z;,...,x) with the same solutions. Hence

‘A|k—1 1

Prob(s = t|A) = ——— = —.
[AlF A

If o; = 3; holds for all 7, then s & t has the same set of solutions as ¢ ~ d.
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The equational probability spectrum of a finite vector space

Assume that A is polynomially equivalent to a finite vector space. Each term
operation is vec.sp.-representable in the form

s(T1,...,xp) = Zai(xi) + c.

An equation s ~ t is representable as

ZO@(.%‘Z) +c= Zﬁz(%) +d.

If «; # B; for some 4, then we may solve for z; and get a vec.sp.-equation

x; =71(x1,...,Z;,...,x) with the same solutions. Hence

‘A|k—1 1

Prob(s = t|A) = ——— = —.
AR 1A]

If a; = [3; holds for all 7, then s & t has the same set of solutions as ¢ ~ d. If
¢ = d, then Prob(s ~ t|A) = 1, while if ¢ # d, then Prob(s ~ t|A) = 0.
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The equational probability spectrum of a finite GG-set
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set.
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

Q c~c
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

Q c~c
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant).
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
Qc~d
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
Qc~d
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.

© c¢ =~ d (constant = different constant).
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.

@ c ~ d (constant = different constant). Probability = 0.
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
@ c ~ d (constant = different constant). Probability = 0.
Q g(z)~c
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
@ c ~ d (constant = different constant). Probability = 0.
Q g(z)~c
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
@ c ~ d (constant = different constant). Probability = 0.

@ ¢(z) ~ ¢ (permutation = constant).
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
@ c ~ d (constant = different constant). Probability = 0.

@ ¢(z) =~ c¢ (permutation = constant). Probability = ﬁ.
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
@ c ~ d (constant = different constant). Probability = 0.

@ ¢(z) =~ c¢ (permutation = constant). Probability = ﬁ.

Q g(z) = h(y)
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
@ c ~ d (constant = different constant). Probability = 0.

@ ¢(z) =~ c¢ (permutation = constant). Probability = ﬁ.

Q g(z) = h(y)
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
@ c ~ d (constant = different constant). Probability = 0.

@ ¢(z) =~ c¢ (permutation = constant). Probability = ﬁ.

Q g(z) = h(y) (permutation in x = permutation in y).
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.

@ c ~ d (constant = different constant). Probability = 0.
@ ¢(z) =~ c¢ (permutation = constant). Probability = ﬁ.
Q g(z) = h(y) (permutation in x = permutation in y). Probability = ﬁ
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
@ c ~ d (constant = different constant). Probability = 0.
(5] g(:];) ~ c (permutation = constant). Probability = ﬁ

g(z) = h(y) (permutation in x = permutation in y). Probability = ﬁ‘

g(x) = h(z)
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
@ c ~ d (constant = different constant). Probability = 0.
(5] g(:];) ~ c (permutation = constant). Probability = ﬁ

g(z) = h(y) (permutation in x = permutation in y). Probability = ﬁ‘

g(x) = h(z)
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
@ c ~ d (constant = different constant). Probability = 0.
(5] g(:];) ~ c (permutation = constant). Probability = ﬁ
g(z) = h(y) (permutation in x = permutation in y). Probability = ﬁ‘

g(z) ~ h(x) (permutation in z = permutation in z).
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
@ c ~ d (constant = different constant). Probability = 0.
(5] g(:];) ~ c (permutation = constant). Probability = ﬁ

g(z) = h(y) (permutation in x = permutation in y). Probability = ﬁ.
g(z) = h(x) (permutation in x = permutation in z). Probability = %
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
@ c ~ d (constant = different constant). Probability = 0.
@ ¢(z) =~ c¢ (permutation = constant). Probability = ﬁ.

=

Q g(z) = h(y) (permutation in x = permutation in y). Probability =

=

3

@ g(z) ~ h(x) (permutation in = permutation in z). Probability =

=

where m equals the number of fixed points of g~ h.
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
@ c ~ d (constant = different constant). Probability = 0.
@ ¢(z) =~ c¢ (permutation = constant). Probability = ﬁ.

=

Q g(z) = h(y) (permutation in x = permutation in y). Probability =

=

3

@ g(z) ~ h(x) (permutation in = permutation in z). Probability =

=

where m equals the number of fixed points of g~ h.

