LOGARITHMIC GEOMETRY AND ALGEBRAIC STACKS

MARTIN C. OLSSON

ABSTRACT. We construct algebraic moduli stacks of log structures and give stack-theoretic
interpretations of K. Kato’s notions of log flat, log smooth, and log étale morphisms. In the
last section we describe the local structure of these moduli stacks in terms of toric stacks.

1. INTRODUCTION

The purpose of this paper is to introduce a stack-theoretic approach to the theory of
logarithmic geometry ([9], [17]).

Let S be a fine log scheme with underlying scheme S, and define a fibered category

Logs — (S — schemes)
as follows. The objects of Logs are morphisms of fine log schemes X — S| and a morphism
h: X;S — X/g in Logg is a morphism of S-log schemes for which ht : h*Mx — My is an

isomorphism. The category Logg is fibered over the category of S-schemes by sending a fine

log scheme X/S to the underlying scheme X. The main result of this paper is the following
theorem, which was originally suggested to us by A. Abbes (see (1.2) for our conventions
about algebraic stacks):

Theorem 1.1. Logg s an algebraic stack locally of finite presentation over S.

A morphism of fine log schemes f : X — S defines tautologically a morphism of algebraic
stacks

Log(f) : Logx — Logs,
and the association S — Logg defines a 2-functor

(category of log schemes) — (2-category of algebraic stacks)

which can be viewed as an “embedding”. In this paper we explain how this 2-functor can be
used to reinterpret and study basic notions in logarithmic geometry.

The paper is organized as follows.
Section 2 contains some basic results about charts which will be used in what follows.

In section 3 we present a proof of (1.1), assuming the result, proven in the appendix (A.2),
that Logg is a stack with respect to the fppf topology. There are two main reasons for proving
that Logg is a stack with respect to the fppf topology in the appendix rather than in the
main body of the paper. First, (A.2) is a corollary of a foundational result in the theory of

log geometry (A.1) comparing the notion of a fine log structure in the fppf topology with the
1
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notion of a fine log structure in the étale topology. Since the proof of (A.1) is not directly
related to the relationship between algebraic stacks and log geometry it seems best to prove
it in an appendix. Secondly, if one restrict attention to the substack Jorg C Logg classifying
fs (i.e. fine and saturated) log schemes over S, then the use of (A.2) can be avoided (see
(3.1)). Throughout the paper we point out when results from the appendix are used, and
how in the case of Jorg one can proceed without them.

The proof of (1.1) in section 3 is based on the theory of charts developed in section 2. We
feel that this proof is the most natural for the purposes of this paper. However, one can
also prove (1.1) using deformation theory of log structures and M. Artin’s method ([1]). In
fact, theorem (1.1) implies that a “good” deformation theory of log structures exists, and in
other contexts it is useful to have an understanding of this deformation theory ([20]). Closely
related to this is the fact that (1.1) enables one to define the cotangent complex of a morphism
of log schemes. We hope to return to this subject in the future.

Section 4 is devoted to studying properties of morphisms of log schemes f : X — S
using the associated morphisms of algebraic stacks Log(f). We define what it means for a
morphism f : X — S of fine log schemes to have a property P, where P is a property of
representable morphisms of algebraic stacks. In particular, we get notions of étale, smooth,
and flat morphisms of fine log schemes, and in ((4.6)—(4.7)) we show that these definitions
agree with the definitions of K. Kato.

In section 5 we explain how work of L. Illusie on “toric stacks” yields a beautiful étale
cover of the stack Logg. This enables one to describe properties of morphisms of log schemes
in terms of locally defined maps to toric stacks. As in the proof of (1.1), issues about the
fppf topology present themselves in this section and certain results from the appendix ((A.3)—
(A.5)) are used. If one restricts attention to fs log structures, then the use of these results
can be avoided, and we point out how one can do so. From the stack-theoretic point of view,
however, we feel that there may be some interest in considering non-saturated log structures
(see (5.29)).

In the appendix we compare the notions of fine log structure in the fppf, étale, and Zariski
topology. The main result is (A.1) which asserts that if X is a scheme, then there is a natural
equivalence between the category of fine log structures on the fppf site Xy and the category of
fine log structures on the étale site Xy (the comparison between fine log structures on X and
the Zariski site Xz,, is slightly more complicated; see (A.1) for the statement). An immediate
corollary of (A.1) is the statement mentioned above that Logg is a stack with respect to the
fppf topology (A.2). We also obtain three other corollaries ((A.3)—(A.5)) which are used in
section 5. The results about Zariski log structures are not used in the main body of the paper
but are included for completeness.

Finally let us mention three applications of (1.1) which are not discussed in this paper. One
can develop the theory of log crystalline cohomology using a theory of crystalline cohomology
of schemes over algebraic stacks ([18]), and also the deformation theory of log schemes can
be understood using (1.1). In addition, theorem (1.1) has a natural place in the study of the
moduli of fine log schemes ([19]). We intend to discuss these subjects in future papers.

1.2. Conventions and Prerequisites. We assume that the reader is familiar with loga-
rithmic geometry at the level of the first two sections of ([9]). Throughout the paper, a log
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structure on a scheme X means a log structure on the étale site X, unless another topology
is specified.

If X is a log scheme we denote the underlying scheme by X and if f X — Y is a morphism

of log schemes we denote the underlying morphism of schemes by f X — Y If (M, «) is a
log structure on a scheme X, we denote by A : O% — M the inverse of a1 (0%) — O%, and
by M the sheaf M/O%. If X is a log scheme, we usually denote by (Mx,ax) (or simply
My) its log structure. If a : M — Ox is a pre-log structure on a scheme X, then we denote
by (M? «) (or just M?) the associated log structure.

A monoid P is called fine if it is finitely generated and integral, and is called fs if it is fine
and saturated (i.e. if @ € P9 and there exists r > 0 such that ra € P C P% then a € P).
We denote the set of invertible elements in P by P*. If P is fine and P* = {0}, then a
nonzero element p € P is called irreducible if for every pair of elements p;, ps € P for which
p = p1 + Py either p; or p, is zero.

Recall that a chart for a fine log structure M on a scheme X is a map P — M from the
constant sheaf associated to a fine monoid P such that P* — M is an isomorphism ([9], 2.9
(1)). For a fine monoid P, we denote by Spec(P — Z[P]) the log scheme with underlying
scheme Spec(Z[P]) and log structure induced by the natural map P — Z[P]. If no confusion
seems likely to arise, we may also abuse notation and write Spec(Z[P]) for the log scheme
Spec(P — Z[P)). Giving a chart P — M for a log structure M on a scheme X is equivalent
to giving a morphism of log schemes

(f. f*) + (X, Mx) — Spec(P — Z[P])

for which f° is an isomorphism (such a morphism is called strict ([8], 3.1)). If S is a scheme,
we write S[P] for the scheme

(1.2.1) S[P] := S Xsgpec(z) SPEC(Z[P])

and Mg(p) for the log structure on S[P] induced by the log structure on Spec(Z[FP]).

A chart for a morphism of fine log schemes f : X — S is a 5-tuple (Q, P, , B¢, Bp, 0), where
Bo:Q — Mg and Bp : P — Mx are charts and 6 : () — P is a morphism of fine monoids,
such that the induced diagram of fine log schemes

X -2 Spec(P — Z[P))

(1.2.2) fl le

S BECEN Spec(Q — Z[Q))

commutes ([9], 2.9 (2)). If no confusion seems likely to arise, we sometimes write (Q, P,0)
for a chart (Q, P, Bg, Bp,0).

In general, given a morphism of fine monoids 0 : () — P and a chart g : () — M for a fine
log structure M on a scheme X, we let X¢[P] denote the scheme

(1.2.3) XQ[P] =X X Spec(Z[Q]) SpeC(Z[PD.
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The natural map P — Ox,p) induces a log structure Mx,p] on Xg[P], and there is a
natural morphism of log schemes

(Xo[P], Mxqip) — (X, M).

Regarding algebraic stacks we follow the conventions of ([14]), except we do not assume
that our stacks are quasi-separated. More precisely, by an algebraic stack we mean a stack
X in the sense of ([14], 3.1) satisfying the following:

(1.2.4). The diagonal
A:X—XxX
is representable and of finite presentation;
(1.2.5). There exists a surjective smooth morphism X — X from a scheme.

The reader is assumed to be familiar with algebraic stacks.

1.3. Acknowledgements. Relations between logarithmic geometry and algebraic stacks
were first investigated by L. Illusie, following a suggestion of L. Lafforgue. We are grate-
ful to Professor Illusie for allowing us to include some of his results in the last section of this
paper, and for enlightening discussions about log geometry. In addition, Professor Illusie gave
very helpful comments about earlier versions of this paper. A. Abbes made several important
suggestions during the course of this work. In particular he suggested (1.1). We also want
to thank the referee who gave very detailed and helpful comments. Finally we are grateful
to A. Ogus who supervised the author’s dissertation which contained many of the results of
this paper. Professor Ogus’ advice and encouragement has been a great source of inspiration.
During the course of this work the author has been partially funded by the Clay Mathematics
Institute and by an NSF post-doctoral research fellowship.

2. SOME REMARKS ABOUT CHARTS

In this section we prove two propositions about charts which will be used in the proof of
(1.1), and we discuss two corollaries which will be used in section 5.

Proposition 2.1. Let M be a fine log structure on a scheme X and let x € X be a point.
Then there exists an fppf neighborhood f : X' — X of x and a chart 3 : P — f*M such that
for some geometric point ¥ — X' lying over x, the natural map P — f~'* Mz is bijective. If
M;p’tor ® k(z) = 0 (where Mj;”’t‘”’ denotes the torsion subgroup of M2 ), then such a chart
exists in an €tale neighborhood of x.

Proof. The key point is that the extension
(2.1.1) 0 —— Oﬁ(,i L) Mgp _ Mg;p —— 0

splits after replacing X by an fppf neighborhood of x. Indeed, choose an isomorphism Mij” ~
F & G, where F is a free group and G = @G, is a direct sum of finite cyclic groups G;
generated by an element g; € G; of order r;. Since F'is a finitely generated free abelian group,
it is clear that the projection MY — F admits a section. In order to construct a section of
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the projection M¥ — ®G;, let g; € M%Z be a lift of g;. Then rg; (writing the group law
additively) is equal to A(u;) for some unit u; € O% ;. Thus after replacing Ox z by the ring

(2.1.2) OxzTh, ..., Tn]/(T" — )iz,

and g; by §; — A(T;), the extension (2.1.1) splits. Note that (2.1.2) is a finite flat Ox z-algebra
and is an étale algebra if the r; are prime to k(z); that is, if Mf.f”t‘”" ® k(x) = 0.

Hence it suffices to prove the proposition under the additional hypothesis that the map
M — M admits a section s : My — MZP. Let P := Mj. Then since Mz = M% X qor
M (this follows from the definition of M), the map s induces a map B3p : P — M; such

that the induced map P — Mg is bijective. By ([9], 2.10) the map 8p extends to a chart in
some étale neighborhood of Z, and so the proposition follows. O

Proposition 2.2. Let f : X — S be a morphism of fine log schemes and suppose Bg : Q) —

Mg is a chart. Then étale locally on X there exists a chart (Q, P, Bg, Bp,0) (with the same
(Q, Bg)) for f with 0 : Q — P injective. If f: X — S is a morphism of fs log schemes and

if Q is saturated and torsion free, then étale locally on X there exists such a chart with P
saturated and torsion free.

Proof. Etale locally on X we can find a chart 8p : P’ — M, and in the fs case, we can by
(2.1) find a chart with P’ fs and torsion free. Let z — X be a geometric point, and define P
to be the fiber product of the diagram

QP @ PP
lbeBQ@ﬁP/
Myz — MP..

