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Algebraic-topological structures

General situation

(S , ◦, . . . , T ): domain S with operations ◦, . . . and a topology T
such that the operations are continuous w.r.t. the topology
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Algebraic-topological structures

General situation

(S , ◦, . . . , T ): domain S with operations ◦, . . . and a topology T
such that the operations are continuous w.r.t. the topology

Example

A countable.

(AA, ◦, Tpw ), Tpw=pointwise topology, basic open: {s : s(x̄) = ȳ}
. . . topological semigroup

(Sym(A), ◦, .−1, Tpw ), subspace topology
. . . topological group

In fact: Polish topologies
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Reconstruction

Question

Can the topology be reconstructed from compatibility with the
operations?

Clemens Schindler End(Q,≤): Unique Polish Semigroup Topology 4 / 15



Reconstruction

Question

Can the topology be reconstructed from compatibility with the
operations?

Definition

(S , T ) Polish (semi-)group.
S has the Unique Polish Property (UPP)

:⇔ T is the unique Polish (semi-)group topology on S
⇔ ∀(H,O) Polish (semi-)group ∀φ : S → H isomorphism:

φ : (S , T ) → (H,O) homeomorphism

In the following: Aut(A), End(A) for model-theoretic structures A
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Unique Polish Property

Examples

Groups: Sym(A), Aut(random graph), Aut(Q,≤) = Aut(Q, <)

Semigroups: AA, End(random graph)
(even unique second countable Hausdorff)
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Unique Polish Property

Examples

Groups: Sym(A), Aut(random graph), Aut(Q,≤) = Aut(Q, <)

Semigroups: AA, End(random graph)
(even unique second countable Hausdorff)

Non-Examples

Groups: (R,+)

Semigroups: Inj(A), End(Q, <), Surj(A)
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Question

Question

Does End(Q,≤) have UPP?
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Question & Answer

Question

Does End(Q,≤) have UPP?

Theorem (Pinsker, CS 2023)

End(Q,≤) has UPP.
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Techniques

For AA, End(random graph), . . . :

1 Tpw coarser than any Polish semigroup topology

2 Tpw finer than any Polish semigroup topology
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Tpw coarsest Polish semigroup topology

Definition

S semigroup monoid.
Zariski topology on S . . . generated by non-solutions to equations:
{s ∈ S : pkspk−1s . . . sp0 ̸= qℓsqℓ−1s . . . sq0}, k , ℓ ≥ 1, pi , qj ∈ S

Fact

TZariski is coarser than any Hausdorff semigroup topology.

So: Tpw = TZariski ⇒✓
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Tpw coarsest Polish semigroup topology

Definition

S semigroup monoid.
Zariski topology on S . . . generated by non-solutions to equations:
{s ∈ S : pkspk−1s . . . sp0 ̸= qℓsqℓ−1s . . . sq0}, k , ℓ ≥ 1, pi , qj ∈ S

Fact

TZariski is coarser than any Hausdorff semigroup topology.

So: Tpw = TZariski ⇒✓
Examples

AA, End(random graph), End(Q,≤), End(compl. k-partite graph).

(Pinsker, CS 2023: Sufficient conditions for End(A) in terms of A)
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Tpw finest Polish semigroup topology

Definition

(S , T ) topological semigroup, K class of top. semigroups.
(S , T ) has automatic continuity (AC) w.r.t. K

:⇔ ∀(H,O) ∈ K ∀φ : S → H homomorphism:
φ : (S , T ) → (H,O) continuous

(S , Tpw ) AC w.r.t. Polish semigroups ⇒✓
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Tpw finest Polish semigroup topology

Definition

(S , T ) topological (semi-)group, K class of top. (semi-)groups.
(S , T ) has automatic continuity (AC) w.r.t. K

:⇔ ∀(H,O) ∈ K ∀φ : S → H homomorphism:
φ : (S , T ) → (H,O) continuous

(S , Tpw ) AC w.r.t. Polish semigroups ⇒✓
Method for S = End(. . . ): Lifting from subset, often Aut(. . . )
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Situation for End(Q,≤)

Great:

Theorem (Rosendal, Solecki 2007)

(Aut(Q,≤), Tpw ) has AC w.r.t. the class of second countable
topological groups.
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Situation for End(Q,≤)

Great:

Theorem (Rosendal, Solecki 2007 + Elliott, Jonušas, Mesyan,
Mitchell, Morayne, Péresse 2019)

(Aut(Q,≤), Tpw ) has AC w.r.t. the class of second countable
topological semigroups.
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Situation for End(Q,≤)

Great:

Theorem (Rosendal, Solecki 2007 + Elliott, Jonušas, Mesyan,
Mitchell, Morayne, Péresse 2019)

(Aut(Q,≤), Tpw ) has AC w.r.t. the class of second countable
topological semigroups.

