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Ginibre’s Ensembles

In 1965 Jean Ginibre introduced three ensembles of matrices.

* Asymmetric,

* Entries chosen with Gaussian distribution from R, C and
Hamilton’s Quaternions,

* |Labeled GInOE, GInUE and GInSE respectively.

Ginibre’s goal was to compute the joint eigenvalue probability
density functions (JPDF) and the correlation functions for these
ensembles.
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GInOE

GIinOE is defined to be RV > together with the probability
measure v given by

v(S) := V(Rifo) /Sexp {—%Tr(XTX)} dN(X),

where ) is Lebesgue measure on RV >V,
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GInOE

GIinOE is defined to be RV > together with the probability
measure v given by

v(S) := (\/%)W /Sexp{—%Tr(XTX)} dN(X),

where )\ is Lebesgue measure on RYV*V .

GInOE is the most complicated of Ginibre’s ensembles since R
IS not algebraically closed.

The eigenvalues of X € RV*¥ are partitioned into real and
complex conjugate pairs.
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Eigenvalues in GinOE

:

The space of eigenvalues of RY*¥ can be written as the disjoint
union

U R x (C\ R)M

where the union is over all pairs (L, M) suchthat L +2M = N.
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Eigenvalues in GinOE

:

The space of eigenvalues of RY*¥ can be written as the disjoint
union

U RY x (C\R)M
where the union is over all pairs (L, M) such that L +2M = N.

In order to compute the JPDF we need to find the partial JPDFs,
P RE x (C\R)M — R for each pair (L, M).

Ginibre was only able to compute the partial JPDF for the case
of all real eigenvalues (L = N, M = 0).
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The Partial JPDFs

:

Given v € CV let V7 be the N x N Vandermonde determinant in
the coordinates of ~.
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Given v € C" let V7 be the N x N Vandermonde determinant
In the coordinates of ~.

1 1 1
71 Y2 TN
2 2 2

V= N\ 72 RN
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The Partial JPDFs

Given v € C" let V7 be the N x N Vandermonde determinant
In the coordinates of ~.

1 1 1
71 Y2 TN
v¥=| ¥ ¥ - &
Y N— O
V1 ! %) \ TN 1_

Given a € C and B € CM we define
Ala, B) = det V7

where
Y = (&17"'705L7517617°"76M76M)-
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The Partial JPDFs

:

Given v € CV let V7 be the N x N Vandermonde determinant in
the coordinates of ~. Given o € C and 8 € CM we define

A((X,,B) := det V¥ where Y= (ala e\ 704L7E7 517 e\ 76—M7 6M)

Conjecture 1 (S- 2005). There exist functions w; : R — R and
wo : C — R such that

A,
Prv(a, B) o | L(?]é\f"})‘

L M
X {le(aé)} { H w2(ﬂm)} v

(=1
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The Partial JPDFs

:

Given v € CV let V7 be the N x N Vandermonde determinant in
the coordinates of ~. Given o € C and 8 € CM we define

A((X,,B) := det V¥ where Y= (ala e\ 704L7E7 517 e\ 76—M7 6M)

Theorem 1 (Lehmann & Sommers 1991, Edelman 1997). There exist
functions w1 : R — R and wy : C — R such that

A,
Pr(e,8) = €5 1212 R)

L M
X {le(aé)} { H w2(ﬂm)}v
/=1 m=1

N
where @ = 2V(V+1)/4 H ['(n/2).
n=1
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The Partial JPDFs

:

Given v € CV let V7 be the N x N Vandermonde determinant in
the coordinates of ~. Given o € C and 8 € CM we define

A((X,,B) := det V¥ where Y= (ala e\ 704L7E7 517 e\ 76—M7 6M)

Theorem 1 (Lehmann & Sommers 1991, Edelman 1997).

A
PL,M(OC,,B) _G 1 ‘ éﬁwl?)‘
L ” N
X {H —Oée/Q} { H erfc (\/5 |Imﬁm|) o~ (Br+Bm )/2} 7
=1 SO

N
where @ = 2VVF1)/4 H ['(n/2).

n=1
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The Partial JPDFs

We may simplify this by setting w : C — R, where

w(7) = e {erte(valm()) }

OQ.Q.QO%




The Partial JPDFs

We may simplify this by setting w : C — R, where

1/2

w(y) = e~/ {exfe(v2|im(y)]) }

Since erfc(0) = 1,

L M
Pr (e, ) = 5 122 {Hw«m} { [T (BB
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We may simplify this by setting w : C — R, where
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Since erfc(0) = 1,

M
PL,M((X,,B) G I ‘AL?;WI? {Hw } {le(ﬂm)w

The two main difficulties in working with GInOE are now
apparent:
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The Partial JPDFs
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We may simplify this by setting w : C — R, where

w(7) = e {erte(valm()) }

Since erfc(0) = 1,

Wi M
Pr (e, B) = et 202 {wa} { I1 w(ﬁm)w(ﬁ—m)} ,

(=1

The two main difficulties in working with GInOE are now
apparent:

1. The decomposition of the space of eigenvalues.
2. GINOE iIs a 8 = 1 ensemble.
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Multiplicative Class Functions

A function ¥ : RV*Y — R will be called a multiplicative class
function if

e U(AXA™!) = ¥(X) for all invertible A € RV*¥,

®* There exists a function ¢y : C — R such that if D Is a
diagonal matrix with entries 1,79, ...,vn then

V(D) =(y)v(y2) - (yn)-

Here we will provide method for determining the ensemble
averages of multiplicative class functions.