By ([9], 2.10), P is a fine monoid, and in the fs case with ) and P’ saturated and torsion
free, the monoid P is again saturated and torsion free since it is a submonoid of Q% & P'9P
and My ; is saturated. Let 6§ : Q — P be the map induced by the map @ — Q% ¢ PP
which sends ¢ € @ to (q,0), and let Bp : P — Mx ; denote the projection to Mx z. After
replacing X by an étale neighborhood of z, we can by (][9], 2.10) assume that Sp extends to
a global chart, which we also denote by (p, for M x. Moreover, since @ is finitely generated
the resulting diagram

Q —2- P

ﬁQl lﬁp

b
fMs —F— My
commutes in an étale neighborhood of Z, since it is commutative at T by construction. Thus
(Q, P, Bg, Bp, 0) defines a chart as desired in some étale neighborhood of z. O

In section 5, we shall often consider the situation of a fine log structure M on a scheme
X and a map P — M, where P is a fine monoid. We therefore include the following two
corollaries of (2.1):
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Corollary 2.3. Let M be a fine log structure on a scheme X, and suppose a morphism
m: P — M from a fine monoid P is given. Then in a fppf neighborhood of any point v € X
there exists a lifting w7 : P — M of w. If H?”“’T ® k(z) = 0, then a lifting 7 of m exists in

an étale neighborhood of x.

Proof. Let 7 : M — M denote the quotient map. By (2.1), we can after replacing X by a
fppf neighborhood of x assume that the map r; : Mz — M; admits a section (in the case
when M?Ep’wr ® k(xz) = 0 it suffices by (2.1) to replace X by an étale neighborhood of z).
Hence we can find a map 7z : P — Mj such that rz oz = 7. Since P is fine, we can extend
the map 7z to a map 7 : P — M in some étale neighborhood of . Now since P is finitely
generated, the two maps

mrow: P— M,

which are equal at z, are equal in some étale neighborhood of Z. From this the result
follows. O

Corollary 2.4. Let M be a fine log structure on a scheme X, and suppose a map 7 : P — M
from a fine monoid P is given.

(i). If 7 : P — M (i =1,2) are two lifts of 7, then Ty is a chart if and only if 75 is a chart.

(i). If M is fs, then 7 lifts fppf locally on X to a chart for M if and only if © lifts étale
locally to a chart for M.

Proof. To see (i), note that for each p € P there exists a unique unit u, € O% such that
m1(p) = Mup) + T2(p). Hence if ¢; : M; — M (i = 1,2) denotes the morphism of fine log
structures obtained from 7;, then the map

P— Oy®P, p+ (uyp)

induces an isomorphism o : M; — M, such that €; = €5 00. Therefore, ¢, is an isomorphism
if and only if €5 is an isomorphism.

As for (ii), note first that the “if” direction is clear. To prove the “only if” direction
suppose that there exists an fppf cover f : X’ — X such that f~!(x) : P — f~1M lifts to a
chart for f*M. By (2.3), we can after replacing X by an étale cover assume that we have a
lifting 7 : P — M of w. We claim that the morphism of log structures € : M’ — M obtained
from 7 is an isomorphism. To verify this, it suffices to show that the map € : M — Mis an
isomorphism ([8], 3.2), and since f : X’ — X is surjective it suffices to verify that the map
FUe) - M — f~VM is an isomorphism. But by (i), the map f*(e) : f*M’ — M is an
isomorphism, since we are assuming that there exists some lift of 7 over X’ which is a chart.
Hence the map f~!(€) is also an isomorphism. O

3. EXISTENCE OF UNIVERSAL LOG STRUCTURES

Fix a fine log scheme S and let Logg be as defined in the introduction. In this section we
prove theorem (1.1) assuming the result that Logg is a stack with respect to the fppf topology
(A.2).
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Remark 3.1. The fact that Loggs is a stack with respect to the fppf-topology is used in two
places in the proof of (1.1):

(1). In the proof of (3.2), we use the fact that the functor I defined in (3.4 (i)) is a sheaf with
respect to the fppf topology. This is because only a flat cover of I is constructed (3.7), and
in order to use ([14], 10.4.1) to prove that I is an algebraic space we need that I is a sheaf
with respect to the fppf topology.

(ii). The cover of Logs constructed in (3.16) is only a flat cover, and in order to apply ([14],
10.1) we need that Logs is a stack with respect to the fppf topology.

One can show, however, that the substack Jors C Logg classifying fs log schemes over S' is
an algebraic stack without using (A.2). In the case when the log structures M; and M, in
(3.4 (1)) are fs, the cover of I constructed in (3.7) is in fact an étale cover (this follows from
the proof). Moreover, the theory of toric stacks discussed in section 5 yields a smooth cover

of Torg ((5.25)—(5.27)).

The proof of (1.1) will be in several steps ((3.2)-(3.16)). The reader may wish to consult
examples (3.10), (3.11), and (3.18) before proceeding with the proof.

Theorem 3.2. The diagonal
(3.2.1) Apogy : Logg — Logg X 2 Logs
is representable, locally separated, and of finite presentation.

Remark 3.3. Recall ([12], 11.3.9) that a morphism between algebraic spaces f : I — X is
locally separated if the diagonal I — I X x I is a quasi-compact immersion. The statement
that f is locally separated can be verified étale locally on X and is preserved under arbitrary
base change X’ — X. Hence by ([14], 3.10.1) it makes sense to say that a representable
morphism of stacks is locally separated.

Before giving the proof of (3.2) let us note the following corollary:
Corollary 3.4. (i). Let

My —— M,
.|
Mo

be a diagram of fine log structures on a scheme X. Then the functor I on X-schemes which
to any f : Z — X associates the set of isomorphisms € : f*My — f* My such that eo f*(s1) =
f*(s2) is representable by a locally separated algebraic space of finite presentation over X.

(ii). Let M be a fine log structure on a scheme X. Then the functor Aut(M) on X-schemes
which to any f : Z — X associates the set of automorphisms of f*M is representable by a
locally separated algebraic space of finite presentation over X.

Proof. To see (i), note that the maps s; and s, define two morphisms of log schemes

hy: (X, Mq) — (X, Mg), hs: (X, M) — (X, M)
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and the functor I is by definition the fiber product of the diagram
X

lh1><h2

A
Logix mo) — Logixmo) X x Logix ao):
Hence (i) follows from (3.2).
Statement (ii) follows from (i) by taking My = O% and M; = My = M. O

Proof of (3.2). To say that the diagonal (3.2.1) is representable means that for any §—scheme
h: X — § and diagram of fine log structures on X

WMg —— M
(3.4.1) wl

M27
the functor I on X-schemes obtained from (3.4 (i)) by taking Mg = h* Mg is representable
by a locally separated algebraic space of finite presentation over X.

Now to prove that [ is representable and locally separated we have to show that the
diagonal A : I — [ xx I is representable by quasi-compact locally closed immersions, and
that I admits a flat cover of finite presentation over X ([14], 10.4.1), since we know that I
is a sheaf with respect to the fppf topology by (A.2). The key tools will be (2.1) and the
following lemma:

Lemma 3.5. Let Y be a quasi-compact scheme and let M be a fine log structure on Y .
(i). Suppose given a chart 3 : P — M. For any geometric point §y — Y define
Fy:={p € Pla(p) € Oy}
and let Pp, C P9 be the submonoid generated by P and {—f|f € Fy}. Then Py C P%
equals FJ* and the natural map
(3.5.1) Pg,/Pr,, — Mj
1S an isomorphism.
(ii). The sheaf M™ is a constructible sheaf of Z-modules ([3], IX.2.3).

iii). If ( — Y is a generization ([3], VIII.7.2) of a geometric point § — Y, then the
9 g Y
specialization map
Wil Wil
is surjective and identifies ./\/l‘gp with the quotient of Mgp by the subgroup generated by the
image of
{m € Myla(m) € Oyy maps to a unit in Oy ¢}.

Proof. To see the equality P = FJ? in (i), note that clearly F* C Pf. . On the other hand,
if pe Pg., then we can write p = p; — f where p; € P and f € Fj. Since the map P — My
factors through Pr,, the image of p; in My is a unit. Hence p; € F; and p € FJ".
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From the equality Py = FJ? it follows that the map (3.5.1) is an isomorphism. Indeed the
construction of the log structure associated to a pre-log structure ([9], 1.3) shows that (3.5.1)
is surjective, and that the map P — M induces an isomorphism /\/lgp ~ P [FJP.

To prove (ii), we may assume that we have a chart P — I'(Y, M) from a fine monoid P,
since the assertion is étale local on Y by ([3], IX.2.4). We may also assume that ¥ = Spec(R)
for some ring R. Let pi,...,p, € P be elements which generate P, and for each subset
Sc{l,...,n}let

Us = Spec(Rg)
where
Rs = RHieSa(pi)/(a(pj))j¢S'
Then UUg = Y and the Ug are disjoint locally closed sub-schemes of Y. Moreover, the
sheaf ﬂgph]s is by (i) the constant sheaf associated to the quotient of P9 by the subgroup
generated by {p;}ics-

To prove (iii), we may again assume that we have a chart P — T'(Y; M). Then for any
geometric point § — Y, the stalk ﬂgp is by (i) isomorphic to the quotient of P9 by the
subgroup of P9 generated by the set of p € P for which a(p) € Oy;. From this the result
follows. i

With this we can begin the proof of theorem (3.2). By replacing S by (X, h*Mg), we can
assume that S = X.

3.6. The diagonal Ay : I — I x x I is representable by quasi-compact locally closed immersions.

Proof. What has to be shown is that if ¢ : M — M is an automorphism of a fine log
structure M on X, then the condition o = id is represented by a quasi-compact locally
closed immersion Z — X.

Consider first the map & : M — M. We claim that the condition & = id is represented by
a quasi-compact open immersion j : U <— X. Indeed the set of points of X where 69 = id
is constructible by (3.5 (ii)) and stable under generization by (3.5 (iii)). Hence the condition
0 = id is representable by an open immersion j : U <— X. To verify that j is quasi-compact,
we may replace X by an étale cover and hence can assume that X is affine and that M admit
a global chart. In this case, the proof of (3.5 (ii)) shows that there exists a finite stratification
of X by locally closed affine subschemes such that M is constant on each stratum. Hence in
this case U is a finite union of affine schemes and hence is quasi-compact. Therefore, after
replacing X by an open set, we may assume that & = id.

We claim that if ¢ = id, then the condition o = id is represented by a closed subscheme of
X. To see this, we may assume that we have a chart §: P — M. Since the map & is equal
to the identity, for each p € P there exists a unique unit u, € O% such that

Bp) = a(B(p)) + Muy).

From this we conclude that if {py,...,p,} € P is a set of generators for P, then the condition
o =id is represented by the closed subscheme defined by the ideal

(ul—l,...,ur—l).
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3.7. I admits a flat cover of finite presentation over X.

Proof. For each point x € X, we can by (2.1) find a fppf neighborhood g : V' — X of z, a
geometric point # — V mapping to z, and charts P, — g*M; such that the maps P, — M, z
are bijective (i = 1,2) (note that in the case when the M, are saturated we can take V' to be
an étale neighborhood of = by (2.1)). Define fine monoids @); by the formula

.— pgp *
Qi = P77 Xgepaor, g Mgz

and let 3; : Q; — g* Mgz be the projection maps. By the definition of (); the image of the
composite

pr 9P
Qi —— PP’ —— M,

is contained in ﬂi@/. Since P — ﬂm—;/ is bijective it follows that the projection to P"
induces a map 6; : QQ; — P;.

Lemma 3.8. The maps f3; : Q; — Mgz induced by the 3; are bijective.

Proof. If m € g* Mg, then there exists a unique unit u(m) such that there exists ¢ € Q;
with 83;(q) = Mu(m)) + m. Indeed since P — M, 4 is bijective, there exists a unique unit
u(m) such that the image of A(u(m)) +m in ¢g* M,z is in the image of P. Thus the maps
Bt Q; — Mg@/ are surjective.

On the other hand, if ¢; € Q; (j = 1,2) are two elements with 3;(q1) = Bi(qa), then writing
¢; = (pj,m;) with p; € P% and m; € g* Mgz, we see that there exists a unit u such that
my = A(u) +mq. Thus the images of p; and py in g* M, & differ by a unit, and since the maps
P — Mg are bijective we must have p; = p,. Thus my and my + A(u) have the same image
in g*M; z and so u = 1. From this it follows that ¢; = g¢». Il

Put @ = @;. Since the maps Bi: Q; — Mz are bijective, there exists a unique isomor-
phism € : () — @2 such that 5, o € = ;. Hence for each ¢ € () there exists a unique unit
uq € Oy 4 such that

Bi(q) = B2(e(q)) + Alug),
and the association ¢ — u, defines a group homomorphism
p: QP — Oy

Let G denote the image.

