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(Right-)preordered groups

A preordered group is a group G equipped with a preorder relation

(i.e. a re�exive and transitive relation) ≤ such that the group

operation is monotone:

∀ a, b, c , d ∈ G , a ≤ c, b ≤ d ⇒ a+ b ≤ c + d .

A right-preordered group is a group G equipped with a preorder ≤
which is compatible with the group operation only on the right:

∀ a, b, c ∈ G , a ≤ c , ⇒ a+ b ≤ c + b.

We denote by OrdGrp (resp. by ROrdGrp) the category of

preordered (resp. right-preordered) groups and monotone

homomorphisms.
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The positive cone

The preorder relation of a (right-)preordered group is completely

determined by the positive cone of G :

PG = { a ∈ G | a ≥ 0 }.

Indeed, for any a, b ∈ G , b ≤ a if and only if a− b ∈ PG .

Proposition

The compatible right-preorders on a group G are in bijective

correspondence with the submonoids of G .

The compatible preorders on a group G are in bijective

correspondence with the submonoids of G that are closed under

conjugation.
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The positive cone

A group homomorphism f : G → H between (right-)preordered

groups is monotone if and only if f (PG ) ⊆ PH .

Hence ROrdGrp is isomorphic to the category whose objects are

pairs (G ,M) with G group and M submonoid of G and whose

morphisms are the group homomorphisms that restrict to the

submonoids. Similarly for OrdGrp.

The functors

P : OrdGrp → Moncan, PR : ROrdGrp → Moncan

associating with a (right-)preordered group its positive cone have

left adjoints. The left adjoint to PR sends a monoid M to

(Gp(M),M), where Gp(M) is the group completion of M. The left

adjoint to P sends a monoid M to (Gp(M),M), where M is the

closure of M under conjugation.
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Forgetful functors

OrdGrp
(topological) U1

{{

U2 (monadic)

##
Grp

(monadic) | | $$

Ord

| | (topological)zz
Set

ROrdGrp
(topological) U1

zz

U2 (monadic)
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Grp

(monadic) | | $$

Ord

| | (topological)zz
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Forgetful functors

Given a functor F : C → D, an F -structured source is an object

D ∈ D together with a family of arrows (fi : D → F (Ci ))i∈I . The
functor F is topological if every F -structured source (D, (fi )i∈I ) has
a unique F -initial lifting, i.e. a unique object C ∈ C, with arrows

gi : C → Ci , such that F (C ) = D and F (gi ) = fi .

U1 from OrdGrp is a topological functor: let (fi : G → Xi )i∈I be a

family of group homomorphisms, with Xi , i ∈ I , preordered groups.

Then PG = {y ∈ G | fi (y) ∈ PXi
for every i ∈ I} is a submonoid of

G closed under conjugation, and this de�nes the U1-initial lifting

for (fi ). Consequence: OrdGrp is complete and cocomplete.

Similarly for ROrdGrp.
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Forgetful functors

U1 : OrdGrp → Grp has both a left and a right adjoint.

The former

one equips a group X with the discrete order, so that PX = {0},
while the latter one equips a group with the total preorder (so that

PX = X ). Same for ROrdGrp.

U2 : OrdGrp → Ord has a left adjoint. It sends a preorder A to the

free group F(A) on the set A, equipped with the preorder

determined by the submonoid of F(A) obtained by closing under

addition and conjugation the set of the elements of the form b − a
for all a, b ∈ A such that a ≤ b. Similarly for ROrdGrp.

Hence both U1 : OrdGrp → Grp and U2 : OrdGrp → Ord preserve

limits. This gives us a complete description of limits in OrdGrp:

algebraically they are formed like in Grp, and then equipped with

the limit preorder. Same for ROrdGrp.
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Colimits

Colimits are preserved by U1 : OrdGrp → Grp (but not by U2),

so

they are formed like in Grp and equipped with the suitable preorder.