(U) := (\/%)NQ / \P(X)exp{—%Tr(XTX)} dN(X).

RNXN
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Averages over GInOE

A-almost every matrix is diagonalizable, and hence (V) is
uniquely determined by .
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A-almost every matrix is diagonalizable, and hence (V) is
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| {HW i )@(ﬁ_m)}

LM) ' ]RLXCM ~ N 1

) = Cy

X |Aley, B)| dAL(er) dAan (B),

where

* o(v) = wly)Y(y),

e )\, is Lebesgue measure on R”.
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Averages over GInOE

A-almost every matrix is diagonalizable, and hence (V) is
uniquely determined by . Thus, from the partial JPDFs,

| {HW i )@(ﬁ_m)}

LM) ' ]RLXCM ~ N 1

) = Cy

X |Aley, B)|dAL(er) dAani (B),

where

* o(v) = wly)Y(y),

e )\, is Lebesgue measure on R, and

* )9y is Lebesgue measure on CM.

OQ.Q.QO%




Skew-symmetric inner products

We introduce two skew-symmetric bilinear forms associated to
v

(P,Q)g := /R plon)pl(a2) Plar)Q(as) sau(az — o) da das,
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Skew-symmetric inner products

We introduce two skew-symmetric bilinear forms associated to
v

(P,Q)g := /R plon)pl(a2) Plar)Q(as) sau(az — o) da das,

and,

(P.Q)c = ~2i / 2(8)(B) P(B)Q(B) sgn(Im(8)) dra(B)

C

By construction,

<Q7P>R N _<P7 Q>R and <Q7P>C A _<P7 Q>C




Averages over GInOE

Theorem 2 (S- 2006). Let N = 2.J, and let

P={P(7), "), - Pn(7)}

be a set of monic polynomials with deg PP, = n — 1. Then,

(U) = €' Pf Up,
the Pfaffian of Up, where Up is the N x N matrix where,

Up|j, k] := (P}, Py)r + (P}, Pr)c.
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Averages over GInOE

Theorem 2 (S- 2006). Let N = 2.J, and let

P={P(7), "), - Pn(7)}

be a set of monic polynomials with deg PP, = n — 1. Then,

(U) = €' Pf Up,
the Pfaffian of Up, where Up is the N X N matrix where,

Up|j, k] := (P}, Py)r + (P}, Pr)c.

When N is odd the matrix Up must be modified.
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Averages over GInOE

Corollary 2. Let (P, Q) = (P,Q)r + (P, Q)c, and let
Q={Q1,Q2,...,QnN} be aset of monic polynomials specified by

<Q2k—17 Q2j> N _<Q2j7 Q2k—1> N 5kj9ﬁj

and
(Q25, Qar) = (Q2j—1,Q2k—1) = 0,

Then,
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Heights of Polynomials

Let f(x) € C[z] be given by
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Let f(x) € C[z] be given by

N

7(@) = a [ (@ = 7).

n=1

The Mahler measure of f is given by

N
p(f) = lan| | | max{1, |v,|}
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Heights of Polynomials

Let f(x) € C[z] be given by

N

7(@) = a [ (@ = 7).

n=1

The Mahler measure of f is given by

N
p(f) = lan| | | max{1, |v,|}

By Jensen’s formula we also have

) = log |£(e7) i},
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Mahler M easure

Mahler measure can be interpreted as:
* The geometric mean of f on the unit circle.
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Mahler M easure

Mahler measure can be interpreted as:
* The geometric mean of f on the unit circle.

* exp of the interaction energy between the charged unit disk
and a system of charged particles located at the roots of f.

Mahler measure is:
e continuous on finite dimensional subspaces of C|z]
* multiplicative: u(fg) = pu(f)p(g),
* absolutely homogeneous: u(kf) = |k|u(f),
* positive definite: p(f) = 0iff f = 0.
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L ehmer’s Problem

Number Theorists are interested in the range of values of
Mahler measure on Z|x].
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L ehmer’s Problem

Number Theorists are interested in the range of values of
Mahler measure on Z|x].

