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Abstract

Gelfand-Graev characters and their degenerate counterparts have an important role in
the representation theory of finite groups of Lie type. Using a characteristic map to translate
the character theory of the finite unitary groups into the language of symmetric functions, we
study degenerate Gelfand-Graev characters of the finite unitary group from a combinatorial
point of view. In particular, we give the values of Gelfand-Graev characters at arbitrary
elements, recover the decomposition multiplicities of degenerate Gelfand-Graev characters
in terms of tableau combinatorics, and conclude with some multiplicity consequences.

1 Introduction

Gelfand-Graev modules have played an important role in the representation theory of finite
groups of Lie type [4, 7, 20]. In particular, if G is a finite group of Lie type, then Gelfand-
Graev modules of G both contain cuspidal representations of G as submodules, and have a
multiplicity free decomposition into irreducible G-modules. Thus, Gelfand-Graev modules can
give constructions for cuspidal G-modules. This paper uses a combinatorial correspondence
between characters and symmetric functions (as described in [21]) to examine the Gelfand-Graev
character and its degenerate relatives for the finite unitary group.

Let B< be a maximal unipotent subgroup of a finite group of Lie type G. Then the Gelfand-
Graev character I' of G is the character obtained by inducing a generic linear character from
B< to G. The degenerate Gelfand-Graev characters of G are obtained by inducing arbitrary lin-
ear characters. In the case GL(n,F,), Zelevinsky [24] described the multiplicities of irreducible
characters in degenerate Gelfand-Graev characters by counting multi-tableaux of specified shape
and weight, and obtained the result that every irreducible appears with multiplicity one in some
degenerate Gelfand-Graev character. It is known that this multiplicity one result is not true in
a general finite group of Lie type, and in fact there are characters which do not appear in any
degenerate Gelfand-Graev character in general. This follows, for example, by work of Kotlar
[11] which gives a geometric description of the irreducible characters appear in some degenerate
Gelfand-Graev character in general type. In the finite unitary case, we give a combinatorial de-
scription of which irreducible characters appear in some degenerate Gelfand-Graev character, as
well as a combinatorial description of a large family of characters which appear with multiplicity
one.

Section 2 reviews the necessary combinatorics and results from [21]. Section 3 examines the
Gelfand-Graev character, and uses a remarkable formula for the character values of the Gelfand-
Graev character of GL(n,F,) (for an elementary proof see [9]) to obtain the corresponding
formula for U(n,F2). The following is the main result of this section.
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I. (Corollary 3.1) If I'(,,y is the Gelfand-Graev character of U(n,F,2), and g € U(n,Fg2), then

Ly (9) = {(—1)““2“(5)(& —(=1))---(g—1) i g is unipotent, block type (1, pi ., o),
() 0 otherwise.

Section 4 computes the decomposition of degenerate Gelfand-Graev characters in a fashion
analogous to [24], with the main result as follows.

II. (Theorem 4.3) The degenerate Gelfand-Graev character I'(x,) decomposes as
L) = Z max™,
A

where A is a multi-partition and m) is a nonnegative integer obtained by counting “battery
tableaux” of a given weight and shape.

In the process of proving Theorem 4.3, we obtain some combinatorial Pieri-type formulas
(Lemma 4.2) and decompositions of induced characters from GL(n,F2) to U(2n,F2) (The-
orem 4.1 and Theorem 4.2).

Section 5 concludes with a discussion of the multiplicity implications of Section 4. In par-
ticular, we improve a multiplicity one result by Ohmori [17].

ITI. (Theorem 5.2) We give combinatorial conditions on multipartitions A that guarantee that
the irreducible character y» appears with multiplicity one in some degenerate Gelfand-Graev
character.

Another question one might ask is how the generalized Gelfand-Graev representations of the
finite unitary group decompose. Generalized Gelfand-Graev representations, which were defined
by Kawanaka in [10], are obtained by inducing certain irreducible representations (not necessarily
one dimensional) from a unipotent subgroup. Rainbolt studies the generalized Gelfand-Graev
representations of U(3,F2) in [18], but in the general case they seem to be significantly more
complicated than the degenerate Gelfand-Graev representations.

Acknowledgements. We would like to thank G. Malle for suggesting the questions that led
to the results in Section 5, S. Assaf for a helpful discussion regarding Section 5.1, and T. Lam
helping us connect Lemma 4.2 to the literature.

2 Preliminaries

2.1 Partitions

Let
P = U P, where P,, = {partitions of n}.
n>0
For v = (v1,v9,...,1) € Py, the length ¢(v) of v is the number of parts [, and the size |v| of v
is the sum of the parts n. Let v/ denote the conjugate of the partition v. We also write

v=(1mWgmz) .y, where mi(v) = {j € Z>1 | v; =i}
Define n(v) to be

n(v) = Z(z — Dy;.
i
If u,v € P, we define pUv € P to be the partition of size |u|+ |v| whose set of parts is the union
of the parts of p and v. For k € Z>1, let kv = (kvy, ke, . ..), and if every part of v is divisible
by k, then we let v/k = (v1/k,v2/k,...). A partition v is even if v; is even for 1 <1i < {(v).



2.2 The ring of symmetric functions

Let X = {X1,X2,...} be an infinite set of variables and let
AX) = Clp1(X),p2(X),.. ], where  pp(X) = XJ + X5+,

be the graded C-algebra of symmetric functions in the variables { X1, Xs,...}. Forv = (v1,19,...,14) €
P, the power-sum symmetric function p,(X) is

Pu(X) = Py (X)Puy (X) -+ - Py (X).

The irreducible characters w* of S, are indexed by A € P,,. Let w*(v) be the value of w* on
a permutation with cycle type v.
The Schur function sy(X) is given by

sx(X) = Z W)z, 1, (X), where zV:Himimi! (2.1)
vEP|y| i>1

is the order of the centralizer in S;, of the conjugacy class corresponding to v = (1"2™2...) € P.
Fix t € C*. For pu € P, the Hall-Littlewood symmetric function P,(X;t) is given by

sx(X) = Z Ku(t)Pu(X5 1), (2.2)
HEP|A|

where K, (t) is the Kostka-Foulkes polynomial (as in [16, IIL.6]). For v,u € P,, the classical
Green function Qi (t) is given by

po(X) = Y QLWL (X;t). (2.3)

HEP|y|
As a graded ring,

A(X) = C-span{p,(X) | veP)
= C-span{s)(X) | X € P}
= C-span{P,(X;t) | p€ P},

with change of bases given in (2.1), (2.2), and (2.3).
We will also use several products formulas in the ring of symmetric functions. The usual

product on Schur functions
Sy8, = Z ci‘usA (2.4)

AeP

gives us the Littlewood-Richardson coefficients c,’/\u. The plethysm of p, with py is
Pv © Pk = Pkv-
Thus, we can consider the nonnegative integers CX given by
wA(v)
S\ O Pk = Z Phy = Z C\Sy- (2.5)

Ry
I/E'P‘M ’yE'Pk‘M




Chen, Garsia, and Remmel [2] give a combinatorial algorithm for computing the coefficients c].
We will use the case k = 2 in Section 4.4.

Remark. The unipotent characters XX of GL(n,F ) are indexed by partitions X of n and the
unipotent characters x7 of U(2n,F ) are indexed by partitions v of 2n. It will follow from
Theorem 4.2 that

U(2n,IF 2) 5\
R0 = Y v
Iy1=2[Al

where Rg is Harish-Chandra induction.