We then have a commutative diagram
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Q a Py
) \
p @ 0
(3.8.1) \

Go P g Mgz

g*Ml,aE’

g*MQ,:fla

where 6, := 05 o €. Since our log structures are fine we can extend the data (@, Py, #;) and
(Q,G @ Py, p @ 0,) to charts for the morphisms

(V,g"Mi) — (V. 9" Ms)
in some étale neighborhood of ' using ([9], 2.10).
For each isomorphism o : P, — P; for which ¢, = o o 6, define a scheme
Cy := Specy (Ov[P{*]/]),

where J is the ideal sheaf generated by the equations

(3.8.2) as(o(p))e(p) = au(p), p € P
and
(3.8.3) e(01(q)) = plq), q€Q.

Here e(p) denotes the image of an element p € P; in the group algebra Oy [P{*], and we have
abused notation and written «; for the composite

P —— M, —— Oy
There is a tautological isomorphism ¢*M; ~ g* M, over C, defined by the map

p = Me)) +op), pe b,
which induces a morphism
j:Cy — I|y.
We claim that j makes C, an open sub-functor of I|y .

To see this, observe that C,, represents the functor on V-schemes which to any f: 2 — V
associates the set of isomorphisms € : (g o f)*M; — (g o f)* My such that eo (go f)*(s1) =
(g o f)*(s2), and for which the diagram

p 2 P

(3.8.4) l l

frlg My —— flgiM,
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commutes. Indeed given such an ¢, define a map to Spec(Oy[P{*]) by sending an element
e(p) (p € Py) to the unique unit u, € O}, for which

€(p) = Mup) + a(p).

This map to Spec(Oy [P{"]) factors through C,: the equations in (3.8.2) are satisfied because
a5 0 € = a1, and the equations in (3.8.3) are satisfied because € o (go f)*(s1) = (g o f)*(s2).

By (3.5), the condition that (3.8.4) commutes is an open condition, and hence C, is an
open sub-functor of I|. In particular, the map C, — I is flat.

The union of all C;,; constructed in the manner above cover /. Indeed given amape: Z — [
and a point z € Z mapping to some x € X, we can, by the argument given above, fppf locally
find charts (Q, P1,6,) and (Q,G & P», p & 05) for the morphisms

(X, M;) — (X, Ms)
as in (3.8.1), such that the maps
P — Mi,is
are bijective.

The isomorphism e hence induces an isomorphism o : P, ~ P, such that 6, = ¢ 0 #; and
such that the diagram (3.8.4) over Z commutes. Therefore by the functorial description of
C,, the image of the map

Oo- Xr J — 7
contains z.

Finally to see that I — X is quasi-compact, we may assume that X is affine. In addition,
we may replace X by an étale cover so we may assume that all log structures involved admit
global charts. In this case, there exists by the proof of (3.5) a finite stratification {X;} by
locally closed affine subschemes of X over which the sheaves Mg, M1, and M, are all constant.
By base changing to the X; we can therefore assume that these sheaves are constant over
X. Replacing X by another cover we can also assume that we have a diagram of charts as
in (3.8.1) such that the maps P, — M, are isomorphisms. In this case I is representable by
the disjoint union over the set of isomorphisms o : P; ~ P, satisfying 6, = o o 6, of the C,.
As shown in the following lemma (3.9), the set of such isomorphisms is finite, and hence I is
quasi-compact. Il

Lemma 3.9. Let P be a fine monoid with P* = {0}.
(i). The set Irr(P) of irreducible elements in P is finite and generates P.
(ii). The automorphism group Aut(P) of P is finite.

Proof. To see (i), let {p1,...,pn} be a set of generators for P with n minimal. If p € Irr(P),
then p must be one of the p;, for if we write p = ). a;p; then the irreducibility of p implies
that >, a; = 1. Hence Irr(P) is finite and there is an inclusion Irr(P) C {p1, ..., p,} which we
claim is a bijection. Indeed, suppose one of the p;, say p,, is not irreducible. Then p, = p+g¢q
for some non-zero p,q € P. The elements p and ¢ must be in the submonoid of P generated
by {pi1,...,pn1}, for otherwise we can write p = p’ + p,, for some p’ € P (after possibly
interchanging p and ¢) which implies that ¢ is a unit; a contradiction. But if p and ¢ are in
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the submonoid generated by {p1,...,p,—1}, then P is also generated by this set contradicting
the minimality of our set of generators. Hence P is generated by Irr(P).

Statement (ii) follows from (i), because any automorphism of P must map Irr(P) to itself,
and since this finite set generates P we obtain an inclusion Aut(P) C Aut(Irr(P)). O

This concludes the proof of (3.2). O

Ezample 3.10. Let X = A' = Spec(Z[T]) be the affine line with log structure M x associated
to the map N — Z[T], 1 — T. Then the algebraic space Aut(M x) can be described as follows.
Since a free monoid of rank 0 or 1 has no automorphisms, any automorphism € : My — Mx
must induce the identity map on Myx. Thus if € € Aut(Mx)(Y) for some f : Y — X, € is
induced by a map

(3.10.1) N—-OyaN, 1 (u1l),

where u is a unit satisfying «1" = T'. Conversely, any such unit u gives rise to an automorphism
of f*Mx by the same formula (3.10.1), and so there is an isomorphism

Aut(Myx) ~ Spec(Ox[UF]/T(U — 1)).
FExample 3.11. More generally, let us construct directly the fiber product I of the diagram
X = Spec(Z[ X, ..., X,])

[

M
Y = SpeC(Z[}/la ce 7}/7“]) —Y> Log(Spec(Z),O

gpec(l))7

where r > 1 is an integer and Mx (resp. My) denotes the log structure associated to
(3.11.1) N — Ox, (a;)i_, — HXZ“’ (resp. N — Oy, (a;)i_; — HY;C”)
i=1 i=1

Let S, denote the symmetric group on r letters, and for every o € S, let I, be the X x Y-
scheme whose underlying scheme is X x GJ, and whose structure morphism is induced by the
projection to X and the map p, to Y given by

(3.11.2) pi Y — ZIXi, USli_y, You — UiX,.

Let [ := [,es Lo pr: I — X the projection, and p =[] po : I — Y the map obtained from
the p,.

Over I, there is a natural isomorphism ¢, : pr*Mx — pi My induced by the map

N — Ofgy, &N, e (U7 o).

)

Thus there is a natural map 7 : I — I. Note also that over I, there is a natural commutative
diagram

ci—ea(i)

N" N"

e | |3

pr_lﬂx Z—"> p;lﬂy,
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where (x (resp. fy) denotes the chart N™ — Mx (resp. N” — My ) used in the construction
of Mx (resp. My).

In fact, I represents the functor which to any g; X g : Z — X X Y associates the set of
pairs (¢, 0), where ¢ : g Mx — g5 My is an isomorphism and ¢ € S, is a permutation such
that the diagram
NT‘ ei»—>eg(i) NT’
(3.11.3) @Xl L{ay

gi'Mx —— g;'My

commutes. Indeed given such a pair (¢,0) over some X-scheme f : Z — X, define a map
h:Z —1,~X xGJ over X by

Ogr ~ Z|U}t, ..., U] — T(Z,07), U w,

where u; € T'(Z, O7) denotes the unique unit such that ¢«(Gx(e;)) = —A(w;) + By (€s(;)) (such
a unit exists by the commutativity of (3.11.3)). Then ¢ = h*(¢,) and h is the unique map
with this property.

Next observe that for any morphism g; X g2 : Z — X X Y and isomorphism ¢ : g M x ~
g3 My, there exists étale locally on Z an element o € S, such that diagram (3.11.3) commutes.
To verify this we may assume that Z is the spectrum of a strictly henselian local ring. Let
z € Z be the closed point. Then the maps

Bx N — (97 'Mx)., By N — (95" My).

admit sections by (3.5 (i)) giving isomorphisms N” ~ N @ (¢;'Mx), and N ~ N @
(g5 ' My). for some 7' < r. Extending the isomorphism z, in some way to all of N we obtain
a permutation o € S, such that diagram (3.11.3) commutes at z € Z. But then by (3.5 (iii))
the diagram (3.11.3) commutes everywhere since Z is the spectrum of a strictly henselian
local ring, and o is the desired permutation.

It follows that I is the quotient of I by the equivalence relation defined by the subfunctor
I' C I xxxy I consisting of pairs {(¢,0),(¢,0")}. To show that I is representable by an
algebraic space it suffices to show that I" is representable and that the two projections I' = I
are étale. Let I',,» C I' be the fiber product of functors I X (T x vy D) (I, Xxxy I,) so
that I' = HU’U, I'; .. The functor I', ,» associates to any g1 X g2 : Z — X x Y the set of
isomorphisms ¢ : gjMx ~ g3 My for which the diagram (3.11.3) commutes for both ¢ and
o’. Thus the first (resp. second) projection identifies I',, with a subfunctor of I, (resp.
I,/). Moreover, the condition that diagram (3.11.3) commutes with both ¢ and ¢’ is an open
condition by lemma (3.5 (ii)) and (3.5 (iii)). Therefore, I', ,» maps isomorphically onto open
subschemes of I, and I,,. In particular, I' is representable and the two projections to I are
étale.

Remark 3.12. The functor I of (3.4 (i)) is not separated in general. For an explicit example
where the valuative criterion for separation fails, let A be a discrete valuation ring with
uniformizer 7, and let M be the log structure associated to the chart

No&N-— A, (i,j) 7t
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Then the identity map and the map induced by
(¢,7) = (4,4)
are two automorphisms of M both of which induce the identity map on the generic fiber.

Theorem 3.13. Let Q) be a fine monoid and let

QL)Pl
Py

be a diagram of fine monoids with s1 and sy injective. Define

S = Spec(Q — Z[Q]), X = Spec(P, — Z[P\]), Y = Spec(P, — Z|P,)),

and let h : X X & Y — S be the natural map. Denote by I the algebraic space over X x oY

obtained from (3.4 (i)) applied to the diagram
Mg —— priMx

|

praMy.

S

Then the two projections

o (o}

I — X, I —Y

Y

are flat.

Proof. For any fine monoid P let P* C P be the set of invertible elements and let P = P/P*.
Denote by r(P) the minimal number of generators of P. If P* = {0}, then by (3.9 (i)) the
number 7(P) is equal to the number of irreducible elements in P.

Lemma 3.14. Let X be a scheme, and let P — M be a chart for a fine log structure M on
X.

(i). Let 2 — X be a geometric point and let Fy C P be the submonoid defined in (3.5 (i)).
Then Fj is finitely generated and if Fy # P* then r(Pr, /P ) < r(P).

(ii). If 2 — X is a geometric point with r(Mz) = r(P), then the map P — M; is an
1somorphism.

Proof. To prove (i), let py, ..., ) €P be a set of elements whose images generate P. Then
F} is the submonoid generated by P* and those p; for which a(p;) € O% ;. Indeed, any p € Fj
can be written as
p= u—i—Znipi, u € P*,n; €N,

and if a(p) = a(u)[[, a(p;)™ is a unit in Oxz, then for all ¢ with n; > 0 we must have
a(p;) € Ok ;. Hence Fj is finitely generated. Moreover, if F; # P* then at least one p; maps
to a unit in Oy ; which implies that r(Pr, /P},) < r(P).

Statement (ii) follows from (3.5 (i)) and (i). O
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To prove theorem (3.13), it suffices to prove that the map I — X is flat. We proceed by

induction on n := r(P).

If n =0, then P, = P/ and so My is trivial. Hence if ¢4 X g2 : Z — )2 X 2 }3 is a
morphism, there exists an isomorphism g¢ipriMyx =~ gspriMy if and only if gjpriMy is
trivial. Therefore,

I ~ Spec(Z[Py]) Xspec(zigor)) Spec(Z[P5]).
Now Z[PJ?]/Z[Q9"] is flat since Q9% — Py” is injective, and hence I/Z[P;] is also flat.