Coequalizers: given a pair of morphisms f , g : X → Y , let

q : U1(Y ) → Q be the coequalizer in Grp of U1(f ),U1(g). Putting
PQ = q(PY ), we get that (Q,PQ) a preordered group, and

q : Y → (Q,PQ) is a morphism in OrdGrp.

Coproducts: given two preordered groups X and Y , its coproduct is

the free product of U1(X ) and U1(Y ) in Grp equipped with the

positive cone obtained as the closure, under addition and

conjugation, of the disjoint union of PX and PY . In�nite

coproducts are obtained similarly.

The situation for ROrdGrp is similar.
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Monomorphisms and epimorphisms

Both in OrdGrp and in ROrdGrp, given a morphism

f : (X ,PX ) → (Y ,PY ):

1 f is an epimorphism if and only if f is surjective; epimorphisms

are stable under pullback;

2 f is a regular epimorphism (i.e. a coequalizer of a parallel pair

of morphisms) if and only if both f and P(f ) are surjective,

and regular epimorphisms are stable under pullback;

3 f is a monomorphism if and only if f is injective;

4 f is a regular monomorphism (i.e. an equalizer of a parallel pair

of morphisms) if and only if f is injective and PX = f −1(PY ).
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Factorization systems

Both in OrdGrp and in ROrdGrp we have two stable factorization

systems: (Epi, Reg Mono) and (Reg Epi, Mono);

(X ,PX )
f //

e
((

(Y ,PY ),

(f (X ),PY ∩ f (X ))

m

66

(X ,PX )
f //

e
''

(Y ,PY ),

(f (X ), f (PX ))

m

77
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Regularity and Barr-exactness

Hence OrdGrp and ROrdGrp are regular categories.

Moreover, they

are normal: every regular epimorphism is a cokernel. For every

regular epimorphism f : X → Y in OrdGrp, U1(f ) is a regular

epimorphism in Grp, hence a cokernel in Grp. By the description of

colimits in OrdGrp, one concludes that f is a cokernel in OrdGrp.

Similarly for ROrdGrp.

OrdGrp and ROrdGrp are not Barr-exact. Indeed, consider the

following equivalence relation:

Z× Z
p1 //

p2
// Z,⟨1,1⟩oo

where Z is equipped with the usual order and the positive cone of

Z× Z is

P = {(x , x) | x ≥ 0}.

This equivalence relation is not e�ective.
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Quasivarieties

De�nition

An object P in a category C is regular projective if the functor

C(P,−) preserves regular epimorphisms.

P is a regular generator if,

for any set S , the S-indexed copower S · P of P exists and, for any

object X of C, the canonical morphism C(P,X ) · P → X is a

regular epimorphism.

Theorem (Pedicchio-Vitale)

A category is a quasivariety if and only if it is regular, it has a

regular projective, regular generator, and it has coequalizers of

equivalence relations.

Proposition

Both OrdGrp and ROrdGrp are quasivarieties.

Proof: the coproduct of (Z, 0) and (Z,N) is a regular projective,

regular generator.
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Unital categories

De�nition (Bourn)

A pointed, �nitely complete category is unital if, for every pair of

objects X ,Y , the canonical morphisms ⟨1, 0⟩ : X → X × Y and

⟨0, 1⟩ : Y → X × Y are jointly extremally epimorphic.

This means that, for every commutative diagram

X
⟨1,0⟩ //

f ##

X × Y Y ,
⟨0,1⟩oo

g
{{

Z

m

OO

where m is a monomorphism, m is an isomorphism.
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Unital categories

A variety of universal algebras is a unital category if and only if it is

a Jónsson-Tarski variety,

i.e. it has a unique constant 0 and a

binary operation + satisfying the axiom

x + 0 = 0+ x = x .

Proposition

OrdGrp and ROrdGrp are unital categories.

Proof: in the commutative diagram

X
⟨1,0⟩ //

f ##

X × Y Y ,
⟨0,1⟩oo

g
{{

Z

m

OO

where m is a monomorphism, m is a group isomorphism. Its inverse

is given by t(x , y) = f (x) + g(y), and it is monotone.