2.3 The finite unitary groups

Let G,, = GL(n, I_Fq) be the general linear group with entries in the algebraic closure of the finite
field F, with g elements. ) ) )
For the Frobenius automorphisms F, F, F’ : G,, — G, given by
F((aij) = (af;)
F((ai)) = (ad)™, (2.6)
F'((aij) = (a}_;

9

n—i)_17 where (a,-j) c Gn,

)

let

Gn=GF ={a€G, | Fla)=al,
U,=Gl'={aeG, | Fla)=a}, (2.7)
U =G ={aeG, | Fl(a)=a}.

Then G, = GL(n,F,) and U, = U, are isomorphic to the finite unitary group U(n,Fg). In

fact, if follows from the Lang-Steinberg theorem that U}, and U, are conjugate subgroups of G,,.
For k € ZZO, let

_ =k F, if k is even,

Ty = GI" > X d Ty =G"={
(k) 1 o an (k) 1 { {teF, | t't1 =1} if kis odd.

For every partition n = (n1,m2,...,1¢) € Py, let

Ty = Ty X gy X - X Ty,
n

= L) X T(?h) Koo X T(m)'

Every maximal torus of G,, is isomorphic to T, y for some 1 € P,, and every maximal torus of
Uy, is isomorphic to T;, for some 7 € P,.

2.4 Multipartitions

Let F : G, — G, be as in (2.6), and let F = {¢ : F — C*} be the group of multiplicative
complex-valued characters of F. Consider

® = {F-orbits of F} and © = {F-orbits of F}.



For X € {®,0}, an X-partition X = ()\(9“), A@2) .) is a sequence of partitions indexed by

X. The size of A is
Al= D f=lIA),
reX
where |z| is the size of the orbit .
Let
PY = U P, where P:¥ = {X-partitions of size n}.
n>0
For A € P¥, let
(A =D AWy and  n(A) = |zln(A®).
zeX zeX
The conjugate of X € P¥ is the X-partition X’ defined by X'®) = (A(x))’, and if pu, A € PY, then
pUX e PY s defined by (U X))@ = p® U A@),
The semisimple part As of an X-partition A is the X-partition given by
A@) = M@l forx e X. (2.8)
For A € PY, define the set P by
Pr={neP¥ | u =X}
The unipotent part A, of A is the X-partition given by
AW has parts {|:E|A£m) | reX,i=1,...,4(A(z))}, (2.9)

where {1} is the orbit containing 1 in ® or the trivial character in ©, and A = 0 when z # {1}.

Note that we can think of “normal” partitions as X-partitions A that satisfy A, = AX. By a
slight abuse of notation, we will sometimes interchange the mulipartition A, and the partition
)\Q(L{l}). For example, T}, will denote the torus corresponding to the partition )\78{1}).

Given the torus T3, n = (11,72, -..,7m¢) € Pp, there is a natural surjection

To: {0=696,9 -6 e Hom(T,,C*)} — {vreP® | v =y

2.10
=000, R0, — To(0), (2.10)

where

76(0)?) = (i, /1l min /1], - - s /1)), where 01, 0is,...,0;. € .

It follows from a short calculation that if v € P has support {1, o, ..., @}, then the preimage
7o' (v) has size

r 1
[Tel ™ T ( il ) )
e Mo | (D), 0 (V1£2)), ey, (0 (20))

i>1
({1}
(¥) (mz(l/u ))'
= I ™™ (2.11)
@1}9 zl;Il Hsoe@(mi/\so\(’/(w)))!

The conjugacy classes K* of U,, are parameterized by p € P2, a fact on which we elaborate
in Section 2.5. We have another natural surjection,

To: T, — rer?® | MW=

2.12
t=(t1,t2,...,tg) = To(t1) UTa(t2)U---UTa(ly), (2:12)

where
To(t;) = ', if t; € K* in U,,.



2.5 The characteristic map

For every f € @, let X() = {Xff),Xz(f)7 ...} be an infinite set of variables, and for every ¢ € ©,

let Y(®) = {Y1(¢),Y2(“0), ...} be an infinite set of characters. We relate symmetric functions in
the variables X (/) to those in the variables Y (¥) through the transform

pe(Y ) = (=DM N e @)ppipy i (XYH)),  where £ € ¢, z € fo

2€Tk||

The ring of symmetric functions A is

A= ®A(X(f)) — ® A(Y ).

fed p€EO

For pu € P?, the Hall-Littlewood polynomial P, is

Py= (=) "W T Pun (X (=g)71D),
fed

and for A € P®, the power-sum symmetric function py and the Schur function sy are

Px = H P (YP)  and sy = H s 300 (Y9,
ped p€EO

For p,v € P®, the Green function is

Qu(—a) = [T @1 -V,
fedu

where ®,, = {f € ® | plf) #(0}. As a graded rings,

A = C-span{p, | v € P®}
= C-span{sx | A e P®}
= C-span{P,, | pcP®}.

The conjugacy classes K of U, are indexed by p € P® and the irreducible characters y*
of U, are indexed by A € P9 [5, 6]. Thus, the ring of class functions C,, of U, is given by

C,, = C-span{x* | X e P°}
= C-span{x* | p e P®},

where x* : U, — C is given by

1 ifge K¢
B(g) =
K(9) { 0 otherwise.

We let x*(ut) denote the value of the character x* on any element in the conjugacy K*.
For v € 73,?, let the Deligne-Lusztig character R, = RU" be given by

Ry, = RJ" ()



where 6 € Hom(T,,,,C*) is any homomorphism such that 7¢(0) = v (see (2.10)).
Let C = P,,5; Cn so that

C = C-span{x> | A e P®}
= C-span{s* | pe P}
= C-span{R, | v e P°}

is a ring with multiplication given by
RaRy = Rauy-

The next theorem follows from the results of [4, 6, 8, 10, 15, 21]. A summary of the relevant
results in these papers and how they imply the following theorem is given in [21].

Theorem 2.1 (Characteristic Map). The map

ch: C — A
Y - (_1)U>\\/2J+n(>\)3>\
kK* = P,
R, — (_1)\V\—€(u)pu

s an tsometric ring isomorphism with respect to the natural inner products

O =0ag and  (sx,5n) = Oan-

In the following change of basis equations, (2.13) follows from Theorem 2.1, (2.14) follows
from (2.1), and (2.15) follows from [21, Theorem 4.2].

(~)UE2HN gy = ST A () Py for X € PP, (2.13)
HeEPE
A ()
o — Z <H w (v )>pu for A € P2, (2.14)
VE’P,? p€O o)
As=vs

(1)), — Z < Z H(t)Qﬁé(t)(—q)>PM forve PP 1o(f) =v. (2.15)

o teTy
HEPE (e,

3 Gelfand-Graev characters on arbitrary elements
3.1 G, =GL(n,F,) notation
In this Section 3, let

® = {F-orbits in F,} and © = {F-orbits in Fr}.

The same set-up of sections 2.4 and 2.5 gives a characteristic map for G,, = GL(n,F,) by
replacing ® by ®, © by ©, —q by g, Tix) by T(k), and (—1)"/21+7N sy by sx. With the
exception of the Deligne-Lusztig characters (which follows from the parallel argument of [21,
Theorem 4.2]), this can be found in [16, Chapter IV].