If A satisfies the Big Gap hypothesis, then the group must act on A in such a
way that every nonidentity group element has at most one fixed point.
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The equational probability spectrum of a finite GG-set

Assume that A is polynomially equivalent to a finite G-set. All identities
s = t have one of the forms

@ c =~ c(constant = same constant). Probability = 1.
@ c ~ d (constant = different constant). Probability = 0.
@ ¢(z) =~ c¢ (permutation = constant). Probability = ﬁ.

=

Q g(z) = h(y) (permutation in x = permutation in y). Probability =

=

3

@ g(z) ~ h(x) (permutation in = permutation in z). Probability =

=

where m equals the number of fixed points of g~ h.
If A satisfies the Big Gap hypothesis, then the group must act on A in such a
way that every nonidentity group element has at most one fixed point.
(Otherwise, in the 5th item |,IT| < ﬁ < 1)
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Assume that A is a finite algebra.
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A satisfies the Big Gap Condition

d6 Olmo Keith Kearn endrei Finite algebras with a big gap



First conclusion

Assume that A is a finite algebra.

A satisfies the Big Gap Condition

d6 Olmo Keith Kearn endrei Finite algebras with a big gap



First conclusion

Assume that A is a finite algebra.

A satisfies the Big Gap Condition

= A is an abelian minimal algebra where, in the G-set case,
each group element acts with at most one fixed point

Carles Cardé Olmo Keith Kearnes Agnes Szendrei Finite algebras with a big gap



First conclusion

Assume that A is a finite algebra.

A satisfies the Big Gap Condition

= A is an abelian minimal algebra where, in the G-set case,
each group element acts with at most one fixed point
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First conclusion

Assume that A is a finite algebra.

A satisfies the Big Gap Condition

= A is an abelian minimal algebra where, in the G-set case,
each group element acts with at most one fixed point

—> PSpec(A) is {ﬁ, 1} or {0, ﬁ, 1}
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First conclusion

Assume that A is a finite algebra.

A satisfies the Big Gap Condition

= A is an abelian minimal algebra where, in the G-set case,
each group element acts with at most one fixed point

I

PSpec(A) is {ﬁ, 1} or {0, ﬁ, 1}

!
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First conclusion

Assume that A is a finite algebra.

A satisfies the Big Gap Condition

= A is an abelian minimal algebra where, in the G-set case,
each group element acts with at most one fixed point

I

PSpec(A) is {ﬁ, 1} or {O, ﬁ, 1}

!

A satisfies the Big Gap Condition
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Theorem.
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Second conclusion

Theorem. The equational probability spectrum of A equals {ﬁ, 1}
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Second conclusion

Theorem. The equational probability spectrum of A equals {ﬁ, 1} (i.e., is

minimal)
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Second conclusion

Theorem. The equational probability spectrum of A equals {ﬁ, 1} (i.e., is

minimal) if and only if A is term equivalent to
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Second conclusion

Theorem. The equational probability spectrum of A equals {ﬁ, 1} (i.e., is

minimal) if and only if A is term equivalent to

@ a finite affine vector space,
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minimal) if and only if A is term equivalent to

@ a finite affine vector space,
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Second conclusion

Theorem. The equational probability spectrum of A equals {ﬁ, 1} (i.e., is

minimal) if and only if A is term equivalent to
@ a finite affine vector space,

@ a finite vector space
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Second conclusion

Theorem. The equational probability spectrum of A equals {ﬁ, 1} (i.e., is

minimal) if and only if A is term equivalent to
@ a finite affine vector space,

@ a finite vector space
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Second conclusion

Theorem. The equational probability spectrum of A equals {ﬁ, 1} (i.e., is

minimal) if and only if A is term equivalent to
@ a finite affine vector space,

@ a finite vector space (i.e., same as the previous case, but we add a
constant operation naming the origin, 0),
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Second conclusion

Theorem. The equational probability spectrum of A equals {ﬁ, 1} (i.e., is

minimal) if and only if A is term equivalent to
@ a finite affine vector space,

@ a finite vector space (i.e., same as the previous case, but we add a
constant operation naming the origin, 0),

@ a finite G-set of the form {0} LI B where {0} is a singleton orbit and B is
a semiregular G-set, or
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Second conclusion

