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Definitions

A polynomial f € C|x] is conjugate reciprocal (CR) if

f@) =2"f(1/z), N =degf.
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Definitions

A polynomial f € C|x] is conjugate reciprocal (CR) if

f@) =z"f(1/z), N =degf
That iIs,

N
if f(x)= chxN_n, then cy_,

n=0

Such polynomials are sometimes called

® reciprocal
¢ self-inversive

.

O.Q.QO%




Definitions

A polynomial f € C|x] is conjugate reciprocal (CR) if

f@) =z"f(1/z), N =degf
That iIs,

if f(x)= chxN_n, then cy_,

||
o
3

® reciprocal: cy_,, = cp,

* self-inversive: cy_, = £¢,, forsome [£]=1.
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Definitions

The CR condition implies

fla)=0 = f(1/a) =0

Moreover o = 1/a ifand only if a € T.

Thus the roots of f are either on T or come is pairs invariant
under inversion across T (hence the term self-inversive).

O.QO%




Definitions

A plot of the roots of

2+ 2at + 23 — (

1

3

2
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More Definitions

:

We will be primarily interested in monic CR polynomials. That is,
polynomials of the form

N-1
fl@)=a"+1+) a®™  evon=0n

n=1
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More Definitions

:

We will be primarily interested in monic CR polynomials. That is,
polynomials of the form

N-1
fl@)=a"+1+) a®™  evon=0n

n=1

Notice that if NV IS even then

CN/2 = CN/2 = CN/2 c R.
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More Definitions

:

We will be primarily interested in monic CR polynomials. That is,
polynomials of the form

N-1
fl@)=a"+1+) a®™  evon=0n

n=1

Notice that if IV Is even then
CN/Z m— CN/Q = CN/Q - R.
The number of real numbers needed to describe f is

(2 (&) N odd
N-1=¢4

N2 (£52) +1 N even.
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Yet More Definitions

We may identify monic CR polynomials of degree N with R 1.

To do this definethe N — 1 x N — 1 matrix Xy by

(254 6n_jk) If 1<j<|N/2]

Xnlj k] =19 ik if j=N/2

V2 (iby_jk—i0;) if |N/2] <j<N

\
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Yet More Definitions

We may identify monic CR polynomials of degree N with R 1.
To do this definethe N — 1 x N — 1 matrix Xy by

(1 0 O i |
2 | )
X, V2 |0 i 0
2 101 —2 O
[ 10 00O
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Yet More Definitions

We may identify monic CR polynomials of degree N with R 1.
To do this definethe N — 1 x N — 1 matrix Xy by

(1.0 o0 N
01 0 4 0
9
X6:§OO\/§O 0
01 0 —i 0
10 0 0 —j

OQ.Q.QO%




Yet More Definitions

We may identify monic CR polynomials of degree N with R 1.
To do this definethe N — 1 x N — 1 matrix Xy by

(1.0 o0 N
01 0 i 0
9
X6:§()O\/§O 0
01 0 —i 0
10 0 0 —i

The /2 terms are normalizing so that

\detXN| = 1.
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Yet More Definitions

We may identify monic CR polynomials of degree N with R 1.
To do this definethe N — 1 x N — 1 matrix Xy by

(1.0 o0 N
01 0 4 0
9
X6:§()O\/§O 0
01 0 —i 0
10 0 0 —j

The /2 terms are normalizing so that
\det XN| = 1.

Notice ifa € RV~! then Xya=:ce CN "t and cy_,, = G,.
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Yet More Definitions

Since ¢ = X a has the property

CN—n — aa

we may use this to define a monic CR polynomial.

OQ.QO%




Yet More Definitions

Since ¢ = X a has the property

CN—n — aa

we may use this to define a monic CR polynomial.

N-1
a(z) =z +1+ Z cpzN T,

n=1
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Yet More Definitions

Since ¢ = X a has the property

CN—n — aa
we may use this to define a monic CR polynomial.