The following problem arises immediately. If € is a
positive quantity to find a polynomial of the form

f(z) =a" +a12" "t + ... + a, where the a’s are
Integers, such that the absolute value of those roots of

f which lie outside the unit circle lies between 1 and
1 +e€. (D.H. Lehmer 1933)
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L ehmer’s Problem

Number Theorists are interested in the range of values of
Mahler measure on Z|x].

The following problem arises immediately. If € is a
positive quantity to find a polynomial of the form

f(z) =a" +a12" "t + ... + a, where the a’s are
Integers, such that the absolute value of those roots of

f which lie outside the unit circle lies between 1 and
1 +e€. (D.H. Lehmer 1933)

In the same paper D.H. Lehmer states,

We have not made an examination of all 10th degree
symmetric polynomials, but a rather intensive search
has failed to reveal a better polynomial than

V42— -2 -2’ —2* P+ z+1, p=1.176...
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Smyth’s Theorem

A polynomial f is said to be reciprocal if

f(z) = 2987 f(1/x).
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Smyth’s Theorem

A polynomial f is said to be reciprocal if

f(z) = 2987 f(1/x).

* The coefficients of a reciprocal polynomial are palindromic.
* If f(a) =0then f(a™t) = 0.

Theorem 3 (Smyth 1971). If g is an irreducible non-reciprocal polynomial in
Z|x],and g(x) 1 z(x — 1), then

1(g) > plz® =z — TN =NIN324N.
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The Range of Mahler Measure

Let J be the integer part of (N — 1) /2.
Theorem 4 (Chern & Vaaler 2001). As 1" — o0,

#{f € Z]z] : deg f = N, u(f) < T} =

( )
2N—J+1(N+1)Jﬁ< 2 )N+12J

s TV o).

' ;
J! ks ZTRL

\ /
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The Range of Mahler Measure

Let J be the integer part of (N — 1) /2.
Theorem 5 (Chern & Vaaler 2001). As 1" — o0,

#{f € Z]z] : deg f = N, u(f) < T} =

'\

J!

ke 27+ 1

\ /

Theorem 5 (S- 2005). As’ I — o0,

#{f € Z|x| : deg f = N, f reciprocal, u(f) < T} =

22J—|—3 N_|_ 1)N N M N+1—n
{ (N! 11 (Zn 3 1) T + O

n=1

( )
N—J+1 TN .\ N+1-2;
2 H( S ) L TN H O
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The Connection with GinOE

Recall our main result,
(W) = €' Pf Up,

where Up IS the N x N matrix,

Up|j, k] := (P}, Pg)r + (P}, Pg)c-
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The Connection with GinOE

Recall our main result,
(W) = €' Pf Up,
where Up IS the N x N matrix,
Uplj, k| == (P}, Px)r + (P, Pr)c-

The inspiration for this result came from the proof that as
T — o0,

#{f € Z|x] : deg f = N, f reciprocal, u(f) < T} =

2n + 1

2 N 1—n
{2 J+3(£!+ 1) H( 2n )N+ }TJ+1+O(TJ).

n=1
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Multiplicative Distance Functions

A function @ : C|z] — |0, 00) is called a multiplicative distance
function If:

* ¢ is continuous on finite dimensional subspaces of C|z],
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Multiplicative Distance Functions

A function @ : C|z] — |0, 00) is called a multiplicative distance
function If:

* ¢ is continuous on finite dimensional subspaces of C|z],
* ¢ is multiplicative: ®(fg) = ®(f)®(9g),

* & is absolutely homogeneous: ®(kf) = |k|®(f), and

* ¢ is positive definite: ®(f) = 0 iff f = 0.

There exists a root function ¢ : C — (0, c0) such that

N N
©:an | [(@ =) = lanl ] [ ¢(m)-
n=1 n=1
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Multiplicative Distance Functions

A function @ : C|z] — |0, 00) is called a multiplicative distance
function If:

* ¢ is continuous on finite dimensional subspaces of C|z],
* ¢ is multiplicative: ®(fg) = ®(f)®(9g),

* & is absolutely homogeneous: ®(kf) = |k|®(f), and

* ¢ is positive definite: ®(f) = 0 iff f = 0.

There exists a root function ¢ : C — (0, c0) such that

N N
©:an | [(@ =) = lanl ] [ ¢(m)-
n=1 n=1

Moreover, as |y| — oo, ¢(v) ~ |v].
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Multiplicative Distance Functions
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Multiplicative Distance Functions
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¢ Multiplicative distance functions restricted to finite
dimensional subspaces of C|z| are distance functions in the
sense of the geometry of numbers.

* As such, they satisfy all the axioms of vector norms except
the triangle inequality.

* The unit balls are compact but not convex — they are star
bodies.

* If o(v) = max{1,|y|} then & is Mahler measure.

* The algebra of reciprocal polynomials is isomorphic to the
algebra C|x + 1/, if

v+ /Y2 -4
2

o(y) =z +1/z —7) ZmaX{|

the ® is the reciprocal Mahler measure.