Not great:

Proposition

(End(Q,≤), Tpw ) does not have AC w.r.t. the class of Polish
topological semigroups.

Clemens Schindler End(Q,≤): Unique Polish Semigroup Topology 10 / 15



Solution

Find rich topology Trich such that:

Proposition 1

(End(Q,≤), Trich) has AC w.r.t. the class of second countable
topological semigroups.

(⇒ Trich finer than any Polish semigroup topology)

Proposition 2

∀T Polish semigroup topology on End(Q,≤) :
Tpw ⊆ T ⊆ Trich ⇒ T = Tpw
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Main instrument

Definition

S semigroup, T topology on S , D ⊆ S , TD topology on D.
(S , T ) has (strong) Property X w.r.t. (D, TD)

:⇔ ∃f , g ∈ S ∀s ∈ S ∃as ∈ D :
s = fasg ∧ ∀V ∋ as TD -open ∃U ∋ s T -open: U ⊆ fVg .
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Main instrument

Definition

S semigroup, T topology on S , D ⊆ S , TD topology on D.
(S , T ) has (strong) Property X w.r.t. (D, TD)

:⇔ ∃f , g ∈ S ∀s ∈ S ∃as ∈ D :
s = fasg ∧ ∀V ∋ as TD -open ∃U ∋ s T -open: U ⊆ fVg .

Proposition
(Elliott, Jonušas, Mesyan, Mitchell, Morayne, Péresse 2019)

(S , T ) has Property X w.r.t. (D, TD) and (D, TD) has AC w.r.t. K.
⇒ (S , T ) has AC w.r.t. K.

Application: AA, End(random graph), . . .
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Main instrument, continued

Definition

S semigroup, T topology on S , D ⊆ S , TD topology on D.
(S , T ) has (strong) Property X w.r.t. (D, TD)

:⇔ ∃f , g ∈ S ∀s ∈ S ∃as ∈ D :
s = fasg ∧ ∀V ∋ as TD -open ∃U ∋ s T -open: U ⊆ fVg .
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Main instrument, continued

Definition

S semigroup, T topology on S , D ⊆ S , TD topology on D.
(S , T ) has Property X w.r.t. (D, TD)

:⇔ ∀s ∈ S ∃fs , gs ∈ S ∃as ∈ D :
s = fsasgs ∧ ∀V ∋ as TD -open ∃U ∋ s T -open: U ⊆ fsVgs .
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Main instrument, continued

Definition

S semigroup, T topology on S , D ⊆ S , TD topology on D.
(S , T ) has Property X w.r.t. (D, TD)

:⇔ ∀s ∈ S ∃fs , gs ∈ S ∃as ∈ D :
s = fsasgs ∧ ∀V ∋ as TD -open ∃U ∋ s T -open: U ⊆ fsVgs .

Definition

S monoid, T topology on S , D ⊆ S , TD topology on D.
(S , T ) has Pseudo-Property X w.r.t. (D, TD)

:⇔ ∀s ∈ S ∃es , fs , gs , hs ∈ S ∃as , bs ∈ D :
es left-invertible ∧ ess = fsashsbsgs ∧
∀V ∋ as ,W ∋ bs TD-open ∃U ∋ s T -open: esU ⊆ fsVhsWgs .
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Main instrument, continued

Definition

S monoid, T topology on S , D ⊆ S , TD topology on D.
(S , T ) has Pseudo-Property X w.r.t. (D, TD)

:⇔ ∀s ∈ S ∃es , fs , gs , hs ∈ S ∃as , bs ∈ D :
es left-invertible ∧ ess = fsashsbsgs ∧
∀V ∋ as ,W ∋ bs TD-open ∃U ∋ s T -open: esU ⊆ fsVhsWgs .

Proposition 1

(End(Q,≤), Trich) has Pseudo-Property X w.r.t. (Aut(Q,≤), Tpw ).
Hence, (End(Q,≤), Trich) has AC w.r.t. the class of second
countable topological semigroups.
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Thank you!
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