N-1
a(z) =z +1+ Z cpzN T,

n=1

We explicitly identify the set of monic CR polynomials of degree
N with RY~1 by the map

ar— a(z).
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The Definition ofiVx

Finally we define,
Wy = {a € R¥"!: a(z) has all roots on T}.
That is, Wy is the collection of vectors in RY—1 which

correspond to degree N CR polynomials with all roots on the
unit circle.
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The Definition ofiVx

Finally we define,

Wy = {a € RV"!: a(z) has all roots on T}.

Plots of W5 and W.
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Theorems

Theorem 1. W is homeomorphic to the closed N — 1 dimensional ball,
BRY
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Theorem 2. W is homeomorphic to the closed N — 1 dimensional ball,
BARS
Given a € Wy there is a natural way to define a (cyclically

ordered) partition of NV, P(a) corresponding to the multiplicities
of the cyclically ordered roots of a
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Theorem 2. W is homeomorphic to the closed N — 1 dimensional ball,
BARS
Given a € Wy there is a natural way to define a (cyclically

ordered) partition of NV, P(a) corresponding to the multiplicities
of the cyclically ordered roots of a

Theorem 2. W has the structure of a coloured N — 1 simplex where the
colouring of a € Wy is P(w).
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Theorems

Theorem 2. W is homeomorphic to the closed N — 1 dimensional ball,
BARS
Given a € Wy there is a natural way to define a (cyclically

ordered) partition of NV, P(a) corresponding to the multiplicities
of the cyclically ordered roots of a

Theorem 2. W has the structure of a coloured N — 1 simplex where the
colouring of a € Wy is P(w).

Points in W, corresponding to
the partition {4}.
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Theorems

Theorem 2. W is homeomorphic to the closed N — 1 dimensional ball,
BARS
Given a € Wy there is a natural way to define a (cyclically

ordered) partition of NV, P(a) corresponding to the multiplicities
of the cyclically ordered roots of a

Theorem 2. W has the structure of a coloured N — 1 simplex where the
colouring of a € Wy is P(w).

Points in W, corresponding to
the partition {3, 1}.
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Theorems

Theorem 2. W is homeomorphic to the closed N — 1 dimensional ball,
BARS
Given a € Wy there is a natural way to define a (cyclically

ordered) partition of NV, P(a) corresponding to the multiplicities
of the cyclically ordered roots of a

Theorem 2. W has the structure of a coloured N — 1 simplex where the
colouring of a € Wy is P(w).

Points in W, corresponding to
the partition {2, 2}.
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Theorems

Theorem 2. W is homeomorphic to the closed N — 1 dimensional ball,
BARS
Given a € Wy there is a natural way to define a (cyclically

ordered) partition of NV, P(a) corresponding to the multiplicities
of the cyclically ordered roots of a

Theorem 2. W has the structure of a coloured N — 1 simplex where the
colouring of a € Wy is P(w).

Points in W, corresponding to
the partition {1,1,1,1}.
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W, Coloured

14},
{3,1},
{2,2},
{1,1,1,1},
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Theorems

Theorem 3. The group of isometries of W/ is isomorphic to Dy, the
dihedral group of order 2/V.
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Theorems
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Theorem 4. The group of isometries of W/ is isomorphic to Dy, the
dihedral group of order 2/V.

Isom (W) is generated by the isometries R and C' where R
corresponds to the action of multiplying each root by a primitive
N-th root of unity, and C' corresponds to complex conjugation of
the roots.
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Theorem 4. The group of isometries of IV is isomorphic to Dy, the
dihedral group of order 2/V.

Isom (W) is generated by the isometries R and C' where R
corresponds to the action of multiplying each root by a primitive
N-th root of unity, and C' corresponds to complex conjugation of

the roots.
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Theorem 4. The group of isometries of W/ is isomorphic to Dy, the
dihedral group of order 2/V.

Isom (W) is generated by the isometries R and C' where R
corresponds to the action of multiplying each root by a primitive
N-th root of unity, and C' corresponds to complex conjugation of
the roots.