Next we prove the theorem for n assuming the result for n — 1. If x € X is a point with
r(Mxz) < n, then x lies in the open set

Spec(Z[Py r,]) < Spec(Z[P1)),
and r(Mx ) < n for any other point 2’ € Spec(Z[P, r,]) by (3.5 (i)) and (3.14 (i)). Moreover,
by induction the theorem holds over Spec(Z[P r,]). It follows that the set of points x € X
with 7(Mxz) < n is an open set U<", and that the theorem holds over U<".
Combining this with lemma (3.14 (ii)), we see that it suffices to show that I — X is flat
over points x € )2 where the map P; — M ; is bijective.

We can assume that P, ~ P} @ P, by replacing P, by G @py P for a suitable finitely
generated abelian group G. Indeed we can choose an inclusion P — G such that the
pushout of the sequence

0 Py PP Py 0

splits. Choose one such isomorphism G ®p: P ~ G @ F{fp. By the universal property of
pushout and the group associated to a monoid, the natural map

(G Dpy Pl)gp — G Dpy Plgp
is an isomorphism, and so the composite
is injective. Moreover, the image of (3.14.1) is equal to G @ Py, and so there exists a splitting
G@pl* P~GoP;.
The resulting map
Z[Pl] —_— Z[G @pl* Pl] ~ Z[G] ®Z[pl*] Z[Pl]

is faithfully flat, and since verification of the flatness of I — X can be done after replacing
X by a flat cover, we may replace P, by G ©ps Py.

We can also assume that P, is generated by n elements and that we have a splitting
P, >~ P; & P». To see this, observe that the image of I is contained in the union of the open
subsets

X X§ SpeC(Z[PQ’F@]> cX X§ Y
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where §j — Y is a geometric point with r(Ms ;) < n. Hence we may replace P, by P, F;- In
addition, we may assume that P, ~ P; @ P, by replacing Y by

Y’ = Spec(G @py P, — Z[G @p; P))

for a suitable group G as discussed above for P;. Then, if I’ denotes the algebraic space
obtained from X and Y’, we have a flat surjection

I' — 1,
and since the property of being flat is fppf-local on domain it suffices to consider I’.
Fix splittings P, ~ P/ & Py and P, ~ P& P, and let
Pingp—>P¢*, ‘91'3@—>?i, 1=1,2

be the maps induced by the composites

If g : @ — Mg (resp. 01 : PL — Mx, B2 : P, — My) denotes the natural chart, then
vieweing f; as a map from P @ P; using the isomorphisms P, ~ P} @ P; we obtain charts
(Q, PF & Py, Bg, Bi, pi @ 0;) for the morphisms X — S and Y — S.

For each isomorphism o : P; — P, for which o o §; = 6, define a scheme

HIP
2Og  LlPU),

o
S S

Cy = Spec)gX }5[

where J is the ideal sheaf generated by the equations
as(o(p))e(p) = au(p), p e P
and

e(01(q)) = a2(p2(q))ar(p1(q) ™", q€Q.

Then just as in the proof of (3.2), there is a natural open immersion C, — I, and the

union of the C, cover the set of points of I lying over points z € X for which P; — MX@ is
bijective. Therefore it suffices to show that O¢, is flat over Z[Fy].

This follows from the definitions. Writing out the definition of C, one finds that
Oc, ~ Z[P1][P} &g P,
and hence it suffices to show that
ZIP{] — ZIP] ©qo Fy"]

is flat. This follows from the fact that Q9% — P§* is injective. O
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Corollary 3.15. Let S be a fine log scheme and suppose given a chart ) — Mg. Let

U = H(e,P) SolP], where the disjoint union is taken over injective maps of fine monoids
0:0Q — P. Then the natural map

(3.15.1) U — Logs

is flat and surjective.

Proof. The map (3.15.1) is surjective by (2.2) which shows that any 1-morphism 7" — Logg

factors fppf-locally on T' through one of the Sg[P] appearing in the definition of U. This
local factorization also implies that to verify the flatness of (3.15.1) it suffices to show that if
0:0Q — Pand @ :Q — P are two injective map of fine monoids, then the fiber product

SQIP) X ogs SIP'] > 5 Xspeczi)) (SPEC(ZIP]) X Logsyecio-ziay SPEC(ZP']))

is flat over both SOQ[P] and SOQ[P/]. This follows from (3.13). O
3.16. Completion of proof of (1.1).

By (3.2) the diagonal
A : Logs — Logs X o Logs

is representable and of finite presentation. Thus by ([14] 10.1) it suffices to exhibit a flat

cover, locally of finite presentation over S, of Logg, since Logg is a stack with respect to the
fppf topology by (A.2). To find such a cover, we may replace S by an étale cover and hence
can assume that we have a chart ) — Mg. In this case, a cover of Logg with the desired
properties is provided by (3.15). O

Remark 3.17. The stacks Logs are not quasi-separated. Indeed this is equivalent to saying
that the functors I of (3.4 (i)) are separated over X which they are not (see (3.12)).

Ezample 3.18. We continue with the example discussed in (3.11). Fix an integer r > 1, and
let § be the fibered category over the category of schemes whose fiber over some scheme T
is the groupoid of fine log structure M on T such that for every geometric point ¢ — T the
stalk M is isomorphic to N’ for some 7' < r. If M is any fine log structure on T, then the
set of points t € T for which M is isomorphic to N” for some 7/ < r is an open set by (3.5
(ii)) and (3.5 (iii)). Hence 8 is an open substack of Log(spec(z) . However, we can see

directly that § is an algebraic stack.

’ngec(Z) )

If M is a fine log structure on a scheme 7', then M defines an object of §(7') if and only
if étale locally on T' there exists a chart N* — M. The “if” direction follows from (3.5 (i)).
As for the “only if” direction, note that if M € 8§(7'), then we can by (2.1) étale locally find
a chart 3 : N — M for some ' < r. Defining 5 : N ~ N & N"~" — M to be the map
whose restriction to N is # and whose restriction to N"™"" sends all elements to A(1), we
obtain a chart as desired for M.

Let X = Spec(Z[X1,...,X,]), and let Mx be the log structure on X defined in (3.11.1).
By the preceding paragraph, any 1-morphism ¢ : T" — § factors étale locally on T through
X. Therefore, given two 1-morphisms ¢ : T' — 8 and t' : 7" — 8§ the fiber product T xg T’
is representable by an algebraic space. Indeed this can be verified étale locally on T" and T”,



LOGARITHMIC GEOMETRY AND ALGEBRAIC STACKS 19

and so we may assume that t and ¢’ factor through maps ¢: 7 — X and #' : 7" — X. In this
case,

T Xx (X Xs X)XT,
is representable since X xg X is representable by (3.11).

From this discussion it also follows that My : X — § is smooth and surjective. Indeed,
using the notation of (3.11), the two projections from I to X are smooth and surjective by
(3.11.2), and since I — [ is étale, the two projection from I to X are also smooth and
surjective. Now if ¢ : T' — & is any 1-morphism, to verify that T xg X — T is smooth and
surjective, we may replace T by an étale cover and hence can assume that ¢ factors through
amapt:T — X. In this case, T xg X is isomorphic to T" x x I and the result follows. This
proves that § is an algebraic stack.

We conclude this section by noting two basic properties of the stacks Logg.

Proposition 3.19. Let s : S — Logs be the map induced by the morphism of log schemes
wd: S — S.

(i). For any morphism of log schemes f: T — S, the fiber product T X Logg S represents the

functor on T schemes which to any g : Z — T associates the unital set if g*(f°) : g* f* Mg —
g* M is an isomorphism and the empty set otherwise.

(ii). The map s is an open immersion.

Proof. Statement (i) follows from the definition of T" X 444 S.
To see (ii), note that a morphism of fine log structures M; — My on a scheme X is an
isomorphism if and only if the mduced map M; — /\/lg is an isomorphism ([8], 3.2), so we

can interpret the functor T X Logs S as the functor on T schemes which to any g : 7 — T
associates the unital set if the map ¢g~!f~' Mg — g~ ' My is an isomorphism and the empty

set otherwise. Now the set of points ¢ € T for which the map ( f’lﬂs)g — MT,g is an
isomorphism is a constructible set by (3.5 (ii)) and is stable under generization by (3.5 (iii));
hence is an open set. From this (ii) follows. 0

Proposition 3.20. Suppose
X 2 X

o

s —1
is a cartesian diagram in the category of fine log schemes ([9], 2.6). Then the induced diagram
of algebraic stacks

Logx: Loglpry), Logx
Log(prz)l lﬂog(f)
Log(g)

Logs: ——— KLogs
is also cartesian ([14], 2.2.2).
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Proof. By the definition of the fiber product of stacks ([14], 2.2.2), there is a natural functor
(3.20.1) Logxr — Logs X rogs LOgx

and it follows from the definitions that this functor is fully faithful. To see that it is essentially

surjective, suppose 7' is a scheme and that we are given an object O € (Loggr X £ogs L0ogx ) (T).
O/ (o]
By definition, O is a collection of data consisting of morphisms g; : T'— S and g9 : T'— X

such that g o g1 = f o ¢o (call this morphism h), together with fine log structures M; and
Ms on T and a commutative diagram

*( b b
h*MS 91(9 ) gikMS/ 91 Ml

al |

*( b b
h*MS M g;./\/lx L) M27
where € is an isomorphism. Let O" € Logxs be the morphism (7, M;) — X' obtained from
the morphisms

(92, o g3) + (T, M) — X, (g1,97) : (T, M) — S

Then the image of O’ under (3.20.1) is isomorphic to O and so (3.20.1) is essentially surjective.
U

4. PROPERTIES OF MORPHISMS OF FINE LOG SCHEMES

Let f: X — S be a morphism of fine log schemes. If g : Z — X is an object of Logx,
then fog:Z — S is an object of Logg, and hence there is a natural functor

Log(f) : Logx — Logs.

This functor is faithful, and hence by ([14], 8.1.2) the morphism of stacks Log(f) is a repre-
sentable.

Definition 4.1. Let P be a property of representable morphisms of algebraic stacks. We say
that f: X — S has property Log(P) if the morphism of stacks Log(f) has property P. We

say that f has property weak Log(P) if the map X — Logg has property P.

For example, the property P could be the property of being étale, smooth, flat, or locally
of finite presentation ([14], 3.10). We will often refer to f as being (weakly) Log étale,
(weakly) Log smooth, (weakly) Log flat, or (weakly) Log locally of finite presentation. In
this section we study the relationship between these notions and K. Kato’s notions of log
étale, log smooth, and log flat morphisms of log schemes (([9], 3.3) and ([10], 1.10)).

Remark 4.2. If the property P is preserved under restriction to open substacks, then (3.19
(ii)) implies that f has property weak Log(P) if f has property Log(P). As the following
example shows, however, there exist properties P for which the condition weak Log(P) does
not imply Log(P).



LOGARITHMIC GEOMETRY AND ALGEBRAIC STACKS 21

Example 4.3. Let R be a ring and let (M, «) (or just M) be the log structure associated to
the pre-log structure N — R, 1 — 0. Then the morphism

M SpeC(R) — LOQ(Spec(R),O;‘%)

induced by M has geometrically connected fibers. Indeed if T = Spec(k) is the spectrum
of a separably closed field over R and My a fine log structure on T' defining a map 7" —
Log(spec(r),0z), then the product Spec(R) , T is the empty scheme unless M

X Loy(Spec(R) 0%
is isomorphic to N in which case Mj, and M |gpecr) are isomorphic ([9], 2.5.2). If M;, and
Mspec(r) are isomorphic, then (3.10) shows that the set of isomorphism between them is a
(trivial) G,,-torsor (and in particular is connected).

