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Half-homomorphism

m Let (L,*) and (L’,-) be two binary algebras. Amapf:L—L'isa
half-homomorphism if

fxxy) € {fix) - f(y). fly) - F)}

forevery x,y € L.

m We say that a half-homomorphism is proper if it is neither a homomorphism
nor an anti-homomorphism.
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Half-homomorphism

m In the year 1957, W.R. Scott proved that there is no proper
half-homomorphism between cancellation semi-groups.

m He also gave an example of a loop of order 8 that has a proper
half-automorphism, so Scott’s result can not be generalized for all loops.

11213145678
213816547
3171182456
4167121118135
511263784
6|5|4|7(8|1]|2|3
7T18]6|5(4]3]1)2
8145371261
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Loops

m A loop is a nonempty set L with a binary operation - such that, for every a
and b € L, the equations

a-x=bandy-a=0>b
have unique solution and, there exists 1 € L such that

1-x=x-1=x, forallx e L.

m Groups are, precisely, associative loops.
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Loops

m Consider the loop L’ given by the following Cayley Table:

11213|4|5|6
213141561
31115(6(4]2
415161123
516 |11]2]3|4
614123115

m L' is nonassociative 3-(3-3) =4and (3-3)-3 = 1.
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Properties of half-isomorphism between loops

m Letf: L — L' be a half-isomorphism and let H be a subloop of L. Then
i) f~1(H) is a subloop of L.
i) If His commutative, then f~!(H) is commutative and f~!(H) = H.
i) f(1,) = 1p.

iv) If every element of L’ has a two-sided inverse, then every element of L has a
two-sided inverse and x~! = f~1(f(x)~1).
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Properties of half-isomorphism between loops

m Letf: L — L' be a half-isomorphism and suppose that L" is power
associative. Then

i) f(x") =f(x)", for everyx € Land n € Z.
ii) Lis power associative.
i) If x € L has finite order, then o(x) = o(f(x))
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Special half-isomorphism

Definition

Let L, L' be loops. A half-isomorphism f: L — L' is called special if the inverse
mapping f~! : L’ — L is also a half-isomorphism.

Theorem

Letf: (L,x) — (L',-) be a half-isomorphism. The following are equivalent:
(i) fis special;

(i) {fxxy),fly*x)} = {f(x) - f(y), f(y) - f(x)}, for all x,y € L;
(iii) Forallx,y € L with x xy =y X, we have f(x  y) = f(x) - f(y).
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m Let L = C4 be the cyclic group of order 6 and L’ be the loop of the previous

example.
L=Cg L
112131456 1121314516
21314561 213141561
31415612 3115|642
4156|123 4156|123
5161234 5161111234
611]2|3]4]|5 6142315

m Themap f: L — L' defined by f(x) = x is a half-isomorphism which is not
special.
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The half-automorphism group

Proposition

Every half-automorphism of a finite loop is special.

Corollary

For a finite loop L, the set HAut(L) of all half-automorphisms of L is a group.
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Loops

m Aloop L is said to be

® a Moufang loop if (xy)(zx) = (x(yz))x, for every x,yand z € L;

(
a left Bol loop if (x(yx))z = x(y(xz)), for every x,y and z € L;

a right Bol loop if x((yz)y) = ((xy)z)y, for every x,y and z € L;
) < Aut(L).

® an automorphic loop if Inn(L
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When does Scott’s result hold?

m Moufang loops of odd order - Gagola and Giuliani (2012);

m Finite automorphic Moufang loops - Grichkov, Giuliani, Rasskazova and
Sabinina (2016);

m If Q is a Moufang loop such that Q/N(Q) is 2—divisible, then every
half-isomorphism from Q is either an isomorphism or anti-isomorphism -
Kinyon, Stuhl and Vojtéchovsky (2016);

m Automorphic loops of odd order - Giuliani and dos Anjos (2023).
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But...