Theorem 4. The volume (Lebesgue measure) of IV is given by
oN—1_(N-1)/2

(%)

VOI(WN) =




Theorems
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Theorem 4. The group of isometries of W/ is isomorphic to Dy, the
dihedral group of order 2/V.

Isom (W) is generated by the isometries R and C' where R
corresponds to the action of multiplying each root by a primitive
N-th root of unity, and C' corresponds to complex conjugation of
the roots.

Theorem 4. The volume (Lebesgue measure) of IV is given by
oN—1_(N-1)/2

(%)

VOI(WN) —

That is, the volume of Wy Is equal to the volume of the NV — 1
dimensional ball of radius 2.




A Few Preliminaries

Proposition 5.

where &1, &a, . .

The vector w is in Wy if and only if

N

w(z) = H(x —&n),

n=1

., & are elements of T satisfying £1&2 - - - En = (—1)%.
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A Few Preliminaries

Proposition 5. The vector w is in Wy if and only if
N
w(z) = | [ (@ - &),
n=1
where &1, &, . .., & are elements of T satisfying £1&2 - - - En = (—1)%.

Proof.

2N ﬂ (1 S 5_”“’)

X
n=1
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A Few Preliminaries

Proposition 5. The vector w is in Wy if and only if

N
w(z) = | [ (@ - &),
n=1
where £1, &9, ..., & are elements of T satisfying £1&2 - - - En = (—1)

Proof.

N

Nw(l/z) = ()N [ (e - 1)

n=1

N
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A Few Preliminaries

Proposition 5.

where &1, &9, . . .

Proof.

The vector w is in Wy if and only if

w(z)

w(l/x) =

N

H(x —&n),

n=1

Hgn

, €N are elements of T satisfying £1&2 - - -

Lz — 1)
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A Few Preliminaries

Proposition 5.

where &1, &a, . .

Proof.

The vector w is in Wy if and only if
N
w(z) = | [ (@ - &),
n=1

., & are elements of T satisfying £1&2 - - - En = (—1)%.

Nw(1/7) = w(z).
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A Few Preliminaries

Proposition 5. The vector w is in Wy if and only if
N
w(z) = | [ (@ - &),
n=1
where &1, &, . .., & are elements of T satisfying £1&2 - - - En = (—1)%.

Proof.

Nw(1/7) = w(z).

It follows that w is CR and in Wy.
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A Few Preliminaries

Proposition 5. The vector w is in Wy if and only if
N
w(z) = | [ (@ - &),
n=1
where &1, &, . .., & are elements of T satisfying £1&2 - - - En = (—1)%.

Proof.

Nw(1/7) = w(z).

It follows that w iIs CR and in Wj. The converse IS obvious
since every element of Wy Is a polynomial with all roots on the
unit circle and constant coefficient 1.
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A Few More Preliminaries

Proposition 6.  The points in W corresponding to the partition { /V } are

given by
va(z) = (2 +(R)Y  n=

where (y = 2™/,

1,2,..., N,
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A Few More Preliminaries

Proposition 7. The points in W corresponding to the partition { NV } are
given by
N
vp(z) = (x4 () n=12,...,N,

where (y = e2mi/ N, Moreover, if w € W then

, (2N
jwi? < (%) -2

with equality if and only if w = v,, forsome 1 < n < IV.
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A Few More Preliminaries

Proposition 7. The points in W corresponding to the partition { NV } are
given by
v(z) = (. + )Y n=1,2"0 ]\,

where (y = e2mi/ N, Moreover, if w € W then

, (2N
jwi? < (%) -2

with equality if and only if w = v,, forsome 1 < n < IV.

We call the v,, the vertices of Wy .
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A Few More Preliminaries

Proposition 7. The points in W corresponding to the partition { NV } are
given by
v(z) = (. + )Y n=1,2"0 ]\,

where (y = e2mi/ N, Moreover, if w € W then

, (2N
jwi? < (%) -2

with equality if and only if w = v,, forsome 1 < n < IV.