On the other hand, the morphism
LOg(Spec(R),M) - Log(Spec(R),O}‘z)

does not have geometrically connected fibers. For example, if f : T" — Spec(R) is an R-
scheme, then lifting f to a T-valued point of the product

(4.3.1) SPec(R) X M, Logspec(ry 03, LOI(Spec(R), M)
is equivalent to extending f to a morphism of log schemes
(f7 fb) : (Tv f*M) - (SpeC(R)v M)
Now giving the map f? is equivalent to giving a map N — a~1(0) C f*M and hence (4.3.1)
is isomorphic to G,, x {N—{0}}. In particular (4.3.1) is not geometrically connected over R.

Recall the following definitions, due to K. Kato, of log smooth and log étale morphisms
([9], 3.3):

Definition 4.4. A morphism of fine log schemes f : X — S is formally log smooth (resp.
formally log étale) if for every commutative diagram of solid arrows in the category of fine
log schemes

agp
(TOvMTo) X
(T, Mr) S,

where ¢ is a strict closed immersion defined by a square zero ideal I, there exists étale locally
on Ty a dotted arrow a (resp. a unique dotted arrow a) filling in the diagram. The morphism

f is log smooth (resp. log étale) if it is formally log smooth (resp. formally log étale) and f
is locally of finite presentation.

In order to relate the notion of a log smooth (resp. log étale) morphism to the notion of
a Log smooth (resp. Log étale) morphism we need the notion of a formally smooth (resp.
formally étale) morphism of algebraic stacks:
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Definition 4.5. Let ' : X — 9) be a representable morphism of algebraic stacks. Then F is
formally smooth (resp. formally étale) if for every 2-commutative diagram of solid arrows

ao

To X

(4.5.1) Z_ 0 |

T

2,

where 7 is a closed immersion defined by a square zero ideal I, there exists étale locally on Tj
a dotted arrow a (resp. a unique dotted arrow a) filling in the diagram.

The following is our main result about (weakly) Log étale, (weakly) Log smooth, and
(weakly) Log flat morphisms:

Theorem 4.6. Let f: X — S be a morphism of fine log schemes.

(). f is formally log smooth (resp. formally log étale) if and only if for every commutative
diagram as in (4.4.1) with agy strict there exists étale locally on Ty a map a (resp. a unique
map a) filling in the diagram.

(ii). f is Log smooth (resp. Log étale) if and only if f is locally of finite presentation and
Log(f) is formally smooth (resp. formally étale), and this is also equivalent to f being log
smooth (resp. log étale).

(iii). f is Log smooth (resp. Log étale) if and only if f is weakly Log smooth (resp. weakly
Log étale).

(iv). f is Log flat if and only if fppf locally there exists a chart (Q, P, , Bg, Bp,0) for f such
that 09 : Q97 — P9 is injective, and the map

X — 8 Xgpec(z(q)) Spec(Z[P])
1s flat in the usual sense.

(v). f is Log flat if and only if [ is weakly Log flat.

Remark 4.7. Statements (4.6 (iv)) and (4.6 (v)) imply that the notion of (weakly) Log flat
morphism is equivalent to the notion of log flat morphism in the sense of K. Kato ([10], 1.10).

Proof of (4.6). The “only if” direction of (i) is clear. To prove the “if” direction, suppose that
for every diagram as in (4.4.1) with ag strict, there exists étale locally on Ty a morphism a
(resp. a unique morphism a) filling in the diagram. We have to show that given any diagram
as in (4.4.1) there exists étale locally on T a morphism (resp. a unique morphism) a filling
in the diagram. To see this, let

N = MT XMTO CLSM)(.

Then N with its natural map to Or is a log structure on T lifting ajMy to T, and N is
easily seen to be fine. In fact the fine log scheme (7, N) is the co-product in the category of
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log schemes of the diagram
(To, Mz,) —— (To, agMx)
(T, Mr).

From this it follows that the existence (resp. existence and uniqueness) of the arrow a is
equivalent to the existence of an arrow a’ (resp. existence of a unique arrow a') filling in the
diagram

ao

(T(),CLSM)() X
i a’ f
b
(T\N) S

By assumption there exists étale locally on T such an arrow (resp. a unique such arrow),
and hence (i) follows.

To see (ii) and (iii), note that by the definition of Logs and Logx, to give a diagram as in
(4.4.1) is equivalent to giving a diagram

ao

To Logx
(4.7.1) ; a Log(f)
) b
T Logs,

and finding a morphism « filling in diagram (4.4.1) is equivalent to finding a morphism a
filling in (4.7.1). Moreover, to give a diagram as in (4.4.1) with aq strict is equivalent, by
(3.19 (i)), to giving a diagram as in (4.7.1) for which the morphism aq factors through the
canonical open immersion X — Logx discussed in (3.19). Thus f is formally log smooth
(resp. formally log étale) if and only if Log(f) is formally smooth (resp. formally étale),
and this in turn is by (4.6 (i)) equivalent to the morphism X — Logg being formally smooth
(resp. formally étale). Statements (4.6 (ii)) and (4.6 (iii)) therefore follow from the following
two lemmas.

Lemma 4.8. The following are equivalent.

(i). f is Log locally of finite presentation.
(ii). f is weakly Log locally of finite presentation.

[¢]

(iii). f: X — S is locally of finite presentation.
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Proof. Let T'— Logx (resp. S — Logs) be a smooth cover locally of finite presentation over
Logx (resp Logg). Since LogX/X (resp LogS/S) is locally of finite presentation the map
T — X (resp S — S ) is also locally of finite presentation.
(i) implies (ii). If Log(f) : Logx — Logs is locally of finite presentation, then since the
canonical section s : X — Logyx is an open immersion by (3.19 (ii)), the map X — Logg is
also locally of finite presentation.
(ii) implies (iii). If X — Logg is locally of finite presentation, then the composite

X — Logs — S

is also locally of finite presentation, since Logs — S is locally of finite presentation by (1.1).

(iii) implies (i). Suppose X / S is locally of finite presentation. To prove that Log(f) is locally
of finite presentation it suffices by ([14], 4.14) to show that the map 7" X ¢4 S — S is locally
of finite presentation. The product T" X o4, S is isomorphic to the algebraic space I over
T x K S obtained from (3.4 (i)) applied to the diagram

h*./\/ls —_— pl“’lk./\/lT

l

pryMg,
where b : T x S§ — S denotes the structure morphism. By (3.4 (i)), I is of finite presentation

over T x K S. Since T /X and X /S are both locally of finite presentation, 7'/S is locally of
finite presentation and so the composite

I —Tx So § — §
is also locally of finite presentation. O

Lemma 4.9. Let X and ) be algebraic stacks over S, and let F': X — ) be a representable
morphism locally of finite presentation.

(i). If Y — 9 is a smooth cover and Fy : Yx — Y the base change of F, then F' is formally
étale iof and only if Fy is formally étale.

(ii). F' is smooth (resp. étale) if and only if F is formally smooth (resp. formally étale).

Proof. For (i), the “only if” direction is immediate so let us verify the “if” direction. Suppose
given a commutative diagram as in (4.5.1). Then to show that there exists a unique arrow
a filling in the diagram, we may replace T by an étale cover since X and ) are stacks with
respect to the étale topology. Now since Y/9) is smooth, there exists étale locally on Tj a
factorization of b through Y ([4], IV.17.16.3), and hence it suffices to verify the infinitessimal
lifting property for diagrams (4.5.1) where b factors through a map b:T — Y. But in this
case finding a dotted arrow « filling in diagram (4.5.1) is equivalent to finding a dotted arrow
filling in the following diagram:
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TO (EOZ) X Qg

Yx

Y

T Y

Thus if Fy is formally étale there exists étale locally on Ty a unique arrow as desired.

As for (ii), the statement that F' is smooth if and only if F' is formally smooth follows from
([14], 4.15).

Now it follows from ([4], IV.17.3.1) and the assumption that F is locally of finite presen-
tation, that for any smooth cover Y/9), the morphism Fy : Yy — Y is étale if and only if Fy
is formally étale. Therefore, by definition of an étale morphism of stacks ([14], 3.10.1), F'is
étale if and only if Fy is formally étale, and hence (i) implies that F' is étale if and only if F'
is formally étale. O

Since Log flat implies weakly Log flat by (4.2), statements (4.6 (iv)) and (4.6 (v)) follow
from the following two lemmas.

Lemma 4.10. If f is weakly Log flat, then locally in the fppf topology there exists a chart as

in (4.6 (iv)).

Proof. We can replace S by an étale cover, and so may assume that we have a chart Q — M.
Let

U: H §Q[P] —)LOgS
(P.6)

be the flat cover constructed in (3.15). We then obtain a diagram

o o

X 2 U Xpoge X

|
U
where ¢ is an fppf cover and h is flat. By definition of U this means that locally in the

fppf-topology on X we have a chart as in (4.6 (iv)). OJ
Lemma 4.11. If fppf locally there exists a chart as in (4.6 (iv)), then f is Log flat.

Proof. The verify that Logx — Logs is flat we may replace S and X by fppf covers, and
hence we can assume that we have a global chart as in (4.6 (iv)). Let

Ux = H Xp[P'] — Logx
(P',0)

be the flat cover of Logx constructed in (3.15). To verify that Logx — Logg is flat, it suffices
to show that an fppf cover of Logy is flat over Logs, and hence it is enough to show that
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each of the X p[P’] are flat over Logg. To see this, consider the commutative diagram

o

Logx «—— Xp[l]
Logg «—— §Q[P’]

where SOQ[P’] is the scheme obtained from the composite ) — P — P’. The map SOQ [P'] —
Logg is flat by theorem (3.13), and so is the map

X p[P'] — Sq[P

since there is a natural cartesian diagram
[e]
X

SqlP] —— SqlP,

— Xp[P]

and the map X — Sq[P] is flat by assumption. Consequently the composite Xp[P’| — Logs
is also flat, and hence Logxy — Logs is flat. O

This concludes the proof of theorem (4.6). 0

From (4.6) we obtain some basic facts about log flat morphisms in the sense of K. Kato
([10], 1.10). Note that by (4.7) a morphism of fine log schemes f : X — S is log flat if and
only if it is Log flat.

Corollary 4.12. (i). If

S —Is
1s a cartesian diagram in the category of fine log schemes with f log flat, then pr, is log flat.
(ii). Suppose given morphisms of fine log schemes
x 1oy 2,z
and suppose that f and g are both log flat. Then g o f is also log flat.

Proof. To say that the map pr, in (i) is log flat is equivalent to saying that Log(pr,) : Logx: —
Logs is flat which follows from (3.20).

Since g o f is log flat if and only if the composite

Log(go f) = Log(g) o Log(f) : Logx — Logy
is flat, statement (ii) holds since Log(f) and Log(g) are flat. O
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Finally we mention a definition and two theorems of K. Kato which give a stronger result
than (4.6 (iv)) about the relationship between log flatness and charts. The proofs of these
results are outside the scope of this paper.

Definition 4.13 ([11], Definition 1). Let f : X — S be a morphism of fine log schemes, and
suppose given a chart (Q, P, g, Bp,0) for f. Then this chart is called neat at a geometric
point * — X if the following two conditions hold:

(i). The map 69 : Q% — P9 is injective.
(ii). The natural map
Coker(Q# — P%) — Coker(M3 (s — My 5)

is an isomorphism.

The basic existence result about neat charts is the following theorem (4.14), and the rela-
tionship between neat charts and log flatness is given in (4.15).

Theorem 4.14 ([11], Proposition 1). Let f : X — S be a morphism of fine log schemes, and

suppose Bg : Q) — Mg is a chart. Then in a fppf neighborhood of any point x € X, there
exists a chart (Q, P, Bg, Bp,0) (with the same (Q, Bg)) which is neat at a geometric point over
x.

Theorem 4.15 ([11], Proposition 2). Let f : X — S be a morphism of fine log schemes with f

locally of finite presentation and let x € X be a point. Suppose given a chart (Q, P, g, Bp,0)
for f which is neat at a geometric point over x. Then f is log flat at x if and only if the map
of schemes

X — Sg[P]
induced by the chart is flat at x.

5. THE LOCAL STRUCTURE OF Logg

In this section we explain how work of L. Illusie on “toric stacks” can be used to construct
an étale cover of the stack Logs (where S is a fine log scheme). The main results of this
section were discovered by L. Illusie in somewhat different language, and we are grateful to
him for allowing us to include them here.