3.2 The Gelfand-Graev character

We will use U, = GL(n,F,)F" (see (2.7)) to give an explicit description of the Gelfand-Graev
character. For a more general description see [4], for example.

For 1 <i< j<nandtelF, let ;;(t) denote the matrix with ones on the diagonal, ¢t in
the ith row and jth column, and zeroes elsewhere. Let

u,-j(t) = xij(t)$n+1_j7n+1_i(—tq) for 1 <7 <j < LH/QJ, t e qu,
Uint1—5(t) = Tin1—5 ()T np1-i(—17) for 1 <i<j<|[n/2],teFp,

and for 1 <k < [n/2], and t,a,b € Fp, let

up(a) = . pi1-k(a) for n even, and a? + a = 0,

ug(a,b) = v /21 1k (=) Tk i 1-£(0)Tp, [r 21 () for n odd, and a?t! + b+ b7 = 0.

Examples. In U}, we have
010 0 010 s
wi(t) = {001 |» wst)={g07 0 |, wla)=
000 1 000 1

where a? + a = 0. In U., we have

where a9t + b+ b7 = 0.
For 1 <i<j<|n/2],and 1 <k < |n/2], define the one-parameter subgroups

%ij = {uij(t) ’ t e qu} = F;_Q,
Xint1-j = {Uin+1-j(t) | t €Fe} 2,
, — {up(t) | t € Fp,t94q=0} if n is even,
{ur(a,b) | a,b€Fp,a®™ +b+b1=0} ifnisodd.
so that
By = (Xij,Xipn—j X | 1<i<j<[n/2),1 <k < [n/2]) CU,

is the subgroup of U/, of upper-triangular matrices with ones on the diagonal. Noting that
Xp/[Xr, X] = F],
a direct calculation gives
Un/[Un, Up) 2 R1g X Xog X o X Xpja)—1,(nj2) X Elnja) = (B2 FE

Similarly, let
B <

n

= (zij(t) | 1<i<j<{teFy) CG,



be the subgroup of unipotent upper-triangular matrices in G,.
Fix a homomorphism % : F} — C* of the additive group of the field such that for all

1 <k < |n/2], 1 is nontrivial on X /[Xy, Xg]. Define the homomorphism 4, : B,y — C by

Y ifa=(ii+1),1<i< [n/2],orifa=|n/2],
) %o /(X X | 1 otherwise.

The Gelfand-Graev character of U}, is

w(n

I, = Indg% (Y(m))-

Recall that U/ is conjugate to U, in G,,. If U = yU,y~', then let
Iy = Indglegy(y_lw(n)y)'
Similarly, the Gelfand-Graev character f(n) of Gy, is

Ly = Ind%g (Pn))-

n

where 1/;(71) : BS — C is given by

By (35 (1)) = 81,0 110(E).

It is well-known that the Gelfand-Graev character has a multiplicity free decomposition into
irreducible characters [20, 22, 23]. The following explicit decompositions essentially follow from
[3]. Specific proofs are given in [24] in the G,, case and in [17] in the U, case.

Theorem 3.1. Let ht(\) = max{¢(A¥)}. Then

Ly = Z X)\ and f‘(n): Z XA-

AePf reP?
ht(A)=1 ht(A)=1

3.3 The character values of the Gelfand-Graev character
A unipotent conjugacy class K* of U, or G, is a conjugacy class that satisfies
My = W
The unipotent conjugacy classes of U, and G, are thus parameterized by partitions p of n.

Lemma 3.1.

(a) Let p € P9, u(u{l}) = . Then

_1)ntln/2]—£(v) . . .
T () = > e, (1)2—|T,,|Q,’f(—q) if p is unipotent,
(n) 1 v .
0 otherwise.
(b) Let pe PO, pit™ = . Then
- (=nn—t®) T 10" ; ; inotent
() = { Zver, SE2ILIQE ) if o is unipotent,
0 otherwise.



Proof. Note that if ht(A) < 1, then n(A) = 0. Thus, by applying the characteristic map and
(2.14) to Theorem 3.1,

w)\(w) I/( )
) = (-0 3 Y (T2 ).

()
AeP® veP® “p€O v
ht(A)<1 vs=Ag

Since ht(A) < 1, wA'” s the trivial character for all ¢ € O. Thus, the summand is independent

of A, and
n/2
ch(T'(n)) = 1le/2l Z <H Z,,w))pv
veP® “peO
By (2.11),
({1} -1
Ln/2J Z <H| |é (v(#) H m, Vu )) ) Z <H o >
v(®) Dv
VE’P@ peO® i>1 HSDE@( Z/‘SD‘(V( )))' 6cHom(Ty,, ,CX) pEO ’

T@(Q):V

ORI DR DR

veEPY 6€Hom(Ty,, ,CX)
To(0)=v

INUEY > 5 o).

v€Pn 6cHom(T,,,C*)

The change of basis (2.15) gives

n/2 (_1)n—£(u)
ch(Tp) = (=DM D 3 —=— 3 Y ek, (-l
vE€Pyn 6€Hom(T,,,Cx) v nepPe T@Eg?’:u
—Z(V)
DEED DD DR DI DR /- LRNCI
HEPE vEPR rolsty, b€Hom(T,,CX)

By the orthogonality of characters of T, the inner-most sum is equal to zero for all ¢t # 1. If
t=1, then 7¢(1,1,...,1)) =0 for f # {1} and 7¢(1,1,...,1)HH =, Thus,

ch(T(p) = (D)2 3" Z \T QL (—q) Py

per® veP,
Hoy=H

and in particular, if ,u({l}) 1,

n+|n/2]—£(v) . . )
Ty () = > vepn = IT,|QU(—q) if p is unipotent,
" 0 otherwise.
. g ) |
(b) The proof is similar to (a), just using the G,, characteristic map 0

The values of the Gelfand-Graev character of the finite general linear group are well-known.
An elementary proof of the following Theorem is given in [9].

10



Theorem 3.2. Let p € 77;% with p = u&{l}). Then

T . (—1)"‘5(“) Hf(:”l) (qi — 1) if @ is unipotent,
(n) (1) = .
0 otherwise.

We may now apply Theorem 3.2 and Lemma 3.1 to give the values of the Gelfand-Graev
character of U,.

Corollary 3.1. Let pu € P® with p = u&{l}). Then

Ly (1) = { (—1)lr/2l =t Hf(:/? ((—q)" = 1) if p is unipotent,

0 otherwise.