Unital categories

A variety of universal algebras is a unital category if and only if it is

a Jónsson-Tarski variety, i.e. it has a unique constant 0 and a

binary operation + satisfying the axiom

x + 0 = 0+ x = x .

Proposition

OrdGrp and ROrdGrp are unital categories.

Proof: in the commutative diagram

X
⟨1,0⟩ //

f ##

X × Y Y ,
⟨0,1⟩oo

g
{{

Z

m

OO

where m is a monomorphism, m is a group isomorphism. Its inverse

is given by t(x , y) = f (x) + g(y), and it is monotone.



Unital categories

A variety of universal algebras is a unital category if and only if it is

a Jónsson-Tarski variety, i.e. it has a unique constant 0 and a

binary operation + satisfying the axiom

x + 0 = 0+ x = x .

Proposition

OrdGrp and ROrdGrp are unital categories.

Proof: in the commutative diagram

X
⟨1,0⟩ //

f ##

X × Y Y ,
⟨0,1⟩oo

g
{{

Z

m

OO

where m is a monomorphism, m is a group isomorphism. Its inverse

is given by t(x , y) = f (x) + g(y), and it is monotone.



Unital categories

A variety of universal algebras is a unital category if and only if it is

a Jónsson-Tarski variety, i.e. it has a unique constant 0 and a

binary operation + satisfying the axiom

x + 0 = 0+ x = x .

Proposition

OrdGrp and ROrdGrp are unital categories.

Proof: in the commutative diagram

X
⟨1,0⟩ //

f ##

X × Y Y ,
⟨0,1⟩oo

g
{{

Z

m

OO

where m is a monomorphism,

m is a group isomorphism. Its inverse

is given by t(x , y) = f (x) + g(y), and it is monotone.



Unital categories

A variety of universal algebras is a unital category if and only if it is

a Jónsson-Tarski variety, i.e. it has a unique constant 0 and a

binary operation + satisfying the axiom

x + 0 = 0+ x = x .

Proposition

OrdGrp and ROrdGrp are unital categories.

Proof: in the commutative diagram

X
⟨1,0⟩ //

f ##

X × Y Y ,
⟨0,1⟩oo

g
{{

Z

m

OO

where m is a monomorphism, m is a group isomorphism. Its inverse

is given by t(x , y) = f (x) + g(y),

and it is monotone.



Unital categories

A variety of universal algebras is a unital category if and only if it is

a Jónsson-Tarski variety, i.e. it has a unique constant 0 and a

binary operation + satisfying the axiom

x + 0 = 0+ x = x .

Proposition

OrdGrp and ROrdGrp are unital categories.

Proof: in the commutative diagram

X
⟨1,0⟩ //

f ##

X × Y Y ,
⟨0,1⟩oo

g
{{

Z

m

OO

where m is a monomorphism, m is a group isomorphism. Its inverse

is given by t(x , y) = f (x) + g(y), and it is monotone.



Jointly extremally epimorphic families

In ROrdGrp a family of morphisms (fi : Xi → X )i∈I is jointly
extremally epimorphic if and only if

1 (fi : Xi → X )i∈I is jointly extremally epimorphic in Grp;

2 (fi : PXi
→ PX )i∈I is jointly extremally epimorphic in Mon.

In OrdGrp the two conditions are su�cient, but not necessary. The

coproduct inclusions

Z ι1 // Z+ Z Z.ι2oo

are jointly extremally epimorphic in OrdGrp, but their restrictions to

the positive cones are not jointly extremally epimorphic in Mon,

since the supremum of ι1(N) and ι2(N) is N+ N, which is not the

positive cone of Z+ Z, because N+ N is not closed under

conjugation in Z+ Z.
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Commutative and abelian objects

An object A in a unital category is commutative if there exists a

morphism φ : A× A → A making the following diagram

commutative:

A
⟨1,0⟩ // A× A

φ

��

A
⟨0,1⟩oo

A.