Before discussing toric stacks, however, we need some foundational definitions and results
about log structures on algebraic stacks.

If 8 is an algebraic stack, we denote by Lis-Et(8) the lisse-étale site of 8 ([14], 12.1 (i)).
Recall that the objects of Lis-Et(8) are pairs (U, u), where U is an algebraic space and
u: U — 8 is a smooth 1-morphism. A morphism (U, u) — (V,v) in Lis-Et(8) is a pair (¢, ¢),
where ¢ : U — V is a morphism of algebraic spaces and ¢ : u — v o ¢ is a 2-isomorphism. A
collection of maps {(p;, t;) : (Ui, u;) — (U,u)} is a covering if the map

H%‘iHUz’—>U
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is étale and surjective. There is a natural sheaf of rings Og,__, on Lis-Et(8) defined by
Oslis—et((U7 u)) = F(U7 OU)
We denote by (Syset, Os,,...,) the associated ringed topos.

Definition 5.1. A pre-log structure on an algebraic stack 8 is a pair (M, a) (often denoted
just M), where M is a sheaf of monoids on Lis-Et(8) and o : M — Os,__, is a morphism of
sheaves of monoids. A pre-log structure (M, a) is a log structure if the map o' (Osg;

§,.., is bijective. A log structure M on 8 is fine if for every object (U,u) € Lis-et(8), the
restriction M|y, is a fine log structure on U and for every morphism f : (U,u) — (U’,u’) in
Lis-Et(8) the natural map f*(M|y; ) — M|y, is an isomorphism. A log algebraic stack is a

pair (8, Ms), where § is an algebraic stack and Mg is a log structure on 8.

) —

Remark 5.2. Just as in ([9], 1.3), if M is a pre-log structure on an algebraic stack 8, then
there is a universal map M — M* from M to a log structure.

By the same argument as in ([14], 12.2.1), the category of fine log structures on an algebraic
stack 8 is equivalent to the category of systems (M), ¥(,,)) consisting of a fine log structure
My on U for each (U,u) € Lis-Et(8) and an isomorphism t,,) : ¢* M) — M) for
each morphism (¢, ¢) : (U,u) — (V,v) in Lis-Et(8) such that for a composite

) 25 (Vo) 2 (W w)

the two isomorphisms

w(tp’ogo,tp*(b')m)v @Z](w’b) o) So*w(ap’,ﬂ) : ()O*QDI*M(WJU) — M(U,u)
are equal.

In particular, if § is an algebraic space and M is a fine log structure on 8., then we obtain a
fine log structure M on Lis-Et(8), by defining My, := u*M for each (U, u) € Lis-Et(8)
(together with the natural transition maps v,,)). The following proposition follows from the
same reasoning used in the proof of ([14], 12.3.3):

Proposition 5.3. If § is an algebraic space, the functor M +— MUt induces an equivalence
of categories between the category of fine log structures on 8¢ and the category of fine log
structures on Syget- A quasi-inverse is given by the functor which restricts a fine log structure
on Slis—et to Set-

If f:8 — 8 is a l-morphism between two algebraic stacks, then f extends naturally
to a morphism of ringed topoi (f,0) : (Sitis-et; Os, poe) — (Sojtis-ets Osype) ([14]5 12.9.3),
where 0; : f7'Os, ... — Os, .., is a morphism of sheaves of rings. Hence if M is a pre-log
structure on 8y, we can define the pullback pre-log structure f~*M to be

-1
-1 ) -1 Or
f M f OS2,1is—et Osl,lis—et :

If M is a log structure on 85, then we define its pullback f*M to be the log structure
associated to the pre-log structure f=1(M).

If M is a fine log structure on 8, then the pullback f*M has a more concrete description.
If (Uy,uy) € Lis-Et(8;), then we can, after replacing U; by an étale cover find a 2-commutative
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diagram

UlLU2

ull Juz

f

81 —— 3o,
where (Us, us) is an object of Lis-Et(85). In this case, it follows from the construction of the
functor f~! ([14], 12.5) that the restriction (f*M)y, uy) of f*M to Uy is simply f7; (M (u,us))-
In particular, f*M is again fine.

Remark 5.4. If f : T — 8 is a I-morphism from a scheme T to an algebraic stack §, then if M
is a fine log structure on 8 the pullback f*M is a fine log structure on Tjis.e. By (5.3), f*M
is isomorphic to N for a unique fine log structure N on T,;. We often abuse notation and
write f*M for the fine log structure N and refer to N as the pullback of M.

If f':8; — 83 is a second 1-morphism and ¢ : f — f’ is a 2-isomorphism, then ¢ induces
an isomorphism o : f*M — f'~* M such that
(Op 0 7)) oo =00 fHa),
and hence an isomorphism of log structures ¢«(M) : f*M — f* M.

Definition 5.5. A I-morphism (81, Ms,) — (82, Ms,) between log algebraic stacks is a pair
(f, %), where f : 8§ — 8, is a 1-morphism of stacks and f°: f*Ms, — Mg, is a morphism
of log structures on 8;. A 2-isomorphism (f, f*) — (f’, f") is a 2-isomorphism ¢ : f — f
such that f” o ((Ms,) = f°.

The following proposition gives a useful description of fine log structures in terms of a
covering:

Proposition 5.6. Let 8 be an algebraic stack, and let z : Z — 8 be a morphism from a scheme
which is flat, surjective, and locally of finite presentation. Then there is a natural equivalence
of categories between the category of fine log structures on Syse and the category of pairs
(M, ), where M is a fine log structure on Z and o : priM — prsM is an isomorphism of
log structures on Z Xg Z such that

PrT3(U) = pr;‘g(a) o Pﬁz(g)
on 4 XSZ Xs Z.

Proof. Given a fine log structure A on 8§, we obtain a pair (M, o) as in the proposition
by setting M equal to z*N and letting o be the isomorphism induced by the tautological
isomorphism of functors z o pry >~ z o pr, on Z xg Z. In this way we obtain a functor

(5.6.1) F : (fine log structures on §) — (category of pairs (M, o))
which we claim is an equivalence.

To show that F is fully faithful, let N' and N be fine log structures on 8 and consider the
map

(5.6.2) Hom(N, ') — Hom((M, o), (M’ d")),
where (M, o) and (M’,0’) are the images of A" and N’ under F.
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To see that (5.6.2) is injective, suppose ¢, % : N' — N’ are two maps for which F(y) =
F(). If (V,v) is an object of Lis-Et(8), we can find 2-commutative diagram

v .,z

(5.6.3) pl l

V — §
where p : V! — V is an fppf cover, and by assumption p*(¢v,w)) = p*(¥(vw)), where ¢, and
Y(v,») denote the maps Ny, — M/V,v) induced by ¢ and . But then by (A.5), o) = V),
and hence (5.6.2) is injective. Note that in the case when (Z, z) is a smooth cover we can by
([4], IV.17.16.3) find a diagram (5.6.3) with p : V' — V an étale cover and so (A.5) is not
needed in this case.

Conversely, suppose given a morphism € : (M,0) — (M’,0’). Then for every (V,v) €
Lis-Et(8) we can find a diagram as in (5.6.3) and ¢*(e) defines a morphism p : p*My,,) —
* !

PN{y- Moreover, the fact that e is compatible with o and ¢’ implies that if h : V' xy V' — V
denotes the map pry o p = pr, o p, then the two maps

pri(p), pra(p) : M Nwwy — W Ny,
are equal. Then by (A.5) we obtain a morphism ¥y, : Ny, — /\/(/V,v)’ and the collection
of maps {¥v)} defines a map N’ — AN’ inducing e. As before, in the case when (Z,z2) is a

smooth cover we can find a diagram as in (5.6.3) with V’/V an étale cover so (A.5) is not
needed. Thus (5.6.2) is bijective.

To complete the proof of the proposition, it remains only to see that any pair (M, o)
is induced by a fine log structure ' on 8. For this, let (V,v) € Lis-Et(8) and choose a
diagram as in (5.6.3). The pair (M, o) define a log structure ¢*M on V' together with an
isomorphism ¢ : prig*M =~ prig*M on V' xy V' which satisfies the cocycle condition on
V' xy V' xy V' because o satisfies the cocycle condition. Hence by (A.5) we obtain a unique
log structure Ny, on V inducing the pair (¢*M,¢) on V' (as above when Z/§ is smooth
(A.5) is not needed since we can choose V'/V étale). The family {N(y,,)} comes with natural
transition maps ¥ (y,), and hence we obtain a fine log structure A on 8 which induces the
pair (M, o). O

Remark 5.7. As pointed out above, the proof of (5.6) does not require the use of result from
the appendix in the case when z : Z — 8§ is smooth.

Corollary 5.8. Suppose S is a fine log scheme, and let S be an algebraic stack. Then the
groupoid of morphisms of stacks 8§ — Logs ([14], 2.2) is naturally equivalent to the groupoid
of pairs (M, f), where M is a fine log structure on 8 and f : (8§, M) — S is a morphism of
log stacks.

Proof. Let U — 8 be a smooth cover. By ([14], 3.2), the category of morphisms 8§ — Logg
is equivalent to the category of triples (My, fu,0), where My is a fine log structure on
U, fv : (U My) — S is a morphism of fine log schemes, and o : priMy — priMy is an
isomorphism of log structures on U xg U satisfying the cocycle condition on U xgU xgU for
which the two maps

(R, pri(f*)), (h, o™ o pry(f*)) + (U xs U, priM) — S
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are equal. By (5.6), the category of such triples (My, fi, o) is equivalent to the category of
pairs (M, f) as in the corollary. O

If (8, M) is a fine log algebraic stack, we can define a fibered category Log(s i) just as
we did in the case when 8 is a scheme. The objects of Log(s a,) are pairs (T',t), where T'
is a fine log scheme and ¢t : T" — (8, Mg) is a l-morphism between log algebraic stacks. A
morphism (7",t') — (T,t) is a pair (o,¢), where o : 7" — T is a strict morphism of log
schemes, and ¢ : t' ~ t oo is a 2-isomorphism between morphism of log algebraic stacks. The

natural functor (7',¢) — T makes Logs v a fibered category over the category of schemes.
Note that there is a natural morphism Logs ymg) — 8 obtained by sending an object (7,t)
to the 1-morphism 7" — § underlying ¢.

Proposition 5.9. The fibered category Logs mg) 15 an algebraic stack locally of finite pre-
sentation over 8.

Proof. It follows from the fact that § is a stack that Logs a4 is also a stack with respect to
the étale topology.

From this and (1.1) follows the case when § is an algebraic space. Indeed, both (1.2.4)
and (1.2.5) can be verified after replacing 8§ by an étale cover. Moreover, the statement that
Log(s,amg)/8 is locally of finite presentation can also be verified after replacing 8§ by an étale
cover.

To prove the proposition in the general case, we first verify (1.2.4) and (1.2.5).

To show (1.2.4), suppose given a scheme X, two objects z1, o € § over X, and two fine
log structures M; and My on X together with maps ¥ : 2} Mg — M, (i = 1,2), and define
I to be the functor on the category of X schemes whose value on f : Z — X is the set of
pairs (¢,0), where ¢ : f*(z1) — f*(x2) is an isomorphism in 8§ over Z and o : f*M; — f* M,
is an isomorphism of log structures such that the diagram

. &),
ffaiMs ——— M,

L(Ms)l J/O’

- =8,
[rasMs — M,
commutes. To show that the diagonal
A Logsmg) — Logsms) X Logisms)

is representable, it suffices to show that for any collection of data as above the functor I is
representable by an algebraic space of finite presentation over X. Let m : X’ — X be the
fiber product X X (5, 4,),sxs,4 8. Since § is algebraic, X' is representable by an algebraic space
of finite presentation over X. It follows from the definition of I that I is naturally isomorphic
to the fiber product of the diagram

X/
J{ ((id,m* (;rll’)),(idﬂr* (:Eg)ob))

A
Log(xr aratms) — L0g(x/meaims) Xx LOG(x7 meat Ms)
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where ¢ denotes the universal isomorphism ¢ : 127 Mg ~ 1*z5 Mg over X'. Hence by the
case when § is an algebraic space, the functor [ is representable by an algebraic space of finite
presentation over X’. Since X'/X is of finite presentation, /X is also of finite presentation.