Proof. Combine Lemma 3.1 (b) with Theorem 3.2 to get

£(p) )
-1 .
=Y 000,
i=1 VEPR v
which implies

£(w)

[1a-4) Z H (1—¢")Q"(q

i=1 vePy v

Make the substitution ¢ — —q to get

()
(1~ =D = H L= (-0)")Q4(~a),
i=1 vePy Y i=1
which implies
é(”) n/2|+v|—£(v
z:l vEPn v
Apply this last identity to Lemma 3.1 (a) to obtain the desired result. 0

4 Degenerate Gelfand-Graev characters

4.1 G, =GL(n,F,.2) notation (different from Section 3)
In this Section 4, let G, = GL(n,Fg2),
® = {F%orbits of Fx3, and © = {F2-orbits of F;}.
Note that now GE = U,, and GE' = U’. The same set-up of sections 2.4 and 2.5 gives a charac-

teristic map for G, by replacing ® by ®, © by ©, —q by q, Ty by Tiar), and (—1)ln/2n(N) gy
by S\-

11



4.2 Degenerate Gelfand-Graev characters
Let (k,v) be a pair such that v F ”T_k € Z>p, and let

v< = (v<1,V<2,...,V<p), Wwhere v<j=uvi+1vp+- -+
Then the map ) : B,y — C*, given by

Y fa=(,i+1),1<i<|n/2], and ¢ v<,

Pk, =4 ¥ ifa=[n/2] and |n/2] ¢ v,
Xo/[Xa,Xal 1 otherwise,

is a linear character of U},. Note that ¢([n /2]=|n/2],(1Ln/21 ) 18 the trivial character and ¥, g) =
Y(n) of Section 3.
The degenerate Gelfand-Graev character I', ) is

U U _
L) = Ind g% (Y,)) = Inngﬁyfl(yw(k,u)y Bl

where ¥ is an element of G,, such that yU/y~! = U,. In particular, the Gelfand-Graev character

is F(m@).
Let
/(k,l/) = (L, Lz(jl)v Lz(/2)v T 7L1(/£)>7
where

Lk = <%ij7%i,n+l—j7%7“ ‘ ‘V‘ <1 <] < ’V’ +k7’1/’ <r< ’V’ +k> gU(kJFqQ)
Ll(,r) = <:*:ZJ | V<p—1 <i < ] < V§r> = GL(I/T, qz).

Then
L,(k,u) = U(k7Fq2) D GL(VlquQ) b---D GL(V[,]FqQ)

is a maximally split Levi subgroup of U/. For example, if n =9, k = 3, and v = (2, 1), then

A0 0 0 0
0 B 0O 0 0
ko) = 00 C 0 0 A€ GL(2,F,),B € GL(1,F2),C € U(3,F2)
0 0 0 F'(B) 0
00 0 0 F(C)

Note that since LY C Us,, = Usy,, the Levi subgroup
U(k,l/) =Ur® U2I/1 @ U2I/2 Q- D U2Vg c U,

contains a Levi subgroup L = U, @ L1 ® - -- ® Ly with L; C Uy, such that L = L’(k 0)-

Proposition 4.1. Let (k,v) be such that v = "5* € Zso. Then

Usy, /5 Uzpy /7 Usy, =
ch(T (1)) = ch (T )ch (Rcill (F(m)))Ch (Rci; (P(Vz))> -+ ch (Rcif (F(w))>,

where f‘(m) is the Gelfand-Graev character of Gy, = GL(m,F2).

12



This proposition is a consequence of Theorem 2.1 and the following lemma.
Lemma 4.1. Let (k,v) be such that v "5~ k¢ Z>qy. Then

U Us,, Usy, =
Loy = Ryr Py @ R (D) @ - @ By, (D).

Proof. Since L(k ») is maximally split,
Ind e (yny ) = Ind: (¢(k v) = Indfg?k , Ly ® Loy @ ®T,).

where Indf¢ is Harish-Chandra induction. However,

’ ~

U;Z = = U,
Inde,(k’u) (P(k) & P(Vl) K& F(W)) Ry , (P(k) & P(Vl) e ® F(W))7
~Y Un T -
=R Py @ L) ©--- ©Ty)).

By transitivity of Deligne-Lusztig induction, we now have

U2V1

Uy, ,=
IndUg< 71(?47/}(16,1/) ) Rp" (r (,/1)) Q- RL? Z(P(W))). [l

U, )( k) @ B,

4.3 Symplectic tableaux and domino tableaux combinatorics

Augment the nonnegative integers by symbols {i | i € Z~o}, so that we have
{0, 1,1,2,2,3,3,.. 1

and order this set by i — 1 <4 < i < i+ 1. Alternatively, one could identify this augmented set
with %ZZO by i=1— %

Let A = (A1, A2,...,\r) be a partition of n and (mg, my, ma,...,my) be a sequence of non-
negative integers that sum to n with mg < Aj. A symplectic tableau @ of shape \/(mg) and

weight (mo,mq,...,my) is a column strict filling of the boxes of A by symbols

such that
— number of 0’s in @ ifi =0,
* 71 number of i’s + number of i’s in Q if i > 0.
We write sh(Q) = A/(mg) and wt(Q) = (mg, m1,...,my). For example, if
ofo[1]1]4]
Q=[1]32]2 , then sh(Q)=[11] and wt(Q) = (2,3,2,2,1)
3 -
E L
Let
A [ symplectic tableaux of shape \/(mg) (4.1)
(mo,ma,...;me) — and weight (mg, mq, ..., my) ' ’

A tiling of A by dominoes is a partition of the boxes of A\ into pairs of adjacent boxes. For

example, if 1
A= [ [, then
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is a tiling of A by dominoes.

Let (mg, m1, ..., my) be a sequence of nonnegative integers such that mg < A\; and |\| = mg+
2(my+---+my). A domino tableau @ of shape \/(mg) = sh(Q) and weight (mg, m1,...,my) =
wt(Q) is a column strict filling of a tiling of the shape A/(mg) by dominoes, where we put 0’s
in the non-tiled boxes of A, and where m; is the number of i’'s which appear. For example, if

Q=1 , then sh(Q)=[11] and wt(Q) = (2,1,1,2).
2 —{

A | domino tableaux of shape \/(mg)
(mo,ma,...;me) = and weight (mg, my,...,my) ’

Let
(4.2)

In the following Lemma, (a) is a straightforward use of the usual Pieri rule, and (b) is both
similar to (and perhaps a special case of) [14, Theorem 6.3], and also related to a Pieri formula
n [12].

Lemma 4.2. Let (mg,m1,...,mg) be an ¢ + 1-tuple of nonnegative integers which sum to n.
Then
L my
(6) 5 (mo) HZ 50me—) = D g mamo) 53
r=1 =0 AEPy
{ 2m,
A
(b) 5(my) HZ sem— = D, D" VIDiu i mlsr-
r=1 =0 )\EIPanmO

Proof. (a) Note that

£ my L
S(mo) H Z S(myp—i) = Z S(mpo) H S(ir) S (mp—ir)-
r=1i=0 r=1

0<ipr<myp
1<r<¢

Now repeated applications of Pieri’s rule implies the result.
(b) Note that

¢ 2m, 0
S (mo) HZ WS@m—iy = (U Fiese T 5605 @me—in)-
r=1i=0 e =1

By Pieri’s rule,

¢ Number of column strict fillings of A
Z S(mo) H S(ir)S(2my—iy) = Z using mg 0’s, and for r =1,2,... ¢, Sx-
0ir <2my r=1 AEP21—my using i, #’s and (2m, —i,) 7’s.

By observing that the sign counts the number of barred entries,

£ 2my

S(mo H Z S(Z S(Zmr —i) — Z ( Z (_1)Numbcr of barred entries in Q> S). (43)
r=1 1=0

AEP2n—m,



We therefore need to determine the cancellations for a given shape A.
Fix r € {1,2,...,¢} and A\ € P such that 7} # 0. For a tableau Q €

(mo,2ma,...,2my)
(m0,2m1,...,2ml)7 let
@, = skew tableaux consisting of the boxes in ) containing 7 or r,

Sg) = {column strict fillings of sh(Q,) by elements in {7,7}}.