m Conditions for the existence of proper half-automorphisms for certain
Moufang loops of even order, including Chein loops - Gagola and Giuliani
(2013);

m Half-automorphism group for a class of automorphic loops of even order -
Giuliani and dos Anjos (2020);

m Half-automorphism group for some Chein loops - dos Anjos (to appear)
m Half-automorphism group for some Bol loops - B. and dos Anjos (2022)

m Half-automorphism group of some code loops - B. and Miguel Pires (to
appear)
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Bol loops
m Aright Bol loop is a loop that satisfies the right Bol identity
x((yz)y) = ((xy)z)y,
and a left Bol loop is a loop that satisfies the left Bol identity

(x(yx))z = x(y(x2))-

m If L is a Bol loop and if it has an anti-automorphism, then L is a Moufang
loop.

m If p is a half-automorphism of a Bol loop L that is not Moufang, then ¢ is
either a proper half-automorphism or an automorphism of L.
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Construction of a class of Bol loops

Proposition (Foguel, Kinyon, Phillips)

Let G be a group, H < G, and B C G a right transversal of H in G. If B is a twisted
subgroup of G, then B with the operation

X-y =z, ifxy = hz, forsomeh € H, (1)

is a Bol loop. Conversely, if H is core-free and (B, -) is a Bol loop, then B is a
twisted subgroup of G.
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Construction of a class of Bol loops

m Let M be an abelian group. The generalized dihedral group of M can be
defined by D(M) = MUMr, where r ¢ M, r> = 1 and rxr = x !, for every x € M.

m We have that H =0 x 0 x {1, r} is a subgroup of order 2 of the direct product
G= ZQ X ZQ X D(M)

m The set
B=1{(0,0,x),(L,s.x)|x € M, L, € Zy, (I,5) # (0,0)}.

is a right transversal of H in G which contains (0,0, 1), the identity of G.
Also, B is a twisted subgroup of G.
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Construction of a class of Bol loops

m The set B={(0,0,x), (l,s,rx)|x € M, l,s € Zs, (l,s) # (0,0)} is a Bol loop
with the following operation

(OOX)(77y) - (OOXy
0,0,x)- (Ls,ry) = (Ls,rx7ty),
(Ls,rx)-(0,0,y) = (L;s,rxy),

(1,1,rx) - (1,1,ry) = (0,0,x71y),
(Ls,rx) - (u,v,ry) = (l+u,s+v,rxly).
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Construction of a class of Bol loops

m Let M be an abelian group. Define Ly = Zs x Zs x M and consider the
following operation on Ly:

_ (Ls.xy). itu=v=0,
(1,5,%) = (u,v,y) = { (l+u,s+ v,x‘ly), otherwise.
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The Bol loop

Let M be a finite abelian group with exponent greater than 2 and Ly = K x M,
where K = {1, a, b, c} is the Klein group. Then the set Ly with the operation

(Lx) = (Ly) = (1Lxy)
(Ax) * (Ly) = (Axy)
(LX) * (B7y) = (Bvxily)
(Ax) = (By) = (AB,x"y),

where A, B # 1, is a Bol loop which is not a Moufang loop.

On half-homomorphisms of some types of Loops Dylene Agda Souza de Barros Universidade Federal de Uberlandia 19 / 40



Proposition

If M is an elementary abelian 2-group, then (Ly, %) is also an elementary abelian
2-group. If M is not an elementary abelian 2-group, then (Ly, %) is a
nonassociative, noncommutative Bol loop, which is not Moufang.
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Half-automorphisms of the Bol loop Ly

m Recall that f: Ly — Ly is a half-automorphism of Ly if fis a bijection of Ly
and f(XY) € {f(X)f(Y),f(Y)f(X)}, for every Xand Y in Ly.

Proposition

Let (1,M) = {(1,x) € Lu;x € M} and let f be a half-automorphism of Ly. Then
f1, M) = (1, M).

Proposition

Let f be a half-autmorphism of Ly. For every x € M, consider f' (x) € M as
(1, (x)) = f(1,x). Then f' : M — M is an automorphism of M.
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Half-automorphisms of the Bol loop Ly

m Since the set (K, 1) is a subgroup of Ly isomorphic to K, f(K, 1) is a subloop
of Ly of order 4, and it is a group isomorphic to K.

mletHy={H<Ly; HEK|HN(1,M)| =1}.