To construct a smooth cover U — Logs ms) as in (1.2.5), we may replace 8§ by a smooth
cover, and hence the existence of such a U follows from (1.1).

Finally, to prove that Logs a4y is locally of finite presentation over 8, we may again replace
8 by a smooth cover by ([14], 4.14), and hence this also follows from (1.1). O

Note that as in the case of schemes (3.19), if (8, Ms) is a log algebraic stack, then there is
a natural map

(591) $:8 — LOg(g,MS)
obtained from the functor
(t:T — 8)— ((t,id) : (T, t"Mg) — (8, Mg)).

It follows from (3.19 (ii)) that s is an open immersion since this can be verified after replacing
S by a smooth cover.

Observe also that if
(592> f : (817M51) B— (827M82)

is a 1-morphism between log algebraic stacks, then there is a morphism

(5.9.3) Log(f) : Logs, ms,) — L0g(s, ms,)
obtained from
(9:T — (81, Ms))) = (go f: T — (83, Ms,)).
If s1: 81 — Log(s, ms,) is the map (5.9.1) for (81, Ms, ), then the composite

(5.9.4) Log(f)osy:8 — Log(s, Ms,)
is the morphism induced by the composite

(t T — 81) = (<t7t*(fb)) : (Tv t*MS1) - (827M52))'

Though we will only use the notions of Log representable and Log étale morphisms in what
follows, we include the following two general definitions ((5.10)—(5.11)).

Definition 5.10. Let P be a property of morphism between algebraic stacks. We say that
a morphism f as in (5.9.2) has property Log(P) if the morphism of algebraic stacks (5.9.3)
has property P, and that f has property weak Log(P) if (5.9.4) has property P.

For example, the property P could be the property of being representable, smooth, or flat,
in which case we sometimes say that f is (weakly) Log representable, (weakly) Log smooth,
and (weakly) Log flat.

For Log representable morphisms, one can define more properties (note that since (5.9.1)
is an open immersion, Log representable implies weakly Log representable):



LOGARITHMIC GEOMETRY AND ALGEBRAIC STACKS 33

Definition 5.11. Let P be a property of representable morphisms of algebraic stacks, and
let f be a morphism of log algebraic stacks as in (5.9.2) which is Log representable. We
say that f has property Log(P) if the induced map (5.9.3) has property P, and that f has
property weak Log(P) if the map (5.9.4) has property P.

For example, P could be the property of being étale, unramified, or quasi-finite. Below we
shall see interesting examples ((5.23)—(5.29)) of Log representable morphisms whose under-
lying morphism of algebraic stacks is not representable.

The above definitions and results is the basic foundational work on log structures on stacks
that we need, and we now turn our attention to “toric stacks”.

Let S be a scheme, and recall that for any fine monoid P, we have a S-scheme S[P| =
Spec(Og|P]) (1.2.1). For any affine scheme Spec(R) over S, there is a natural bijection

S[P](Spec(R)) = Hompjon (P, R)

which gives S[P] the structure of a monoid scheme over S. There is a natural inclusion of
monoid schemes S[P%] < S[P], and so the group scheme S[P9] acts on S[P] by translation.
We denote by Sp the stack theoretic quotient of S[P] by the action of S[P%] (denoted
[S[P]/S[P]] in ([14], 4.6.1)).

Remark 5.12. When P is a saturated and torsion free monoid, S[P] with the action of S[P%]
is a toric variety. In this case Sp is a toric stack in the sense of L. Lafforgue ([13], IV.1.a).

Ezample 5.13. In the case when P = N” for some r € N, §p = [A"/G/, |. To give a 1-morphism
T — §p is equivalent to giving r-line bundles £; on T', together with morphisms of line bundles
si + L; — Op. Indeed the stack classifying such collections of data (L;,s;)i_; is naturally
equivalent to the stack associated to the prestack whose objects over a scheme T are r-tuples
of elements (xy,...,x,) in I'(T, Or), and whose morphisms (z1,...,z,) — (z},...,2)) are
r-tuples of elements w; € I'(T, O%) such that z; = w;x;. This prestack is in turn naturally
equivalent to that defined by A" with its G} -action. Now such a collection (L£;,s;) is what
K. Kato calls a Deligne-Faltings log structure in (][9], complement 1). Thus by (loc. cit.),
Sy is the classifying stack of pairs (M, ), where M is a log structure and v : N — M is a
map which étale locally lifts to a chart. Propositions (5.14) and (5.20) below generalize this

example.

The action of S[P] on S[P] extends naturally to an action on the log structure on S[P]
associated to the map P — Og[P]. This just means that for a ring R and maps a: P — R
and b : P% — R*, there is a natural isomorphism between the log structure associated to the
map a and that associated to a - b. Such an isomorphism is provided by the map

P—R &P p— (bp) " p)
It follows from this and (5.6) that the log structure on S|[P] descends to a log structure Mg,

on 8p. Note that in the case when P9 is torsion free, S[P] is smooth over §p so remark (5.7)
applies in this case. Note also that there is a natural map 7p : P — Ms,.

If t : T — 8p is any l-morphism from a scheme, we obtain a pair (t*Ms,,t*7p), where
t*Ms, is a fine log structure on 7" and t*mp : P — t*Msg, is a morphism of sheaves of
monoids. Moreover, since S[P] — Sp is flat and surjective, the map t*wp lifts fppf locally to
a chart for t* Mg,. In the case when P is saturated, the map S[P| — 8p is smooth, and then
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the existence of a quasi-section for smooth morphisms ([4], IV.17.16.3) implies that the map
t*mp lifts étale locally on 1" to a chart for t*Msg,.

Proposition 5.14. Let P be a fine monoid. Then the pair (Ms,,mp) on Sp induces an
equivalence of stacks between Sp and the fibered category 8'» over the category of S-schemes
whose fiber over a scheme T is the groupoid of pairs (N,v), where N is a fine log structure

onT and v : P — N is a morphism which locally in the fppf topology on T lifts to a chart
for N'.

Remark 5.15. When P is fs, (2.4 (ii)) shows that 8} is equivalent to the fibered category
classifying pairs (N, ~), where N is a fs log structure and v : P — N is a morphism which
locally in the étale topology lifts to a chart.

Remark 5.16. The proof of (5.14) given below uses the result, proven in the appendix (A.3),
that 85 is a stack with respect to the fppf topology. However, as pointed out in the proof,
when P is fs and torsion free one needs only that 8% is a stack with respect to the étale
topology, and (A.3) is not needed.

Proof of (5.14). Let
(5.16.1) F:8p—8

denote the morphism of fibered categories ([14], 2.2) defined by (Ms,,mp). Note that 8’ is
a stack with respect to the étale topology since étale sheaves and morphisms between étale
sheaves may be constructed étale locally, and in fact 8% is a stack with respect to the fppf
topology by (A.3).

Since 8p is also a stack with the respect to the fppf topology ([14], 10.7 (a)), it suffices
to show that F' is fully faithful and that every object of 8 is fppf locally isomorphic to an
object in the image of F. In the case when P is fs, the proof given below shows that F' is
fully faithful and that every object of 8% is étale locally in the image of F', so in this case one
only needs to know that 8 is a stack with respect to the étale topology and so (A.3) is not
needed.

To prove the full faithfulness, it suffices to show that for any affine S-scheme Spec(R), and
points a,b € S[P](R) inducing objects (N,,v,.) and (Ny, ) of 8%(R), any isomorphism o
between (N, ) and (N, 7,) is induced by a unique point u € (S[P] xg S[P%])(R) such
that pr;(u) = a and pry(u) = b (where pr; is the projection and pr, is given by the action of
S[P%] on S[P]). Now the isomorphism o is by definition an isomorphism o : N}, ~ N, such
that & o, = «,. For such an isomorphism, there exists for each p € P, a unique unit u, € R*
such that A(u,) +p = o(p) in N,. In other words, there exists a unique point u € S[P%](R)
such that ¢ is induced from the map

P—R®P, pw—(upp),

and the fact that o is an isomorphism of log structures implies that pry(u) = a and pry(u) = b.
Thus F' is fully faithful.

Now by definition any object (N,~) of 8% over some S-scheme T, is fppf locally (étale
locally when P is fs by (2.4 (ii))) obtained from a map P — I'(T, Or) since v is assumed to
lift to a chart fppf locally. This implies that every object of 8% is fppf locally (étale locally
when P is fs) obtained from a point of S[P]| and hence is in the image of F'. 0
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It is also interesting to consider the fibered category Si{)’g over the category of fine log
schemes defined by Sp with its log structure.

In general, if (8, Ms) is an algebraic stack with a fine log structure, we obtain a stack
denoted (8, Ms)!¢ (or simply 89 if no confusion seems likely to arise) over the category of
fine log schemes. The objects of this stack are pairs (7', t), where T is a fine log scheme and
t: T — (8, Mg) is a l-morphism ¢t : T — (8, Ms) between log algebraic stacks (5.5). A
morphism (7,t) — (1",t') is a pair (p,¢), where ¢ : T"— T" is a morphism of log schemes
and ¢ : t — t' o p is a 2-isomorphism. If we give the category of fine log schemes the topology
in which covers are given by strict étale morphisms (the strict étale topology), then 89 is in
fact a stack.

In the case of Sp, the associated stack 811‘39 “is” (i.e. is equivalent to) a functor. Indeed

to give a 1-morphism ¢ : 72 — 8p is by (5.14) equivalent to giving a log structure M on T’
together with a map P — M which fppf locally (étale locally in the fs case) lifts to a chart.
Now if we are given a morphism ¢ : M — M of log structures, the fact that ¢ is a bijection on
units implies that there are no non-trivial automorphisms o of M which induce the identity
on M for which ¢ = too. Hence the objects of Sllgg admit no non-trivial automorphisms, and
SO Sl[g’g is equivalent to a functor. This functor has the following interpretation:

Proposition 5.17. The functor 8’129 s naturally isomorphic to the functor
Hom (P, M) : T — Hom(P,T'(T, Mz)).

Moreover, a morphism T — (8p, Mg,,) is strict if and only if the corresponding map 7 : P —
M lifts fppf locally to a chart.

Remark 5.18. When P is fs, the condition that 7 : P — My lifts fppf locally to a chart is
by (2.4 (ii)) equivalent to the condition that 7 lifts étale locally to a chart.

Remark 5.19. In the proof of (5.17) given below, we use a result from the appendix (A.4)
when asserting that the map (5.19.1) is a map between sheaves for the strict fppf topology
on the category of fine log schemes. If P is saturated and torsion free and if one restricts
Slﬁg and Hom(P, M) to the category of fs log schemes, then one needs only that the map
(5.19.1) is a map of sheaves with respect to the strict étale topology and the use of (A.4) can
be avoided.

Proof of (5.17). Let (N, 7,1) € SIIS’g(T) be an object over some log scheme T, where N is a
fine log structure on T, @ : P — A is a morphism which fppf locally lifts to a chart, and

L N — M7 is a morphism of log structures. Then zo 7w : P — Mr determines an element
of Hom(P, M)(T) and this defines a map

(5.19.1) M : 89 — Hom(P, M).

It follows from (A.4) and ([14], 10.7 (a)) that 8¢ is a sheaf for the strict fppf topology on
the category of log schemes. Here by the strict fppf topology we mean the topology on the
category of log schemes locally of finite presentation over S where coverings are given by
strict morphisms whose underlying morphism of schemes is faithfully flat and locally of finite
presentation. Moreover, by ([3], VIIL.9.1) the functor Hom(P, M) is also a sheaf with respect
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to the strict fppf topology. Hence to show that (5.19.1) is an isomorphism it suffices to show
the following:

(5.19.2). Any section of Hom(P, M) is fppf locally in the image of M;
(5.19.3). Any two sections of Sﬁ;g which map to the same element under M are fppf locally
isomorphic.

Statement (5.19.2) follows from (2.3) which shows that any map P — My on some log
scheme T is fppf locally (étale locally when M is fs) on T induced by a morphism of log
schemes T" — Spec(P — Z[P)).