Star Bodies

Given a € CN*L |et

N+1

a(xr) = Z A T
n=1
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We identify ® with the function on CN*! by setting

a(x) =

N+1

g ana:NH_”.
n=1
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Given a € CN*L |et

N+1

a(xr) = Z A T
n=1

We identify ® with the function on CN*! by setting

We then define

Uy = Un(®) = {a e Rt : ®(a) < 1}.
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Star Bodies

Given a € CN*L |et

N+1

a(xr) = Z A T
n=1

We identify ® with the function on CN*! by setting

We then define

Uy = Un(®) = {a e Rt : ®(a) < 1}.

By the absolute homogeneity of &,

fac RV ®(a) < T} = TUy.
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Asymptotic Estimates

When T’ is large, the volume of TU IS a good estimate for the
number of lattice points that it contains.
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Asymptotic Estimates

When T’ is large, the volume of TU IS a good estimate for the
number of lattice points that it contains.
As T — oo,

#{acZNT: ®(a) < T} ~ vol(TUy).
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Asymptotic Estimates

When T’ is large, the volume of TU IS a good estimate for the
number of lattice points that it contains.
As T — oo,

#{acZNT . ®(a) < T} ~ vol(TUy).

OOIOOCIOCIOCIO%




Asymptotic Estimates

When T’ is large, the volume of TU IS a good estimate for the
number of lattice points that it contains.
As T — oo,

#{acZV Tl ®(a) < T} ~ vol(Un)TN T
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Asymptotic Estimates

When T’ is large, the volume of TU IS a good estimate for the
number of lattice points that it contains.
As T — oo,

#{acZNT: ®(a) < T} = vol(Uy)TN T + O(TY).
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Asymptotic Estimates

When T’ is large, the volume of TU IS a good estimate for the
number of lattice points that it contains.
As T — oo,

#{f € Z[z] : deg f = N, ®(f) < T} = vol(Un)TN ! + O(TY).
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Asymptotic Estimates

When T’ is large, the volume of TU IS a good estimate for the
number of lattice points that it contains.
As T — oo,

#{f € Z[z] : deg f = N, ®(f) < T} = vol(Un)TN ! + O(TY).

Recall, when J = [ (N —1)/2],

#{f € Zlx] : deg f = N, pu(f) T} =

r )
2N—J+1(N_|_1)J J 2 N+1-2j
< = H(2j+1> s TN+ o(TV).

\ 7=1 J
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Asymptotic Estimates

When T’ is large, the volume of TU IS a good estimate for the
number of lattice points that it contains.
As T — oo,

#{f € Z[z] : deg f = N, ®(f) < T} = vol(Un)TN ! + O(TY).

Recall, when J = [ (N —1)/2],

#{f € Zlx] : deg f = N, pu(f) T} =

‘ A
2N YN 4+ 1)7 5 0 25 NS S N
< N H(sz) s TN+ o(T).

\ j=1 J

vol(Un (1))

O0l000l0'|0'|0%




Distribution Functions and Méellin Transforms

We define the monic restriction of & to be the function
®: CN — (0,00) given by

N
®(b) = (ZCN + Z bna:N_n> .
n=1
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Distribution Functions and Méellin Transforms

We define the monic restriction of & to be the function
®: CN — (0,00) given by

N
®(b) = (ZCN + Z bna:N_n> .
n=1
We define the distribution function fy : [0,00) — [0, 00) by

fn(€) = An{b e RV : &(b) < £}.
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Distribution Functions and Méellin Transforms

We define the monic restriction of & to be the function
®: CN — (0,00) given by

N
®(b) = (a:N + Z bna:N_n> .
n=1
We define the distribution function fx : [0,00) — [0, 00) by

fn(€) = An{b e RV : &(b) < £}.

The Mellin transform of fx (&) is then

/ﬁSfN

OQ.QO%




The Volume of Uy

Theorem 6.

vol(Uy) = 2fn (N + 1).
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The Volume of Uy

Theorem 6.
VOI(UN) — QfN(N R 1).

vol(Uy) = /OO AN {b c RV . O(y,b) < 1} dy

— 00
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The Volume of Uy

Theorem 6.
VOI(UN) — QfN(N R 1).

vol(Uy) = /oo AN {b c RV . O(y,b) < 1} dy

— 00
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The Volume of Uy

Theorem 6.
VOI(UN) — QfN(N R 1).

vol(Uy) = / v {yc € RY : ®(y,yc) < 1} dy

— 00
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The Volume of Uy

Theorem 6.
VOI(UN) — QfN(N R 1).

vol(Uy) = / v {ye € RN : ®(y,yc) < 1} dy

— 00
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The Volume of Uy

Theorem 6.
VOI(UN) — QfN(N R 1).

vol(Uy) = / [N AN {ce RN : y|®(1,¢) < 1} dy

— 00
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The Volume of Uy

Theorem 6.
VOI(UN) — QfN(N R 1).

vol(Uy) = / [N AN {ce RY : |y|®(1,¢c) < 1} dy

— 00
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The Volume of Uy

Theorem 6.
VOI(UN) — QfN(N R 1).