For example, if

o

1[1]

|
DI =1

Q=

|OJ|OJ\ Ll k=]

(In fact, \SS)] =38).
In light of (4.3), (b) is equivalent to

Z (_1)Number of s in Q' _ (—1)™sh(@r) if sh(Q,) has a domino tiling,
- 0 otherwise.
Q'eSy

Note that in row j, Q' € Sg) is of the form

dj1
d; .

djt1 —_—A T rl?] o J?7] &~ rowj—1
rl o el - [l —— row j

|?| |?7“ T «—— row j+1

Thus, we have d; + 1 choices for the values in row j. If the total number of choices is even, then
exactly half of these choices give a positive sign and half give a negative sign. So we have

Z (_1)Number of s in Q" _ 0,

unless d; is even for all rows j (that is, sh(Q,) has a tiling by dominoes). In this case, the signs
of all but one of the possible tableaux will cancel each other out, so the only tableau that we
have to count has row j of the form

dj_
d; .
djt1 punvea——i Flr] - Jr] s —rowj-—1
7l [rle] o el o r —— row j
[r] - Jrlr] - |r —— row j+1

which can clearly be tiled by dominoes of the form || and [=]. For this tableau, we have

(_1)Number of s _ (_1)H(Sh(Qr))‘

Thus,
£ 2m,

n(A A
S(mo H Z 8(7' 8(2m7“_l) = Z (_1) ( )|D(m07m17"'7me)|s)\7
r=1 i=0

)\67321177110

as desired. N
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Let A € P© and v € P® be such that ht(y) < 1 and [v¥)| < /\gso) for all p € ©. A battery
O-tableau Q of shape A/~ is a sequence of tableaux indexed by © such that

Q¥ — {

The weight of Q is wt(Q) = (wt(Q)1, wt(Q)2,...), where

a domino tableau of shape A(¥) /~(#) if || is odd,
a symplectic tableau of shape A¥) /4(#) if || is even.

(@i = Y leht@9)+ Y @),

XSG pEO

|| odd || even
Let

B)).., = {Q battery tableaux | sh(Q) = A/v,y € PP,ht(y) <L, wt(Q) =v}.  (44)
Example. If
\ = <Hju01)> |_|_|\e02), (03) > where |i] = 1,

then B(>\2,(5,4)) contains
<0:|LO \‘P1)7(4P2)7 1 2 \<P3)> 7 <0|0 \‘P1)7(302)7 ) 2 \<P3)> 7 <0:|LO \‘P1)7(302)7 1 2 (993)> 7
(010 \%)7(%2)7 1L\¢3)> 7 <0|0 \891)’(302)7 2 \%3)) 7 <0£0 W1)7(s02)7 1A\gp3)> |

<0|0 (1) (902) 1 2 (903)>

2 ) ) .

Some intuition. If A € P®, we can think of the boxes in A as being || deep, so in the
above example,

(3)

(1)

A battery O-tableau is a way of stuffing the slots by numbered “batteries” where front and back
are distinguished by 7 and 7, but the sides look generically like 4, so

Then a battery ©-tableau might look like:
1/2 /2 (‘PJ)
9 L 2 9
1 ;[
1

so the weight of the tableau counts the number of batteries of a given type get used, regardless
of the cardinality of ¢.

(¥1)

0 | 0 (502)
)

1 1]3
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4.4 Inducing from G, to U,,

Note that any maximal torus T, of G, C Us, becomes the maximal torus T, of Us,,, which

gives rise to the map

Pairs (T,,,é,,) with T, a Pairs (Ty,,0,) with Ty, a
i: maximal torus of G,,, — maximal torus of Us,,
0, € Hom(T,,,C*) 0, € Hom(T3,,C*)
(Tl/a él/) = (T2I/7 él/)

To translate the combinatorics between G, and Us,, we define the map

n

Li'P? — 732~®n
A = A

where for ¢ € O, L (3 ~(F(3
3@ U AF@)

56 _ oA if p = @,
if p=pUFQ,

which has the property that 7¢ 0 i = ¢ 0 74 (see (2.10)). The map ¢ is neither surjective nor
injective. We note that F'¢ = ¢ implies that || is odd, and if F$ # ¢, then ¢ = U F@ implies

|| is even (see [5]). Thus, the image of ¢ is the set of even O-partitions,
Image(r) = {A € PO | |o|A¥) is even for p € O}.

Theorem 4.1. .
R (Cy) = D 1B,y X

NS
ht(A)<2

Proof. Note that by Theorem 3.1, (2.14), and the characteristic map for G,
. AL n—t@)
Tay= D> x*= >, Z o
xeP9 Aer pepA

ht(X)=1 ht(A)=1

By transitivity of induction, and the fact that 7g 04 = 1 0 75, we have Rgi"(Rg”)

SO .
néu

Uzn U2n
Ry = 3 30 E R
AePO VEP)‘

ht(X)=1

We now change the second sum to a sum over v = 1 € P‘* and we obtain

Het- £ T (S e

1eP® vePAX “pepd
ht(X)=1 w=v

-y (Z Z~> =0 Rz

uePéan vePf
v even D=v

17
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Recall that F¢ = ¢ implies that |@| is odd, and F'¢ # ¢ implies that ¢ = @ U Fp where |p| is

even. Apply the characteristic map, factor, and then reindex to obtain

h(RL (F)) = (-1)" 3 (Z i)p

vePd “pepO
v even W=v

Y [~ pe @) ] ( 3 )p,,(w(Y(“D))
,,67;9 pEO V( )/ peEO v,uEP Zn K
ucvcg l¢] odd l¢| even ’UUM:V((P)
1 1
e Y (X o) (S omee))
767)0 IS{C] veP ZV/2 pEO nuEP an
ni(y)mn 1e1edd  jul=ly(2)] el even || |ul=| ()|
~ even
Note that by (2.1),
1 1 1
-1 -1
S a2 (Zam)( T i) =T
e =0 = b=l =
A computation similar to [16, 1.2.14] shows that
e IR
Pv =D (=1)"5(:)5(|y|-i)-
=l “v/2 i=0
Thus,
|7
ch(ReZ (D)) = (1" > [T D (=056 (V)50 (V). (4.5)
veP® €O =0
ht(y)=1
~ even

Lemma 4.2 (a) and (b), respectively, imply that

k
Zs(l) Z ‘TOk |sx, and
=0 AEPy
k .
S (= s@sgemy = Y (1" VD 4o
=0 AEPy

Since ]D()‘O k/2)‘ = \’Z'(g‘ k)] = 0 unless ht(\) < 2
ch(RUZ”(f( y))

= Z H Z ) ?E](T,)y(m 1/2) EX® (Y#)

veP €O 13(¥) ()
ht('y)Qn le| odd‘ | “7 ‘

~ even

-1 > (S(ﬁw |5 30 (Y )

PEo AP =y

|| even

= D CD)"TVIBR )l

AePf,
ht(A)<2

Apply ch™! to get the result.
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Corollary 4.1. Forn € Z>1,

|V(¢)‘

Ch(Rgi” (f( Z H Z \so\s( (w))s(‘y(m_i)(y(@)).

vePP €O =0

ht(v)=1
v even

Proof. This is (4.5) in the proof of Theorem 4.1. O

Using similar techniques, we can prove a result for arbitrary irreducible characters of Gi,.
For A € P© and v € P, let

7(90)

3@ if p=g¢e0,
cz = H c}(cp), where c;(gp) = o . ) ) -
©€O A(“”) rey Lo =@pUFpand Fp# ¢ €0,
where cl))u is as in (2.4), and ¢} is as in (2.5).

