MATH 232: HOMEWORK 1
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PROBLEMS

Let X be a smooth projective variety of dimension n over the complex
numbers.

(1) Given a Cartier divisor D on X, let Lp be the associated line
bundle. Show that the map

Cl(X) — Pic(X)

given by
D LD

induces an isomorphism from the group of divisors on X, mod-
ulo linear equivalence, to the group of line bundles on X.

(2) Let D be a divisor on X, with associated line bundle Lp, and
let |D| be the associated linear series

|D|={E €Div(X): E>0,E ~ D}
Show there is a bijection between |D| and PI'(X, Lp).

(3) Let D > 0 be an effective divisor on X, and let Lp be the
associated line bundle, with sheaf of sections Ox (D). Fix a
section s € I'(X, Lp) which vanishes along D.

(a) Let {U,}aca be an open cover of X over which LY, is trivi-
alized. On each open chart U, let s, be the corresponding
section s, : U, — C.

Show that s induces a well defined map

L) 5 X xC
given locally on an open chart
U, xC—-U,xC
by
(P, 2) = (P, Sa(p)2).

(b) Show that this is not a morphism of line bundles in the

sense that the map is not of constant rank.
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(c) Show that this map nevertheless induces an injection of
locally free sheaves of rank one

0— ﬁx(—D) i> ﬁx,

and that moreover, the image of Ox(—D) in Ox via this
map is the sheaf of regular functions on X vanishing along
D.
(4) Let p € X be a point, and let 7 : Y — X be the blow-up of X
at p, with exceptional divisor E. For n > 0, show that

Ky = W*KX + (n - 1)E
(5) Recall that for an irreducible curve C', the arithmetic genus of

C is defined as p,(C) = h'(C, O¢). If C lies on a smooth surface
X, show that

2.(C) — 2 = C(C + Kx).

(6) Again let C' be an irreducible curve on a smooth surface X.
Show that there is a morphism Y — X consisting of a fi-
nite number of blow-ups, such that the strict transform of C'
is smooth. [Hint: show that blowing up a singular point of C
strictly decreases the arithmetic genus of C']