J ~ 1
vol(Uy) = / [N AN {c cRY : ®(c) < il

L
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The Volume of Uy

Theorem 6.
VOI(UN) — QfN(N R 1).

X ~ 1
vol(Uy) = / N AN {c cRY : ®(c) < Tl

L
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The Volume of Uy

Theorem 6.

vol(Uy) = 2fn (N + 1).

VOl(uN) = 2/ yN)\N {C c RV : (AI/)(C) <
0

< | =

L

OCCOOIOOIOCIOOCIOOIOCIO%




The Volume of Uy

Theorem 6.
VOI(UN) — QfN(N R 1).

X ~ 1
vol(Uy) = 2/ TRBY, {c cRY : ®(c) < &} dy
0

change of variables:
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The Volume of Uy

Theorem 6.

VOl(uN

vol(Uy) = 2fn (N + 1).

/ eN-1y {ceRN <1>()<§} d;
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The Volume of Uy

Theorem 6.

VOl(uN

vol(Uy) = 2fn (N + 1).

/ N1y {cERN <1>()<§}

dg
§
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The Volume of Uy

Theorem 6.

vol UN

vol(Uy) = 2fn (N + 1).

/ 5 N—I—l g

OCCOOIOOIOCIOOCIOOIOCIO%




The Volume of Uy

Theorem 6.
VOI(UN) — QfN(N R 1).

vol(Uy) = 2fn (N + 1)
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Moment Functions

e /O e e (©) ”é—f
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Moment Functions

e /0 e e ®) i—f
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Moment Functions

Fals) = /0 T el (6) de.
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Moment Functions

Fals) = / T el (6) de.

0

Integration by parts:

u(§) = fn ()

dv = €57 1d¢
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Moment Functions

Fals) = /0 T el (6) de.

Integration by parts: (Lebesgue-Stieltjes)

u(§) = fn(§)
du = dfn(§)

_ —1¢—s
V = —g—f

dv = €5 1d¢
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Moment Functions

fa(s) =

—fN

/ §°dfn (€
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Moment Functions

fa(s) =

—fN

/ §°dfn (€
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Moment Functions

)= [ € drmie)
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Moment Functions

Futs) = 5 [ e dnn(o

Recall that dfy = dv where v is the Borel measure on (0, oo) for
which

v(a,b] = fn(b) — fn(a) 0<a<b<oo.
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Moment Functions

Futs) = 5 [ e dnn(o

Recall that dfy = dv where v is the Borel measure on (0, oo) for
which

l/(a,b]:)\N{aERN:a<§>(a)§b} 0<a<b<oo.
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Moment Functions

Futs) = 5 [ e dnn(o

Recall that dfy = dv where v is the Borel measure on (0, oo) for
which

l/(a,b]:)\N{aERN:a<§>(a)§b} 0<a<b<oo.

Thus we may replace the integral over (0, oc) with an integral

over RY.
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Moment Functions

Fa(s) = < [ () dan(b)
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Moment Functions

Fr(s) = =

S/RN

~

®(b)~" dAn(b)

We define the degree N real moment function of ® to be the
function of the complex variable s given by

Fn(s) = /RN

~

®(b)~* dAn(b).
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Moment Functions

fn(s) = é /R _®(b)~* dAx(b)

We define the degree N real moment function of ® to be the
function of the complex variable s given by

Fi(s) = /R B(b) " dAx(b).

Fn(s) converges to an analytic function of s in the half plane

R(s) > N.
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Examples of Moment Functions

AsT — oo,

#{f € Z[z] : deg f = N, ®(f) < T} = vol(Un)TV T + O(TY).
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Examples of Moment Functions

AsT — oo,

#1f € Zlz] :
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Examples of Moment Functions

AsT — oo,

47 € 2] - deg f = N, 8(f) < T) = NI+ Dy

Theorem 8 (Chern & Vaaler 2001). Let J = |(N — 1)/2], then

y

o 2k AN d S
FN(N5S):2N{H<%+1> }<R3(N2j)

k=1

/

O.Q.QO%




Examples of Moment Functions

AsT — oo,

#{f € Zlz] : deg f = N, ®(f) < T} =

N +1

Theorem 8 (Chern & Vaaler 2001). Let J = |(N — 1)/2], then

J

Fr(p;s) =27 {

I (57

k=1

)

y

J
H S
= s — (N —2j)

Theorem 8 (S- 2005). Let p be the reciprocal Mahler measure. Then,

oN [ X
En(p;s) = N {H

n=1

(

2n
2n — 1

;
2

+0(TM).