Theorem. The equational probability spectrum of A equals {ﬁ, 1} (i.e., is

minimal) if and only if A is term equivalent to
@ a finite affine vector space,

@ a finite vector space (i.e., same as the previous case, but we add a
constant operation naming the origin, 0),

@ a finite G-set of the form {0} LI B where {0} is a singleton orbit and B is
a semiregular G-set, or

© same as previous case, but 0 is the image of a constant term.
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Additional comments

We found the following:

@ Post’s lattice shows that, if A is a 2-element algebra, then A has finite
equational probability spectrum iff A is abelian.
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Additional comments

We found the following:

@ Post’s lattice shows that, if A is a 2-element algebra, then A has finite
equational probability spectrum iff A is abelian.
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Additional comments

We found the following:

@ Post’s lattice shows that, if A is a 2-element algebra, then A has finite
equational probability spectrum iff A is abelian.

© We were able to show that if A is finite and generates an abelian variety of TCT
typeset {1} or of TCT typeset {2}, then PSpec(A ) must be finite.
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© We were able to show that if A is finite and generates an abelian variety of TCT
typeset {1} or of TCT typeset {2}, then PSpec(A ) must be finite.
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Additional comments

We found the following:

@ Post’s lattice shows that, if A is a 2-element algebra, then A has finite
equational probability spectrum iff A is abelian.

© We were able to show that if A is finite and generates an abelian variety of TCT
typeset {1} or of TCT typeset {2}, then PSpec(A ) must be finite.

© But, we did find a finite algebra A that generates an abelian variety of mixed
type,
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Additional comments

We found the following:

@ Post’s lattice shows that, if A is a 2-element algebra, then A has finite
equational probability spectrum iff A is abelian.

© We were able to show that if A is finite and generates an abelian variety of TCT
typeset {1} or of TCT typeset {2}, then PSpec(A ) must be finite.

© But, we did find a finite algebra A that generates an abelian variety of mixed
type,
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Additional comments

We found the following:

@ Post’s lattice shows that, if A is a 2-element algebra, then A has finite
equational probability spectrum iff A is abelian.

© We were able to show that if A is finite and generates an abelian variety of TCT
typeset {1} or of TCT typeset {2}, then PSpec(A ) must be finite.

© But, we did find a finite algebra A that generates an abelian variety of mixed
type, 1’s and 2’s,
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Additional comments

We found the following:

@ Post’s lattice shows that, if A is a 2-element algebra, then A has finite
equational probability spectrum iff A is abelian.

© We were able to show that if A is finite and generates an abelian variety of TCT
typeset {1} or of TCT typeset {2}, then PSpec(A ) must be finite.

© But, we did find a finite algebra A that generates an abelian variety of mixed
type, 1’s and 2’s, where PSpec(A) is infinite.
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Additional comments

We found the following:

@ Post’s lattice shows that, if A is a 2-element algebra, then A has finite
equational probability spectrum iff A is abelian.

© We were able to show that if A is finite and generates an abelian variety of TCT
typeset {1} or of TCT typeset {2}, then PSpec(A ) must be finite.

© But, we did find a finite algebra A that generates an abelian variety of mixed
type, 1’s and 2’s, where PSpec(A) is infinite. Our example is a 3-element
semigroup that is an inflation of a 2-element group.
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@ Post’s lattice shows that, if A is a 2-element algebra, then A has finite
equational probability spectrum iff A is abelian.

© We were able to show that if A is finite and generates an abelian variety of TCT
typeset {1} or of TCT typeset {2}, then PSpec(A ) must be finite.

© But, we did find a finite algebra A that generates an abelian variety of mixed
type, 1’s and 2’s, where PSpec(A) is infinite. Our example is a 3-element
semigroup that is an inflation of a 2-element group.

© We also found a nonabelian finite algebra A where PSpec(A) is finite.

© This shows that the abelian/nonabelian dichotomy does not agree with the
(finite spectrum)/(infinite spectrum) dichotomy (except for algebras of size 2).

@ In this (abelian algebra)/(finite spectrum) investigation, we computed the spectra
of a 2-element semilattice and a 2-element majority algebra. The semilattice has
spectrum that is an infinite, closed, nowhere dense subset of [0, 1]. The majority
algebra has spectrum that is the set of dyadic rationals in the interval [3,1].
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