We call the v,, the vertices of Wy .

OQ.Q.QO%



http://www.math.ubc.ca/~sinclair/files/W431.mov
http://www.math.ubc.ca/~sinclair/files/W422.mov

A Few More Preliminaries

OQ.Q.QO%

Proposition 7. The points in W corresponding to the partition { NV } are
given by

v(z) = (. + )Y n=1,2"0 ]\,

where (y = e2mt/N Moreover, if w € W then
9 2N
w2 < (7 ) -2
with equality if and only if w = v,, forsome 1 < n < IV.

Corollary 7. Each Isometry of W must map the set of vertices to itself. That
is, Isom (W) is a subgroup of Sy .




Isometries and Parseval’s Formula

To show R Is a an isometry of W we need to show for any
points wi, wy € Wy,

|Rwy — Rws|? = [[w1 — wal|°.
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Isometries and Parseval’s Formula

To show R Is a an isometry of W we need to show for any
points wi, wy € Wy,

|Rwy — Rws|? = [[w1 — wal|°.

The N —1 x N — 1 matrix Xy
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Isometries and Parseval’s Formula

To show R Is a an isometry of W we need to show for any
points wi, wy € Wy,

|Rwy — Rws|? = [[w1 — wal|°.

The N —1 x N — 1 matrix Xy

I
|
|
DO
—_ O O =

O = = O
~
)
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Isometries and Parseval’s Formula

To show R Is a an isometry of W we need to show for any
points wi, wy € Wy,

|Rwy — Rws|? = [[w1 — wal|°.

The N —1 x N — 1 matrix X Is normalized so that
| Xnwl? = [[w|*. It follows that

w1 — wall? = || Xn (w1 — wa)||°.
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Isometries and Parseval’s Formula

To show R Is a an isometry of W we need to show for any
points wi, wy € Wy,

|Rwy — Rws|? = [[w1 — wal|°.

The N —1 x N — 1 matrix X Is normalized so that
| Xnwl? = [[w|*. It follows that

w1 — wall* = | Xnwi — Xnws°.
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Isometries and Parseval’s Formula

To show R Is a an isometry of W we need to show for any
points wi, wy € Wy,

|Rwy — Rws|? = [[w1 — wal|°.

The N —1 x N — 1 matrix X Is normalized so that
| Xnwl? = [[w|*. It follows that

1 27 . .
lwi—wal® = — [ [wi(e”) — wa(e')]? db.
20 0
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Isometries and Parseval’s Formula

To show R Is a an isometry of W we need to show for any
points wi, wy € Wy,

|Rwy — Rws|? = [[w1 — wal|°.

The N —1 x N — 1 matrix X Is normalized so that
| Xnwl? = [[w|*. It follows that

1

27
wi —wall? = o / w1 (i) — wa(e)? db.
0

Now,

1 27 ‘ .
| Rwy — Rwal|? = —/ Rw1 () — Rwo(e?)[2 db.
0
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Isometries and Parseval’s Formula

To show R Is a an isometry of W we need to show for any
points wi, wy € Wy,

|Rwy — Rws|? = [[w1 — wal|°.

The N —1 x N — 1 matrix X Is normalized so that
| Xnwl? = [[w|*. It follows that

1 27 . .
lwi—wal® = — [ [wi(e”) — wa(e)|? db
20 0

Now, since Rw(z) = w((y'7),

1 27 Y ;
Rwy = Rwal* = 5= [ wa(G'e) = wa(Gy'e) 2 do
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Isometries and Parseval’s Formula

To show R Is a an isometry of W we need to show for any
points wi, wy € Wy,

|Rwy — Rws|? = [[w1 — wal|°.

The N —1 x N — 1 matrix X Is normalized so that
| Xnwl? = [[w|*. It follows that

1

27
wi —wall? = o / w1 (i) — wa(e)? db.
0

Now, since Rw(z) = w((y'7),

1

2T
HRW1 A\ RWQHQ A _/ ’Wl(ei(e_Qﬂ/N)) W\ W2(€i(9—27r/N))‘2 3
0

2T
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Isometries and Parseval’s Formula

To show R Is a an isometry of W we need to show for any
points wi, wy € Wy,

|Rwy — Rws|? = [[w1 — wal|°.