\

/

\

J
H S
b s2 — (N — 29)?
\

/
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A Change of Variables

Next we will use the multiplicativity of ® to rewrite Fi(s) in terms
of the roots of polynomials.

ceeeeeo0




A Change of Variables

The space of roots of degree N polynomials in R|z| can be
written as the disjoint union

U R x (C\R)M

where the union is over all pairs (L, M) such that L + 2M = N.
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A Change of Variables

Given (L, M), define

Epy:RExCM - RY

by Er m(a, 3) := b where

L

N M
QZN—FanZCN_n:HZC—Oég H:c—ﬂm N
n=1 m=1

(=1
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A Change of Variables

Given (L, M), define
EL,M : RL X (CM —>RN

by Er m(a, 3) := b where

N L M
ZCN—Fan.CUN_n:HZC—Oég H:c—ﬂm AN
n=1 /=1 m=1

The degree of the map Ey, ys is 2 M!L!, and the images of the
various £, js are disjoint (except for a set of A y-measure 0).
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A Change of Variables

Given (L, M), define
EL,M : RL X (CM —>RN

by Er m(a, 3) := b where

N L M
ZCN—Fan.CUN_n:HZC—Oég H:c—ﬂm N
n=1 /=1 m=1

The degree of the map Ey, ys is 2 M!L!, and the images of the
various £, js are disjoint (except for a set of A y-measure 0).
Moreover,

L M

®(Ernm(c,B) = [[ dlcw) T 6(8m)d(Brm)-

OQ.Q.QO%




A Change of Variables

FN(S)

A

~

®(b)"° dAn(b)
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A Change of Variables

Fn(s)= > oM D [1L]

(L, M)

1

/

RL xCM

O.Q.Q.QO%
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®(Epm(a,8))°

x Jac EL7M((X,,3) d)\L(a) d)\QM(,B)




A Change of Variables

Fn(s)= > oM D [1L]

(L, M)

1

/

RL xCM

O.Q.Q.QO%

~

®(Epm(a,8))°

x Jac EL7M(C¥,,3) d)\L(a) d)\QM(,B)




A Change of Variables

1 L M A AN
Fn(s)= ) swramm / {H¢<ae>ﬂ¢<ﬂm>¢<ﬁm>}

(L, M) RLxCM M= K
X Jac EL,M((I, ,3) d)\L(Oz) d)\QM(,B).




A Change of Variables

1 L M A
Fn(s) = Z IM AT / {H¢a€ H }
(L,M) i iom = m=1

xJac B vr(o, B) dAp(a) dAans (8)-

Lemma 8.

Jac Ep v, B) = 2M |A(a, B)].




A Change of Variables




The Connection




The Connection

| L M OO
Fv@) = mom | {Hqﬁ(af) [T ¢(8m)0(3 >}
(L,M) RLxCM =1 =l

And recall that

1 L M SN
<\1}>=6N1<Z)L!M! / {yw(&e)nw(ﬁm)w(ﬂm)}
L, M 1 m=1

RL xCM X
X ‘A(Oz, ,3)‘ d)\L(a) d)\QM(,B),

where () = ¥ (7) e™7"/2 {erfe(v/2|Im()]) } .




The |Idea of the Proof

We wish to prove

where

Up|j, k] := (P}, Pg)r + (P}, Px)c-

(¥) = €' Pf Up,
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The |Idea of the Proof

We wish to prove

where

(¥) = €' Pf Up,

lﬁpb,k] <}?7f%>R‘%<}?7F%>

Uy =Cy' )
(L,M

RLxCM X
x |A(e, B)| dA

)LJW! / {H¢a€ﬁ¢ﬁm }

(o) dhan (8),
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The |Idea of the Proof

We wish to prove
<\If> == GJ_Vl Pt UP)

where
Uplj, k| := (P}, Px)r + (P}, Pr)c.

) M
T) = Cy' Z LM / {HWM HS&ﬁm }
(L,M) TR

RL xCM N\

X |A(ex, B)] dA

First we need to expand |A(«, 3)|

L(a) dXap (8),

M%




Vandermonde Determinants

A(a, 3) is given by

1 1 1 1
a1 Qy, E 51

det
N N\ —N-—-1 L
b e B

—N—-1

B

N-1
M

OOIOOCIOCIOCIO%




Vandermonde Determinants

A(a, 3) is given by

1 1 1 1
a1 Qy, E 51

det
._ ._ —N—-1 ._
b e B

L M
= [ (e =) ¢ TT 11 18m — el

| I<k ) {=1m=1

X { H ‘577, N 5771‘2 iﬁn \ ﬁ_’mﬁ

m<n

1 1
Bt Bar
—N-1 A
Bar AN,

M
} 11 2iS(8m).
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Vandermonde Determinants