Proposition

Let f be a half-automorphism of Ly. Then f(K,1) € Hp.
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Half-automorphisms of the Bol loop Ly

Proposition

Let H € Hy. There are three possibilities:

(i)H = (K1),

(i) H = {(1,1), (A, x), (B,x), (C,1)}, with {A,B,C} = {a,b, c} and o(x) = 2,
(iii) H = {(1,1), (A, X), (B,y), (C,xy)}, with {A,B,C} = {a,b,c} and x # y are
elements of order equal to 2.

In particular, if M has odd order, then Hy = {(K,1)}.
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Half-automorphisms of the Bol loop Ly

Corollary

Let f be a half-automorphism of Ly. Then there exist a unique f € Aut(K) and
X,y € M such that o(x),o(y) < 2 and

f(A,1) = (f(A), a(xy)(A)), for every A € K,

where ay ) (1) = 1, axy) (@) = X, axy) (D) = y and oy ) (c) = xy.

Remark

The mapping oy : K— M is a homomorphism and (1, a(y ) (A)) € Z(Lwm), for
every A € K.
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Half-automorphisms of the Bol loop Ly

m Every element (A, x) in Ly can be written as (A, 1)(1, x);

m There are f € Aut(K) and u,v € M such that f(A, 1) = (f(A), a(u,)(A)), where
o(u),o(v) <2. ForA#1,

f(A,x) = (A, 1)(1,%)) € {(f (A), DL F (), (1. () (F (), 1)},

and so

f(A, ) € {(F(A). ' (X)) (A), (F (A).F" (X~ ) axu,u (A))}-
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Half-automorphisms of the Bol loop Ly

Theniff € Aut(K) f' € Aut(M) and u,v € M are elements such that o(u),o(v) < 2,
we define Flo o, o Fio oy o Lm — L by

F—(’j—r’,f”,u,v)(A X (f fﬂ( ( )) and

- (FA).f' X)awuwn(A), if A=1,
Fi ) (A %) :{ (F(A), f”(X‘l)aEu V)(A)), otherwise.

. . . . . +
For making the notatl.on easier, we will write f(u7 and fu () instead of F(f, 1 uw)
and F(‘f, 1 ) respectively.
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Half-automorphisms of the Bol loop Ly

Proposition

ZL,V) is an automorphism and f(_u,v) is a proper half-automorphism of Ly.

Proposition

Let g be an automorphism of Ly. Then g = gav).

Proposition

Let g be a proper half-automorphism of Ly. Then g = 9wy
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Half-automorphism group of Ly

Proposition

Half(Ly) 2 Cy x Aut(Ly).
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Half-automorphism group of Ly

Proposition

Let A= {F{s ¢y 1) |f € Aut(K).f" € Aut(M)}. Then A = Aut(K) x Aut(M).
m In the case that |M| is odd, then there is no element of order 2 in M.

Theorem

Let Ly = K x M be the Bol loop where K is the Klein group and M is an abelian
group of odd order. Then

Aut(Ly) = Ss x Aut(M) and Half(Ly) = Co x S3 x Aut(M).
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Half-automorphism group of Ly when [M| is even

m Then M = C,;, x C,i, x ... x Cyig x My, where M; is an abelian group of odd
order,s > 1and i; > 1, for all j.

m The set H={x € M| o(x) < 2} is a subgroup of M of exponent 2 with |H| = 2°.

m Denote by Ix and Iy the identity mappings of K and M and consider

B= {F?;K:IM»XJ) |X,y € H}.
subgroup of Aut(Lp).

m Also, |[ANB| =1, and so, |[AB| = | A|.|B| = 225.|Aut(K)|.|Aut(M)|

On half-homomorphisms of some types of Loops Dylene Agda Souza de Barros Universidade Federal de Uberlandia 30 / 40



Half-automorphism group of Ly

Proposition

Let K be the Klein group, let M be an abelian group of even order and let
Ly = K x M be the associated Bol loop. Then Aut(Ly) = AB = B A.

