
Homework #6

1. (a) Show that the sequence (an) given by an =
√
n diverges to +∞.

(b) Prove that if (an) is a sequence which diverges to +∞ and (bn) is a convergent sequence,
then (an + bn) diverges to +∞.

(c) Define what it means for sequence (an) to diverge to −∞.

2. Let

A =

{
(−1)n +

2

n
: n ∈ N

}
and B = {x ∈ Q : 0 < x < 1}.

Answer the following questions for A and B:

(a) What are the limit points?

(b) Is the set open? Closed?

(c) Does the set contain any isolated points?

(d) What is the closure of the set?

3. Let A and B be sets of real numbers. Prove that A ∪B = A ∪B.

4. Give an example of each request or give an argument explaining that such a request is impos-
sible.

(a) A nonempty closed set with no isolated points.

(b) A nonempty closed set with no limit points.

(c) A nonempty open set that contains no rational numbers.

(d) A set that is neither open nor closed but which contains all numbers of the form 1/n for
n ∈ N.

(e) A set which is both open and closed.

5. Show that a set F is closed if and only if every Cauchy sequence in F has a limit that is also
an element of F .

6*. We say a subset of the real line is an open interval if it is of the form:

• (a, b) for a, b ∈ R,

• (−∞, b) for b ∈ R,

• (a,∞) for a ∈ R, or

• (−∞,∞) = R.

Show that any open set is a finite or countable union of disjoint open intervals.
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