Theorem 4.2. Let X € 737(?. Then
RENON) = 3 (-1
~yEP
Proof. By (2.14) and the characteristic map for G,

Py (I

vePX €6

3 (@)
174 n—0(i n
( )>(_1) %) RGn

Z5(@)

By transitivity of induction, and the fact that 7¢ o i = 1 o 74, we have Rgi”(Rgn) R%n and

R oM =3 (11

DePXr  3€6

AP 5®)

—1)n @R,
25(%) )( ) e

We now change the sum to a sum over v = 1 € P**, and using the image of the map ¢, we

obtain
ot - Y (X (I

vePA pepd  ¥€O
v even Ww=v

5 (v)

(1)@))) (—1)"—t0) RUzn.

Zi(®)

Apply the characteristic map, and rewrite the inner sum and product, to get

ch(R (M) = (-1 3 (Z (11 ﬂ))pu

Z5(?)
vePh “oepd  p€O

v even w=v

5 () 5 (F@)
A7 (@) /2) WA ()t ()
r I = I > po-
Zu(#) /2 ZyZp
,,EpL)\ «pE() p€6 ‘,\/‘7‘)‘(%)‘
v even F¢= Fe#e ‘M‘:‘X(F‘Z’)‘

AUp=p(PUF @)
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Recall that F'¢ = ¢ implies that |@]| is odd and F'¢ # ¢ implies that ¢ = ¢ U F'$ where |¢| is
even. Thus, for every ¢ € © such that v(¥ 75 0, if || is odd then ¢ = @ for some ¢ € O, and if
|| is even then ¢ = ¢ U F for some ¢ € ©. Factor our expression accordingly as

/2 5\(@)( ) 5\(F¢)( )
Uan ¥)w 1
Ch(RG?I ( = Z H B E— VS ) H < Z " >p,j(¢)
verh P€0 v )/ £E0 L =A@ T
veven ¥ p=pUF¢ W\:\S\(F‘;)\
YUpu=vi¥
(59) 5 (?) J(F@)
)\ A A
Il X pz,, YOI > ( y e (?t (#)>pu(Y(“°)).
iad
$e§| 1= I)\(w)‘ . WAPEL?FAP lv|= I)\(so)‘_i_')\(Fso)I IvI=|2(P)]
i~ NFW\

The first product is the case that || is odd, and the second product is the case that |¢| is even.
For the sum in the first product, note that

AW (W), w(9) w"(u)
1 IEA:H??(; = Eu >pV <|v|z=:x| = py> <|u|§=:17| n pu)

= 5)\8.
For the sum in the product for || even, we have

w)\ 1% CUA 14
Z ( )p21/: Z LPVOP(Q)

Zy
[v[=]Al

where o is the plethysm product (2.5). Thus, from the definition of the coefficients c}\, we have
ch(Rgi"( = Z cd L5
~ePLA
as desired. O
It is perhaps worth noting that since we know the Harish-Chandra induction Rgi" (XS‘) gives

a character, then the sign of the coefficient cg must be (—1)").

4.5 Degenerate Gelfand-Graev characters

The following theorem is our main theorem of Section 4.

Theorem 4.3. Let n € Z>1 and let (k,v) satisfy v+ ”T_k € Z>p. Then

Loy = D 1B,y

AEPY

Proof. Recall that by Proposition 4.1,
U21/1 U21/2 UQVZ
() = Ch(F<k>)Ch<R (T >)>Ch<R (T<u2>)> ' h<RGW (T@n))-
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By Theorem 3.1 and Corollary 4.1,

ch(ly) = (—1

Thus,

Ln/ 2] Z Z

ch(T (1))

k/2
DS T o (Y1), ana
7673](? p€O
ht(y)=1
|7(¢)\
"X I s
'yeP@ ©pe® =0
ht('v):l
< even
() 77|
[T s T
r=1 7=0

S}
‘Yoepk

1<r<{(v) €O

ht(vo)=l VrEPS,

ht(y,)=1
Y, even

y (@) )S ()| i) (V).

Fix ¢ € ©, and let m, = |‘y£§0)|. If |¢| is even, then Lemma 4.2 (a) implies

Ji ::]Q

my
Z ) S(me—i) =
=0

>

[Al=mo+-4mg

If || is odd, then Lemma 4.2 (b) implies

Z(V) mr
S(Z S(mp—i) =
r:l 7,:0
Therefore,
Ch(F(k 1))
=y > I
yoeP® 1Sr<ly)  9E®
ht(vg)=1 ’YTEPG l¢| odd
ht(v,)= 1
vy even

IS

70673](? 1<T<Z(gu)
ht(vg)=1 Yr€Ps,
ht(v,)= 1

Y, even

Z (_1) [n/2]4+n(N) ‘B&,y) ’3>\-
AeP?

NEEY

AePQ

(— )N(A)‘

2.

[Xl=mo+-4myg

The result follows by applying ch™.

5 Some multiplicity co

Z n(A(w) AP

AP (\vé“’)lvlvﬁ*”\/z,..,)
BRI
pco (o
‘W\ even

AM )\(w)

H (I‘r(“’)l Iv?1/2,...)

€O o L7

l¢| odd

nsequences

(%)‘ ‘ (<P)|

‘72?7%07---7WZ(U)) |s}"

D(m07m1/27 T (v) /2) |

‘S)\UP) (Y(w))

|85 (Y®))

A(e@)
(1] )22

!H!

\(p\ even

In this section we explore some of the multiplicity implications of Theorem 4.3.
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5.1 A bijection between domino tableaux and pairs of column strict tableaux

The 2-core of a partition A € P, which we denote corea()), is the partition of minimal size such
that the skew partition A/cores(\) may be tiled by dominoes. It is not difficult to see that the
2-core of any partition is always of the form (m,m —1,...,2,1) for some nonnegative integer m
(where (0) is the empty partition).

The 2-quotient of a partition A, quot,()), is a pair of partitions (quoty(A)®, quoty(X)M)
(defined in [16, I.1, Example 8]). We define

quoty(A); = quotQ()\)Z(-O) + quotQ()\)Z(.l).

Also define the content of a box O in the ith row and jth column of a partition A to be j — 1.
Let A € P, with corea(\) € {(0),(1)}. Consider the bijection

Pairs of column strict

A
(Jcorea (V) yma,mg) tablealllx of shape quoty(A) (5.1)
and weight (mq,ma,...,my)
Q “ (@, M),

given by the following algorithm, which originally appeared in [19], and is in a more general
form in [13].

(1) Each domino in @ covers two boxes of A/corez(A). Move the entries in @ to the box that
has content 0 modulo 2.

(2) Let S© denote the set of all dominoes that have the entry in the lower or leftmost box,
and S be the set of dominoes that have the entry in the upper or rightmost box.

SO = i1 and SO =5 3

(3) For even —¢(\) <i < A1 and j € {0,1}, let

;) _ The increasing sequence of entries whose
¢ content is i and whose domino is in SU).

0 0 0 0 0
(04, 08, p", D", D))

1 1 1 1 1
(04, 0%, 0" 05", D})

((5), (1,6),(1),(1), 0)
(0, (4),(3),(2,3),(2))

(4) Let QY be the unique tableau that has increasing diagonal sequences given by the DZ-(j )

for all even —£(\) < i < Ap.

o e o -ff
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Remarks.