Proposition

Using the notation above,
(@) B=H x H=C(C%,

(b) B<Aut(Ly) and

(c) Aut(Ly)/B = A.
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Half-automorphism group of Ly

m Aut(Ly) = A x B.

Theorem

Let M be a finite abelian group of even order and exponent greater than 2. Write
M = C,i, x Cyi, X ... x Cyis x My, where My is an abelian group of odd order, s > 1
and i; > 1, for all j. Then

Aut(Ly) = A x B and Half(Ly) = Cs x (A x B),

where A = S3 x Aut(M) and B = C3°.
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Example 1

m Let M = C3, the cyclic group of order 3. Then Ly is a nonassociative Bol loop
of order 12, which is recognized by the command “RightBolLoop(12,3)” in

the library of loops of the LOOPS package.

m Since Aut(M) = Cy, we have that
Aut(Ly) = Cy x Sg and Half(Ly) = C3 x S3

m Ly has 24 half-automorphisms, from which 12 are proper.
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Example 1

*I'1 2 3 4 5 6 7 8 9 10 1M 12
1T/1 2 3 4 5 6 7 8 9 10 11 12
212 1 4 3 6 5 8 10 M 9 12 7
313 5 6 2 4 1 10 9 12 1M 7 8
414 6 5 1 3 2 9 1M 7 12 8 10
5/]5 3 2 6 1 4 12 7 10 8 9 1N
6/ 6 4 1 5 2 3 M 12 8 7 10 9
7177 9 1M 8 122 10 1 5 4 6 3 2
88 10 12 7 1M1 9 2 1 6 5 4 3
999 7 8 1M 10 12 4 3 1 2 5 6
(1m0 8 7 12 9 M 3 2 5 1 6 4
m{m 12 10 9 8 7 6 4 2 3 1 5
212 1 9 10 7 8 5 6 3 4 2 1
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Example 1

m The automorphisms of Ly are the permutations:

lg, (7,9)(8,11)(10,12),  (2,8,11)(4,12,10)(5,9,7),
(2,9,11,5,8,7)(3,6)(4,12,10), (2,11)(4,10)(5,7),  (2,11,8)(4,10,12)(5,7,9),
(2,5)(3,6)(7,8)(9,11)(10,12), (2,5)(3,6)(7,11)(8,9), (2,7)(3,6)(4,10)(5,11)(8,9),
(2,7,8,5,11,9)(3,6)(4,10,12),  (2,8)(4,12)(5,9),  (2,9)(3,6)(4,12)(5,8)(7,11).
m The proper half-automorphisms of Ly are the permutations:
(2,5)(7,8)(9,11)(10,12), (2,5)(7,11)(8,9), (2,7)(4,10)(5,11)(8,9),
(2,7,8,5,11,9)(4,10,12), (2,9,11,5,8,7)(4,12,10), (2,9)(4, 12)(5,8)(7,11),
(3,6), (3,6)(7,9)(8,11)(10,12), (2,8,11)(3,6)(4,12,10)(5,9,7),
(2,8)(3,6)(4,12)(5,9),  (2,11)(3,6)(4,10)(5,7), (2,11,8)(3,6)(4,10,12)(5,7,9).
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Example 2

m Let M be the group C4 x Cs. This group is recognized by the command
“SmallGroup(8,2)” in GAP. The Bol loop Ly is nonassociative and has order
32.

m Since Aut(M) = Dg, the dihedral group of order 8, we have that
Aut(Ly) == (S3 x Ds) x C3 and Half(Ly) 2 Cs x ((S3 x Ds) x C3)

m Ly has 1536 half-automorphisms, from which 768 are proper.

On half-homomorphisms of some types of Loops Dylene Agda Souza de Barros Universidade Federal de Uberlandia 36 / 40



Obrigada pela atencao!
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