In a Jónsson-Tarski-variety, the morphism φ is necessarily the

binary operation +:

φ(a, b) = φ((a, 0) + (0, b)) = φ(a, 0) + φ(0, b) = a+ b

so an object is commutative if and only if the operation + is a

morphism. The same holds in OrdGrp and in ROrdGrp.
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Commutative and abelian objects

Proposition

The full subcategory of commutative objects in both OrdGrp and

ROrdGrp is OrdAb.

Commutative objects are precisely internal commutative monoids.

An object A in a unital category is abelian if it has an internal

abelian group structure. In OrdGrp and in ROrdGrp this means

that the inversion map − is monotone, forcing the preorder to be

symmetric. Hence:

Proposition

The full subcategory of abelian objects in both OrdGrp and

ROrdGrp is the category of monomorphisms of abelian groups.
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ROrdGrp is the category of monomorphisms of abelian groups.
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The split short �ve lemma

In OrdGrp and in ROrdGrp the split short �ve lemma does not

hold.

Equipping Z× Z with the product preorder:

(x , y) ≤ (x ′, y ′) ⇔ x ≤ x ′ and y ≤ y ′,

and the (reverse) lexicographical preorder:

(x , y) ≤ (x ′, y ′) ⇔ y < y ′ or y = y ′, x ≤ x ′,

we obtain a morphism of split extensions in OrdGrp and in

ROrdGrp:

Z
⟨1,0⟩ // Z×p Z

1Z×Z
��

π2
// Z

⟨0,1⟩oo

Z
⟨1,0⟩ // Z×l Z π2

// Z
⟨0,1⟩oo

whose middle component is not an isomorphism, because its inverse

is not monotone.
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Protomodular categories

De�nition

A point (i.e. a split epimorphism with a �xed section) A
f
// B

soo

with kernel k : X → A in a pointed �nitely complete category C is

strong if k and s are jointly extremally epimorphic.

It is stably

strong if every pullback of it along any morphism g : C → B is

strong.

De�nition (Bourn)

A pointed, �nitely complete category C is protomodular if every

point in C is (stably) strong.

This happens if and only if the split short �ve lemma holds in C.
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Mal'tsev categories

A �nitely complete category C is a Mal'tsev category if every

internal re�exive relation is an equivalence relation.

Proposition (Bourn)

C is a Mal'tsev category if and only if, for every pullback of split

epimorphisms as in the following diagram

A×Y C

πA

��

πC

// C

g

��

⟨sg ,1C ⟩oo

A

⟨1A,tf ⟩

OO

f
// Y ,

soo

t

OO

the morphisms ⟨1A, tf ⟩ and ⟨sg , 1C ⟩ are jointly extremally

epimorphic.
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Mal'tsev and protomodular objects

De�nition (M.-Rodelo-Van der Linden)

An object Y of a pointed �nitely complete category C is

(1) strongly unital if the point Y × Y
π2
// Y

⟨1,1⟩oo is stably strong;

(2) a Mal'tsev object if, for every pullback of split epimorphisms
over Y as in the following diagram

A×Y C

πA

��

πC

// C

g

��

⟨sg ,1C ⟩oo

A

⟨1A,tf ⟩

OO

f
// Y ,

soo

t

OO

the morphisms ⟨1A, tf ⟩ and ⟨sg , 1C ⟩ are jointly extremally

epimorphic;

(3) a protomodular object if every point over Y is stably strong.
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Mal'tsev and protomodular objects

In the category Mon of monoids, the Mal'tsev and the

protomodular objects are precisely the group.

There are strongly

unital objects that are not group. An example is the bicyclic

monoid, i.e. the monoid generated by two elements x , y with the

relation xy = 1. However:

Proposition

Every cancellative, strongly unital monoid is a group.
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Mal'tsev and protomodular objects

Theorem

Both in OrdGrp and in ROrdGrp, the following conditions are

equivalent:

1 Y is a protomodular object;

2 Y is a Mal'tsev object;

3 Y is a strongly unital object;

4 PY is a group;

5 the preorder relation on Y is an equivalence relation.