The N —1 x N — 1 matrix X Is normalized so that
| Xnwl? = [[w|*. It follows that

1

27
wi —wall? = o / w1 (i) — wa(e)? db.
0

Now, since Rw(z) = w((y'7),

1 2m . _
|Rwi — Rws||* = %/ w1 (e?) — wa(e?)]? db.
0
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Isometries and Parseval’s Formula

To show R Is a an isometry of W we need to show for any
points wi, wy € Wy,

|Rwy — Rws|? = [[w1 — wal|°.

The N —1 x N — 1 matrix X Is normalized so that
| Xnwl? = [[w|*. It follows that

1

27
wi —wall? = o / w1 (i) — wa(e)? db.
0

Now, since Rw(z) = w((y'7),

|Rw1 — Rws* = [|wy — w]]*.
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Isometries and Parseval’s Formula

To show R Is a an isometry of W we need to show for any
points wi, wy € Wy,

|Rwy — Rws|? = [[w1 — wal|°.

The N —1 x N — 1 matrix X Is normalized so that
| Xnwl? = [[w|*. It follows that

1

27
wi —wall? = o / w1 (i) — wa(e)? db.
0

Now, for C' we use the fact that Cw(x) = w(Z).
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Isometries and Parseval’s Formula

To show R Is a an isometry of W we need to show for any

points wi, wy € Wy,
|Rwy — Rws|? = [[w1 — wal|°.

The N —1 x N — 1 matrix X Is normalized so that
| Xnwl? = [[w|*. It follows that

1 27 . .
lwi—wal® = — [ [wi(e”) — wa(e')]? db.
20 0

Now, for C' we use the fact that Cw(z) = w(z). A similar
analysis reveals

|Cw1 = Cwa)* = [[wy — w*.

OOCIOOIOOIOOOIOOIOCIO%




The Distance Between \ertices

Lemma 8. Foreach 1 < M < N, the vertices farthest from v s are v
and v _1.
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The Distance Between \ertices

Lemma 8. Foreach 1 < M < N, the vertices farthest from v s are v
and v _1.

This lemma implies that Isom(Wy) = Dy.
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The Distance Between \ertices

Lemma 8. Foreach 1 < M < N, the vertices farthest from v s are v
and v _1.

* Given T € Isom(Wy), there exists an L such that
(RLT)VN = V).
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The Distance Between \ertices

Lemma 8. Foreach 1 < M < N, the vertices farthest from v s are v
and v _1.

* Given T € Isom(Wy), there exists an L such that
(RLT)VN = V).

* Either (RLT)Vl = v Or (RLT)Vl = VN_1-
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The Distance Between \ertices

Lemma 8. Foreach 1 < M < N, the vertices farthest from v s are v
and v _1.

* Given T € Isom(Wy ), there exists an L such that
(RLT)VN = V).

* Either (RLT)Vl = v Or (RLT)Vl = VN_1-

* U maps vy_i to vy.
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The Distance Between \ertices

Lemma 8. Foreach 1 < M < N, the vertices farthest from v s are v
and v _1.

* Given T € Isom(Wy ), there exists an L such that
(RLT)VN = V).

* Either (RLT)Vl = v Or (RLT)Vl = VN_1-

* U maps vy_i to vy.

* There exists K € {0,1} such that S := CX RT fixes both
vy and vy.
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The Distance Between \ertices

Lemma 8. Foreach 1 < M < N, the vertices farthest from v s are v

and v _1.

Given T' € Isom(Wy ), there exists an L such that
(RLT)VN = V).

Either (RLT)Vl = v Or (RLT)Vl = VN_1-

C' maps vy_i to vy.

There exists K € {0,1} such that S := CX RIT fixes both
vy and vy.