1. If the shape of the domino tableau @ is \/corez(\), then the shape of (Q(O),Q(l)) is
quoty(A).

2. We may apply this algorithm to a domino tableau of shape A/(m) with m = |cores()\)|
mod 2, by requiring that the tableau of shape A/cores(\) has |m/2] horizontal dominoes
filled with zeroes. For example,

0] 10

Q=i 3‘ 3] has shape A\/(5), so apply the algorithm to |1 3‘ 3
4l Al
5: 6 5: 6

Note that all of the zero dominoes are in the same set S22V so changing m corre-
sponds to adding or subtracting the number of zeroes in the first row of Qlcore2(MD),

We will use the lexicographic total ordering on partitions given by
A < p if there exists k € Z>q such that A\ < pi and A\; = p; for 1 <14 < k. (5.2)

Lemma 5.1. Let A\ € P, be such that corea(A) € {(0),(1)}, and let 0 < m < A\ be such that
m = |corez(A\)| mod 2. Then there exists a lexicographically mazimal weight p = (1, o, .. ., te)
such that there exists exactly one domino tableau of shape A\/(m) and weight (m, p1, ..., ).

Proof. First suppose (A(O)/’y(o), A(l)/’y(l)) is a pair of skew partitions. Let p; be the maximal
number of 1’s we can put in a tableau of shape (A(?) /(0 A1) /(1) "5 be the maximal number
of 2’s we can thereafter fill into (A(?) /4@ A1) /~(1)) and u; be the maximal number of 5’s
we can fill given that we have filled in a maximum number at each step up to j. Then there
is exactly one tableau (Q, QW) of shape (A(®) /() A1) /v(1)) and weight u, and this weight
is lexicographically maximal. The result now follows from pulling back (Q(O),Q(l)) through
the bijection (5.1) to get a domino tableau of the same weight, along with the second remark
preceding this Lemma. O

Remark. If m = corey(\), then p is given by g = |corea(A)| and p; = quoty(A); for i > 1.

5.2 Multiplicity results

Our first consequence of Theorem 4.3 characterizes which irreducible characters of U(n,[F )
appear with nonzero multiplicity in some degenerate Gelfand-Graev character.

Corollary 5.1. The set of all A € P9 such that the character x> of U(n, F,2) satisfies (x>, ko)) #
0 for some degenerate Gelfand-Graev character I, ) is

xep® ‘ corea(AP) € {(0), (1)} whenever || is odd }.

Proof. By Theorem 4.3, the irreducible character x* appears with nonzero multiplicity in some
degenerate Gelfand-Graev character if and only if there a battery tableau of shape A/ for some
v € PO with ht(y) < 1.

If for some odd ¢ € ©, we have corea(A¥)) ¢ {(0), (1)}, then the 2—core Of A®) has at least
two parts. But then there is no choice of v(*) that allows us to tile A(® /'y by dominoes. On
the other hand, if corex(A(?)) = (0), we can choose (¥} = (0), and if corep(A¥)) = (1), we can
let v©) = (1), and A?) /4(#) can be tiled by dominoes. O
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A character x of U(n,F2) is called regularif it is a component of the Gelfand-Graev character
(). The next result follows directly from Corollary 5.1 and [11, Corollary 2.6]. For the definition
of Harish-Chandra series, see [1].

Corollary 5.2. The set all A € PO such that the character x* of U(n,Fg2) is in the union of
all Harish-Chandra series that contain reqular characters is

{AeP® ‘ cores(A?)) € {(0), (1)} whenever || is odd }.

We now specify multiplicities of certain characters x> in degenerate Gelfand-Graev charac-
ters.

Theorem 5.1. Let A € P be such that corey(A¥)) € {(0), (1)} whenever |p| is odd. Then
there exists v "T_k such that

<P(k v) H H SD il + 1)

»€O 4 odd
|| even

Proof. Let k=3, oad |p|[corea(A#))| and define ~ by

®) corea(A#)) if |¢| is odd,
Y= .
0 otherwise.

Since |7y| = k, by Theorem 4.3 and Corollary 5.1, it suffices to find v - "T_k such that there exist

H H A(@ H—l +1)

WATEe\(?en i odd
battery tableaux with shape A/~ and weight (k,v).

We construct the battery tableau Q as follows. For odd ¢ € 0, let Q¥) be the unique domino
tableau of shape A)/(corea(A?))) and weight (|corea(A))], quoty(AP))1, quoty(AP)s, .. ),
obtained from Lemma 5.1 (see, in particular, the remark after the lemma).

For even ¢ € O and for each i > 1, we fill the (2i — 1)st row of A¥) with 7’s, and the 2ith row

with i’s. The resulting symplectic tableau Q(¥) has weight ()\g@) + )\go), )\( °) 4 )\(“D) ...). Note

that we may change up to )\gle — )\gf) of the i’s to i’s in row 2i — 1 while leaving the weight

unchanged. We therefore have exactly

[T =22+
i odd

symplectic tableaux of shape A(¥) and weight ()\( 2 + )\(“D) )\( °) + )\(“D) ).
We combine these to create a battery tableau of shape )\/’y and welght v, where

= Y lplquot, W@ + |—‘§|(A§f’+)\§ﬁl).

wE® pEeE®
|| odd || even

Note that from this construction, v is the maximal weight under the lexicographical ordering
(5.2) of a battery tableau of shape A/~, while each ~(#) is chosen minimally. It follows that the
weight v will change if we change the weight of any Q%)
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For example, if

(1) [](%2) (3)
A= Hj , L , @j where |p;| = i,

thenk=1,v=(2+4+43,0+1+3)=(9,4), and every battery tableau of shape A and weight
(k,v) must be of the form

0 1\901) ITEw2) [ %s) L
; % , , where i € {1,i}.

There are 3 -2 = 6 of such tableaux. O

Theorem 5.1 and its proof give the following multiplicity one result.

Corollary 5.3. Let A € PO. Suppose cores(A?)) € {(0), (1)} whenever || is odd, and for all
i > 0, the multiplicities mi(A(“O)) are even for all even ¢ € ©. Then (L', ), x> =1, where

¥
k= Y fellcoresA)| and v= 3 felanot, AP+ 3 L a0,

pEO XSG [YS{C]
|| odd || odd || even

The next theorem generalizes Corollary 5.3.
Theorem 5.2. Suppose A € PO satisfies the following:
(a) Whenever || is odd, cores(A¥)) € {(0), (1)},

(b) Whenever |p| is even, the partition A has at most one nonzero part with odd multiplicity,

(¢) There exists an r > 0 such that for every ¢ € © with |p| even, either (AP)) < r and A¥)

has no nonzero part of odd multiplicity, or )\gfo) has odd multiplicity and )\&D) < )\ff)l.

Then the irreducible character x» of U,, appears with multiplicity one in some degenerate Gelfand-
Graev character of U,.

Proof. Suppose X € P9 satisfies (a), (b), and (c). Let v € P® be given by

) (1) if || is even and m;(A?)) is odd,
% Y) — <‘C0re (Jcorea(A)]) . . (o)
2(A)] + 2quoty(A) /9] if || is odd and A = A'¥).
For example, the ©-partition
(1) (v2)
A= o FJ| il =i

satisfies (a), (b), and (c¢) with = 5. Since

(1)
quotz()\(‘pl)) = (HE':\(O),@} ) and coreg()\(‘pl)) = (1)

(as in the example for (5.1)), we have that
|coreg(AP)| 4 2qu0t2()\(5°1))([1,)/2] =3 and = (D:D(xol),m(soz)> )

Consider the following battery tableau Q of shape A/~.
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1. For ¢ € © such that || is even, fill A¥) /~(#) with /\g;)_l j’s and /\g;) s for 2§ < £(A®))
such that 25 < r, and /\g;) j’s and /\g;ll g’s for 25 +1 < 6()\(“0)) such that 25 > r. Then
all of the nonzero entries come in pairs 4 and the resulting weight is lexicographically

maximal.