Thus,

OOIOOCIOCIOCIO%

‘det Va’ﬂ‘ = (—5)M ¢ H sgn(ay — a;) H sgn (B ¢ det VP,




Vandermonde Determinants

OOIOOCIOCIOCIO%

Thus,
( M )
‘det Va’ﬂ‘ = (—i)M ¢ H sgn(ax — a;) H sgn (B ¢ det VP,
| J<k m=1 )
And, det VP s given by
N\ 1 1 1 1 1
o ar, 51 b1 B B
det :
\ {1 —=N-1 A\ N1 A
_0/1\71 &gl B {Vl NNV ]\1\21




Vandermonde Determinants

WQ
Thus, §
( M ) 5
‘det Va’ﬂ‘ = (—5)M ¢ H sgn(ay — a;) H sgn (B ¢ det VP,
| J<k m=1 )

And, det VP s given by

1 1
07 ay,
det _
9| N-1
| ¥ ar

Now, let P = {Pl,PQ,..
deg P, =n — 1.

1 1 1 1
b1 B B B
—N—1 \ — N-1 \
B AN B ]\]\2 \

., Py} be a set of monic polynomials




Vandermonde Determinants

Thus, ;
( M B
‘det Va’ﬂ‘ = (—5)M ¢ H sgn(ay — a;) H sgn (B ¢ det VP,
| J<k m=1
And, det VP s given by
Py (o) Pi(ar) Pi(B1) Pi(6) P1(Bum)
N Py (o) Py(ar) P(B1) Pa(fr) P2 (Bumr)
Py (aq) Py(ar) Pn(B1) Pn(B1) Pn(Bum)




Vandermonde Determinants

Thus, ;
( M B
‘det Va’ﬂ‘ = (—5)M ¢ H sgn(ay — a;) H sgn (B ¢ det VP,
| J<k m=1
And, det VP s given by
Py (o) Pi(ar) Pi(B1) Pi(6) P1(Bum)
N Py (o) Py(ar) P(B1) Pa(fr) P2 (Bumr)
| Pn(aq) Py(ar) Pn(B1) Pn(B1) Pn(Bum)

Call this matrix W8,




Vandermonde Determinants

Thus,

OOIOOCIOCIOCIO%

‘det Va’ﬂ‘ = (—5)M ¢ H sgn(ay — ;) H sgn (B p det WP,




The L aplace Expansion of the Determinant

We wish to enumerate the minors of WP,

O'I“I“CI“I“IO%




The L aplace Expansion of the Determinant

;

We wish to enumerate the minors of WP,

NN {{1,2,...,L}i>{1,2,...,N} (1) <t(2) <--- < t(L)}.

To each t € 7%,

* there exists a unique t' € J_; such that the images of t
and t’ are disjoint
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The L aplace Expansion of the Determinant

;

We wish to enumerate the minors of WP,

g {{1,2,...,L}i>{1,2,...,N} (1) <t(2) <--- < t(L)}.

To each t € 7%,

* there exists a unique t' € 3%_; such that the images of t
and t’ are disjoint.

* there is associated a canonical permutation ¢ € Sy.
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The L aplace Expansion of the Determinant

;

We wish to enumerate the minors of WP,

g {{1,2,...,L}i>{1,2,...,N} (1) <t(2) <--- < t(L)}.

To each t € 7%,

* there exists a unique t' € 3%_; such that the images of t
and t’ are disjoint.
* there is associated a canonical permutation ¢ € Sy.

* we define sgn(t) := sgn(¢y).

Ceeeeeeeee0e60




The L aplace Expansion of the Determinant

p

We wish to enumerate the minors of WP,

NN {{1,2,...,L}i>{1,2,...,N} (1) <t(2) <--- < t(L)}.

Given t,u € 3%, we define Wf{;ﬁ to be the L x L minor where

WaL, k) = WEPL(G), (k)]
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The L aplace Expansion of the Determinant

p

We wish to enumerate the minors of WP,

NN {{1,2,...,L}i>{1,2,...,N} (1) <t(2) <--- < t(L)}.

Given t,u € 3%, we define Wf{;ﬁ to be the L x L minor where
Wolli, b = W), u(k)]

s ) . . ”8
The complimentary minor is given by W‘?fu, :
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The L aplace Expansion of the Determinant

;

We wish to enumerate the minors of WP,

NN {{1,2,...,L}i>{1,2,...,N} (1) <t(2) <--- < t(L)}.

For fixed u € 3%, the Laplace expansion of det W< is given by

det WP = sgn(u) Z sgn(t) det W&[B - det Wt?ff .

te Il
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The L aplace Expansion of the Determinant

;

We wish to enumerate the minors of WP,

NN {{1,2,...,L}i>{1,2,...,N} (1) <t(2) <--- < t(L)}.

For fixed u € 3%, the Laplace expansion of det W< is given by

det WP = sgn(u) Z sgn(t) det W&[B - det Wt?ff .

te Il

Leti € 3% be the identity map. Then, for every t € 3%, the entries

of W,ﬁ"ﬁ do not depend on 8.
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The L aplace Expansion of the Determinant

p

We wish to enumerate the minors of WP,

NN {{1,2,...,L}i>{1,2,...,N} (1) <t(2) <--- < t(L)}.