S swaps vy and vy or fixes them. Thus Svy = vs.
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The Distance Between \ertices

Lemma 8. Foreach 1 < M < N, the vertices farthest from v s are v

and v _1.

Given T' € Isom(Wy ), there exists an L such that
(RLT)VN = V).

Either (RLT)Vl = v Or (RLT)Vl = VN_1-

C' maps vy_i to vy.

There exists K € {0,1} such that S := CX RIT fixes both
vy and vy.

S swaps vy and vy or fixes them. Thus Svy = vs.

Continuing in this manner we see that S fixes all vertices.
Thatis, CERLT = 1.

OI“I“CI“I“IO%




The Distance Between \ertices

Lemma 8. Foreach 1 < M < N, the vertices farthest from v s are v

and v _1.

Given T' € Isom(Wy ), there exists an L such that
(RLT)VN = V).

Either (RLT)Vl = v Or (RLT)Vl = VN_1-

C' maps vy_i to vy.

There exists K € {0,1} such that S := CX RIT fixes both
vy and vy.

S swaps vy and vy or fixes them. Thus Svy = vs.

Continuing in this manner we see that S fixes all vertices.
Thatis, CERLT = 1.

T Is in the group spanned by R and C.
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Self Inversive Polynomials

:

The polynomial f is said to be self-inversive if there exists w € T

such that

f(z) = wa f(1/7)

N = deg f.
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Self Inversive Polynomials

:

The polynomial f is said to be self-inversive if there exists w € T
such that

fx) =wa™ f(1/T) N =degf.

For each w we will call such polynomials, w-CR polynomials.
Note that 1-CR polynomials are just CR polynomials.
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Self Inversive Polynomials

:

The polynomial f is said to be self-inversive if there exists w € T

such that
flz) =wz™ f(1/T) N =degf.

For each w we will call such polynomials, w-CR polynomials.

Note that 1-CR polynomials are just CR polynomials.

N
If FNERS Z ey T then cn_,, = we,.

n=0
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Self Inversive Polynomials

:

The polynomial f is said to be self-inversive if there exists w € T
such that

fx) =wa™ f(1/T) N =degf.

For each w we will call such polynomials, w-CR polynomials.
Note that 1-CR polynomials are just CR polynomials.

N
If FNERS Z ey T then cn_,, = we,.

n=0
As in the CR case, the set of monic w-CR polynomials is in bijec-

tive correspondence with RV 1.
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w-CR polynomials

There exists a linear map Xy, : RY~1 — CV~1 so that
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w-CR polynomials

There exists a linear map Xy, : RY~1 — CV~1 so that
* c:= Xyals the coefficient vector of an w-CR polynomial,
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w-CR polynomials

There exists a linear map Xy, : RY~1 — CV~1 so that
* c:= Xyals the coefficient vector of an w-CR polynomial,
¢ |det WN,w‘ =1,
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w-CR polynomials

There exists a linear map Xy, : RY~1 — CV~1 so that
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A Change of Variables

Proposition 8.  The vector w is in W, if and only if

N
w(z) = | ] (@ - &),
n=1
where &1, &9, ..., En are elements of T satisfying £1& - - En = (—1)Nw.

We define the map Ey, : TV ! — Wy, specified by
a= Ey.(§) = Xy .,cwhere cis obtained from £ by

T = = (x — &) = (2 +w)+ cnx T,
( 5152"'5]\[—1) 1 7;

n=1
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vol(Wy) = o vol

s

That iIs,

VOl(WN) =

% vol{ f(x) € Clx] : deg(f) = N, monic, all roots on T}.




The \Volume ofiW

WQ
1
vol(Wiy) = o vol
s
That Is,
1 27 290 )
VOI(WN) m—— 27TN| / . / H |e’69 20m| del dHN
/0 0 1<m<n<N




The \Volume ofiW

vol(Wy) = o vol

s

Dyson computed this integral in the context of RMT, and

VOI(WN) —

oN—1_(N—1)/2

L(%3)
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