2. For ¢ € O such that |p| is odd, use Lemma 5.1 to fill A¥) /4(¥) in a lexicographically
maximal way.

In our running example, we have

o
o

0
1({1

Q: 1)1 2

-

»
»
N

Note that by Lemma 5.1, Q is the only battery tableau of shape A/~ and weight wt(Q).
Thus, it suffices to show that there is no v C X with || = || and ht(v) < 1 such that there
exists a battery tableau P of shape A/v and weight wt(Q).

Since |v| = ||, we may think of moving from Q to P by shifting zero entries between ¢ € ©
in Q. If |p] is even, it is clear from the construction of Q® that if we add a zero, an entry
< r/2 is lost, while if we remove a zero, an entry > r/2 is gained. Now consider when |y| is
odd, with Q@ = Q) and A = A®). Apply the bijection (5.1) to the domino tableau ), and
notice that from Remark 2 preceding Lemma 5.1, our choice of v(#) forces Q2N to have
exactly quotQ()\)(ﬁ;Q()‘)) 0’s. Now, adding a pair of zero entries to or removing a pair of zero

entries from @ is the same as adding a zero to or removing a zero from QUMD Tt is clear

that adding a zero to QUere2(MD results in losing an entry < r /2, which removes a domino with
entry < r/2 in @, and removing a zero from QUeore2(MD) regults in gaining an entry > r /2, which
adds a domino with entry > /2 in ). Thus, no matter how we change « to v, we are forced to
change the weight of the full battery tableau to a lexicographically smaller weight. So, there is
no such v which leaves the weight unchanged, and uniqueness follows. O

Remarks. Corollary 5.3 follows from Theorem 5.2, since (a) and (b) are easily satisfied, and
r=max{{(A®) | ¢ €0,|p| even}+1.

Another consequence of Theorem 5.2 is a result by Ohmori [17].

Corollary 5.4 (Ohmori). Let A € P2, and define the partition p to have parts

=y lplAl.

peO

Suppose that = (1"12™2 ... is such that m; is even for all i except for the one value i = k,
or that m; is always even, in which case we let k = 0. Define the partition v to be v =
(1’”1/22’”2/2 coklme=1)/2 0 ). Then the irreducible character x* appears with multiplicity one
in the degenerate Gelfand-Graev character Ty, .

Proof. Note that if A € P9 satisfies the hypotheses of the corollary, then for any ¢ € © the
partition A has at most one nonzero part size with odd multiplicity, otherwise p would have
more parts with odd multiplicity. Thus, A satisfies condition (b) of Theorem 5.2. Moreover, the
fact that p has at most one part with odd multiplicity implies that there must be an » > 0 such
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that for every ¢ € O, either E(/\(QO)) < ror )\7@#) has odd multiplicity in A®) and )\7@#) < )\ﬁ)l.
In particular, this holds when || is even, and so A satisfies condition (c¢) of Theorem 5.2. If
p € O is odd, and A has a part size i with odd multiplicity, where ¢ = 0 if E(/\(“D)) < r, then

() _ (1) if 7 is Odd,
corez (A7) { (0) if 7 is even.
Thus, A satisfies (a) of Theorem 5.2.
Now define 4 by 4 = i if m;(A¥)) is odd, where i = 0 if ((A(?)) < r. Then |y| = k. When
lg| is even, fill Al?) /4(#) just as in the proof of Theorem 5.2. When |¢| is odd, fill A?) /~(®)

with all vertical dominoes such that there are )\g?)_l jsfor2j—1< 6()\(“0)) such that 27 —1 < r,

and )\g;) j’s for 25 < 6()\(50)) such that 25 > r. This gives a battery tableau of shape A/~, where
|v| = k, and weight v as defined above.

Fix a ¢ such that |p| is odd, let A = A and let Q) = Q be the domino tableau just
defined, and apply the bijection (5.1) to @. Since @ has been filled with all vertical dominoes,
the resulting weight is lexicographically maximal, and so by Lemma 5.1, the tableaux Q)
and QW) obtained from the bijection (5.1) also have lexicographically maximal weights. Let
j = |corez())|, and consider Q). From our choice of 4(¥), the tableau QU) has exactly |\,/2]

0’s. By the bijection (5.1), we also have row [r/2] of QU), which is quotQ(A(W))%%P is exactly
|A\+/2]. This means the domino tableau Q(¥) is exactly what is constructed in the proof of
Theorem 5.2. Therefore, Q is exactly the battery tableau obtained in the proof of Theorem 5.2,

and so we have <X)‘,F(k,,,)> =1. O

Note that by Corollary 5.1, condition (a) of Theorem 5.2 is a necessary condition. The
following proposition shows that condition (b) is also necessary.

Proposition 5.1. Let A € P®. If there exists a p € © such that || is even and A has at
least two distinct part sizes with odd multiplicity, then

O Tga) # 1
for all degenerate Gelfand-Graev characters I, ).

Proof. Suppose A € P® and || is even, such that A = A has part sizes x < y with odd
multiplicity. Let @ be a symplectic tableau of shape A\/(m) for some m < A1, and suppose
wt(Q) = p. If there exists an 7 such that there is no i directly south of 7 in @, then there is a
second symplectic tableau P of shape \/(m) and weight u obtained by changing this i to an i
in Q. Similarly, if there is an ¢ with no 4 directly north of it, then there is a second tableau P
with the same weight and shape as Q. Thus, the only way @ is the only tableau of shape \/(m)
and weight p, is if A/(m) can be tiled by vertical dominoes.

If m < y, then the yth column of A/(m) has an odd number of boxes, and therefore cannot
be tiled by vertical dominoes. If m > y, then the mth column of A\/(m) has an odd number of
boxes. If m =y, then the xth column of A\/(m) has an odd number of boxes. In all cases, \/(m)
cannot be tiled by dominoes, and the result follows. O

Remarks.

1. While conditions (a) and (b) of Theorem 5.2 are necessary, condition (c) is not. For
example, the only battery tableau of weight (2, (8)) for the ©-partition

A= @(a)’ Dw)) with laf =4,[8] =2,is Q= <(a>, @w))
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2. At the same time, conditions (a) and (b) of Theorem 5.2 are not alone sufficient. For

example,

A= (H(“), g ) . with [a] = 3]

satisfies (a) and (b). The possible weights and two of their battery tableaux are

@ @8 @ e
(0, (6)) ( ; ) ; < , (2 total),
(07 (47 2)) <(a)7 (6) ) ) <(O‘)7 (ﬁ) > (10 total),
(0, (23)) ((a)’ (ﬁ) > 7 <(a)’ (ﬁ) > (24 total),
(@) [(6) (@) m6)
ecw:  FT). HT) cow,
(2, (22)) <(a)7 (6) ) ; <(a), (6) > (12 total),
(4,(2)) <(a)7 1) > ) <(a), @ ) (2 total).
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