For fixed u € 3%, the Laplace expansion of det W< is given by

det WP = sgn(u) Z sgn(t) det W&[B - det Wt?ff .
teJy
Leti € 3% be the identity map. Then, for every t € 3%, the entries
of WP do not depend on @3. Similarly, the entries of W3 do

not depend on a.

Ceeeeeeeee0e60




The L aplace Expansion of the Determinant

;

We wish to enumerate the minors of WP,

I = {{1,2,..., L} 5 {1,2, ... NP

Thus,
det WP = Z sgn(t) det Wi - det W,f,; A

teJy
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Vandermonde Determinants

We have,

Ae, B)] = (=)™

\

’

M
H sgn(ay — a;) H sgn 3(Bm)

| J<k m=1

\

O.Q.QO%

\ det WP,
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Vandermonde Determinants

We have,

Ae, B)] = (=)™

\

’

M
H sgn(ay — a;) H sgn 3(Bm)

| J<k m=1

\

O.Q.QO%

s det WP,

/




Vandermonde Determinants

We have,

Ae, B)] = (=)™

\

y

i<k

X Z sgn(t) det W

te Iy

M

H sgn(ay — ;) H

m=1

sgn $§

. det WP

\

(Bm) ¢

/

v,
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Vandermonde Determinants

We have,

Aa, B)| = ) sen(t) 4

teJY

f

\

\

det W5 H sgn(ay — a;)

j<k
M
det Wfi,(—i)M H sgn
m=1

\

/
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The |Idea of the Proof

L M W
— G_ | / {H 90(046) H Qp(ﬁm)@(ﬁm)}

LM) RLX(CM =1
x [Ale, B)] dAL () dA2n (B),
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The |Idea of the Proof
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The |Idea of the Proof

L M %
1 AN O
(T) = Ep DN / {H o(ag) 1] w(ﬂm)w(ﬁm)}
(L,M) " prycm \=1 m=1
( )
X (Z sgn(t) ¢ det W H sgn(ayp — a;) p
teJ}Y ] J<k )

M

X {det Wt,ﬁi,(—z')M H S

m=1

gn %(ﬂm)} ) dAr(a) dA2n(B),




The |Idea of the Proof

(T) =€y ),

(L, M)

1
LIM!

L

[ {1l

RLxCM “E=1
¢

X (Z sgn(t) ¢ det W

\
M

,,.,(—i)M H sgn %(ﬂm)}> dAr () dAan (B),

m=1

OI“I“CI“I“IO%

M AN N
@(O‘E) H W(ﬁm)%p(ﬁm) }

m=1
\

H sgn(ayp — o) p

1<k

/




The |Idea of the Proof

—G_ S‘ Ysgn

(L,

X

M) teTY
,

/=1

)T / /CM

L
det W5 H () H sgn(ay — ;)

j<k

MH@Oﬁm

\

-~

/

Bm SZIl J(ﬁm) }

X d)\L( )d)\QM(,B),
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The |Idea of the Proof

—G_ S‘ Ysgn

(L,

X

M) teTY
,

/=1
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It is well known (De Bruijn 1955), that
H sgn(ay — o) = PET™ where T%j, k] = sgn(ag — aj).
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It is well known (De Bruijn 1955), that
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Define the N x N matrices R and C by

R[jvk] N <Pj7P/€>R and C[]ak] <P]7Pk>
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These are (resp.) the Pfaffians of the minors R¢¢ and Cy ¢ .
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y=Cx Y Y sgn(t)Pf R PfCyy.
(L,M) teT¥

It can be verified that
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(W) = C Pf(R + O).
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(U) = C Pf(R + O).

R+ C =Up.
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Finally,

(W) = €' Pf(Up).
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Averages over GInOE

Theorem 9 (S- 2006). Let N = 2.J, and let

P={P(7), "), - Pn(7)}

be a set of monic polynomials with deg PP, = n — 1. Then,
(U) = €' Pf Up,
the Pfaffian of Up, where Up is the N X N matrix where,
Uplj, k| := (P}, Pr)r + (P}, Pk)c;

where (P, QQ)r and (P, Q)¢ are defined with respect to

o) = ¥(7) e {exfe(v/2lm(m))}

[ J[e)




Moment Functions of Multiplicative Distance Functions

Theorem 10 (S- 2005). Let N = 2.J, and let

P={P(7), ), -, Pn()}

be a set of monic polynomials with deg PP, = n — 1. Then,
Fn(®;s) = PfUp,
the Pfaffian of Up, where Up is the N X N matrix where,
Uplj, k] := (P}, Po)r + (P}, Pr)c,

where (P, Q)r and (P, Q)¢ are defined with respect to

[ J[e)
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