To prove statement (5.19.3), we show that if T is a log scheme then two elements (N, 7, ¢)
and (N, 7', 1) of 8!%9(T) are isomorphic if and only if the induced maps

tom, o : P — My

are equal. The “only if” direction is clear. For the other direction, observe that by the
uniqueness of isomorphisms it suffices to construct an isomorphism fppf locally. Thus by
(2.3) we may assume we have liftings 7 and 7’ of © and 7’ (note that when N and N are fs
we have such liftings étale locally). In this case, for every p € P there exists a unique unit
u, € O such that «(7(p)) = Auy,) + /(7'(p)). The desired isomorphism N ~ N is then
obtained from the isomorphism induced by the map

P—Or®P  pr (upp)
From this it follows that (5.19.1) is an isomorphism.
Finally we show that a morphism f : T — (8p, Ms,,) is strict if and only if P — My lifts

fppf locally to a chart. The “only if” direction is clear. As for the “if” direction, suppose
f:T — (8p, Ms,) is such that P — My fppf locally lifts to a chart. Locally in the fppf

topology on T, we can lift f*(7p) : P — f~'Ms, to a chart 3: P — f*Msg,, and by (2.4
(i)) the composite f®o 3 : P — My is also a chart. Hence fb: f*Ms, — My is fppf-locally
an isomorphism. Therefore, f°: f*M sp — M is an isomorphism (since this can be verified

after pulling back by any surjective morphism X’ — X) and so by ([8], 3.2) the map f° is an
isomorphism as well. O

The construction of Sp is functorial. More precisely, if [ : () — P is a morphism of monoids,
then the natural map S[P] — S[Q] is compatible with the actions of S[P%] and S[Q], and
hence [ induces a map 8(1) : 8p — 8. Moreover, there is a natural morphism of log structures
m : 8(1)* Ms, — Mg, for which the diagram

PL)MSP

ZT 'FIZT
Q — Ms,

commutes.

We can describe this map 8(1) : Sp — 8¢ in terms of the modular interpretation of 8 p given
in proposition (5.14). By (5.14), to give an object of §p over some scheme T is equivalent to
giving a pair (N, ), where A is a fine log structure on 7" and v : P — N is a morphism of
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sheaves of monoids which fppf locally lifts to a chart. We construct an object (N,~") of 8¢
as follows. Locally in the fppf topology we can choose a chart §: P — N lifting ~ (if P is fs
then by (2.4 (ii)) we can find such a lifting étale locally), and we define (N’,~’) to be the log
structure associated to the composite

o) p LN O

together with the natural map 7' : Q — N "If 01, Be are two liftings of v, then for each ¢,
there exists a unique unit u(q) such that 8;(¢) = Mu(q)) + B2(q). If p; : N/ = N (i =1,2)
are the two morphisms of log structures obtained from ; and [, then the u(q) define an
isomorphism

e Ni — Ng g Au(g) +4
such that p; = py 0 € and such that the two maps
€0t 7s: Q — Ny
are equal. Thus we get an object of 8.
Proposition 5.20. Suppose S is a fine log scheme and let S(1) : Sp — 8¢ be the morphism
of stacks over S’O obtained from | : Q — P. Suppose further that a chart 8 : QQ — Mg 1is
given inducing a map § — 8¢g. Then the pullback of the triple (Ms,,m,mp) to the stack

Sp Xs, S defines an isomorphism of S-stacks between Sp Xs, S and the stack S’P/Q whose

fiber over f : T — S is the groupoid of triples (N, n,~), where N s a fine log structure on
T, n: f*Mg — N is a morphism of log structures, and v : P — N is a morphism, which
fopf locally lifts to a chart, such that the diagram

l
—

Q P
(5.20.1) Bl P
f_1MS — N

commutes.

Remark 5.21. When P is fs, (2.4 (ii)) shows that S}, , is equivalent to the fibered category
classifying triples (N, 7,7) as in the proposition where v lifts étale locally to a chart for \.

Proof of (5.20). Let

(5.21.1) F:8pxs, S — S
be the functor induced by (Ms,,m, 7p).

o

That F' is fully faithful follows from the definition of the product of stacks 8p xsg, 5.

To see that F' is essentially surjective, note that F' is a morphism of stacks with respect to
the fppf topology by (A.3) and (A.4), and so it suffices to show that every object of S’P/Q is

fppf locally in the image of F' (in the case when P is fs the proof below actually shows that
every object of 8 /Q is étale locally in the image of F' so one needs only that 8, /0 is a stack

with respect to the étale topology which is immediate).
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Given a triple (NV,7n,v) over some S-scheme T defining an object of S’P/Q, we can by

assumption fppf locally lift y to a chart 4 : P — O for N (when P is fs we can by (2.4 (ii))
find 4 étale locally on T'). The induced diagram

l

Q —— P
/J‘l l:y
Mg L N

may not commute, but the commutativity of (5.20.1) insures that for each ¢ € @) there exists
a unique unit u, € O% such that ¥(I(q)) = AMu,) + f*(B(q)). If M denotes the log structure
associated to ¥ ol : Q — N, then the map

Q— ffMs, g Mug) +B(q)
defines an isomorphism between M and f* Mg compatible with the maps to N and the maps
Q — M and Q — f~'Mg. This implies that every triple (N,n, ) is fppf locally obtained
from a morphism to §p xs, S and the proposition follows. O

[¢]

Corollary 5.22. The fibered category over the category of S-log schemes defined by Sp X, S
is naturally equivalent to that defined by the functor which to any morphism of log schemes
f:T — S associates the set of maps p: P — I'(T, Mr) for which the diagram

b P

Q
| g
r(S, Ms) —L— (T, My)

commutes.

Proof. This follows from the same argument used in the proof of (5.17). O

Corollary 5.23. For any morphism of fine monoids | : Q — P, the induced morphism
8(1) : (8p, Ms,) — (8¢, Ms,,) is Log representable and Log étale.

Proof. We have to show that the map
Log(8(1)) : Log(sp.ms,) — L0grsg.ms,)
is representable and étale.

To show that Log(8(l)) is representable it suffices by ([14], 8.1.2) to show that for any
scheme T and object t € Log(8p, Mg, )(T') in the fiber over T, there are no non-trivial
automorphisms of ¢ whose image under Log(8(1)) is the identity. But if 7" is a scheme, then
the fiber LOQ(SP,MSP)(T) is by (5.17) equivalent to the groupoid of pairs (M, p), where M is
a fine log structure on T and p : P — M is a morphism of sheaves of monoids. The functor
Log(8(1)) is simply given by

(M, p) = (M, pol),
and evidently there are no non-trivial automorphisms (M, p) which induce the identity on

(M., pol).
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To see that Log(8(1)) is étale, note first that Log(8(1)) is locally of finite presentation since
it is a morphism between algebraic stacks locally of finite presentation over S; hence is locally
of finite presentation by ([4], IV.1.4.3 (v)) and the definition of a morphism between algebraic
stacks locally of finite presentation ([14], 4.14). Therefore, to show that Log(8(l)) is étale it
suffices to show that Log(8(1)) is formally étale by (4.9 (ii)). By (5.17), the infinitessimal
lifting criterion of (4.5) amounts to the following: if i : Ty < 7' is a closed immersion defined
by a nilpotent ideal I, M is a fine log structure on 7', and € : Q — M is a morphism of
sheaves of monoids, then any map map p : P — ¢~'M for which pol = :7!(¢) can be lifted
to a unique map j : P — M such that pol = e. But this is trivial since the étale sites of T'
and Tj are equivalent by ([5], 1.8.3). O

Corollary 5.24. If S is a fine log scheme and QQ — Mg a chart, then the map F : SPXSQ§ —
Logs defined by the pullback of the map I*Ms, — Ms, on 8p (and (5.8)) is representable
and étale.

Proof. Let s : Sp — Log(sp,ms,) be the open immersion (5.9.1). Then the composite
Log(8(l))os : 8p — Log(sg.ms,,) is an étale morphism over 8¢ by (5.23), and the map

F' is simply the base change of this map by the morphism S — 8. U

Corollary 5.25. Fiz a fine log scheme S, and let J be the set of triples (U, 3,1), where U/S
is étale, B : Q — Mgly is a chart, and l : Q@ — P is a morphism of monoids. Then the
natural morphism
S = H 8p Xs, U — Logs
(UB1e]
is representable, étale, and surjective.

Remark 5.26. Suppose S is an fs log scheme, and let Torg C Logg be the substack classifying
fs log schemes over S. In general if M is a fine log structure on a scheme X, then the set of
points x € X for which M is saturated is an open set since (3.5) shows that it is constructible
and stable under generization. Therefore, Jorg is an open substack of Logs; in particular
Jorg is an algebraic stack. If U C 8 denotes the open substack obtained by considering only
those triples (U, 3,1) for which P is saturated and torsion free, then the map U — Torg is
surjective by (2.2). Thus Torg admits an étale cover by toric stacks in the sense of ([13]).

Remark 5.27. In fact, remark (5.26) enables one to prove that Torg is algebraic without
appealing to (A.2) used in the proof of (1.1). Indeed as mentioned in (3.1) the proof that the
diagonal
Agory : Torg — Torg x g Torg

is representable does not require the use of (A.2). Moreover, when P is fs and torsion free
the proof of (5.20) does not require any results from the appendix (as noted in the proof),
and so one can construct the étale cover U — Torg without appealing to results about log
structures in the fppf topology. Since U is an algebraic stack it admits a smooth cover U — U
by a scheme, and the composite U — Torg is then a smooth cover of Torg.

FExample 5.28. Let k be a field of characteristic p > 0 and let
p:[AY/Gr] — [AY/Gr
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be the morphism of stacks over k associated to the maps
par : A — Al pg G, — Gy

induced by
K[T) — k[T), T+ T?, and k[UF] — k[UF], U~ UP.
The map p is not smooth since there is a commutative diagram

Al " [A1/G,)]

| |’

Al —— [AY/G,]

where 7 is smooth but ps1 is not. However, if we view [A!/G,,] as the log stack Sy and p as
the underlying morphism of stacks associated to the morphism of log stacks

8(xp) : (8n, M) — (8w, M)
induced by multiplication by p on N, then by (5.23) the map 8(xp) is log étale.

Example 5.29. Continuing with the preceding example, define
8 = [Al/Gm] Xp{AI/Gm},p [Al/Gm]

Then § is isomorphic to the stack Sp, where P is the quotient of the free monoid generated by
two elements = and y modulo the relation pxr = py. By (5.23) this stack with its natural log
structure is log étale over k (with the trivial log structure). Note however, that Spec(k[P])
with its natural log structure is not log smooth. Indeed even the open set Spec(k[P%]) ~
tp X Gy, where the log structure on Spec(k[P]) is trivial is not smooth.

In addition, the underlying stack Sp is not smooth over k either. To see this, let P’ be the
quotient of N?@ Z by the relation (p,0,0) = (0,p,1) and let 3 : P’ — P be the map obtained
by sending (1,0, 0) to z, (0,1,0) to y, and (0,0, 1) to 0. If M is a fine log structure on a scheme
X and v : P/ — M is a map which fppf locally lifts to a chart, then ~ factors through /3 since
(0,0,1) € P’ is a unit. Thus by (5.14) the map § induces an isomorphism 8(5) : Sp ~ 8p.
Since P'% ~ 7?* the map Spec(k[P’]) — 8p: is smooth, and since Spec(k[P’]) is not smooth,
Sps 1s not smooth either.

Finally let P be a property of morphisms f : X — Y of algebraic spaces which is stable
under base change and étale local on source and target. That is, for any family of commutative
squares

X, 2. X
fzi lf
Y, i,y

for which the maps
Mo [[x—x. J[n:][v—VY

are étale and surjective, the map f has property P if and only if all the maps f; have property
P. For example, P could be the property of being étale, smooth, or flat. If F': §; — S, is a
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representable morphism of algebraic stacks, then it makes sense, by ([14], 3.10.1), to say that
F' has property P.

Remark 5.30. If g : U — V is a representable, surjective, and étale morphism of algebraic
stacks, and if f : X — U is a map from a scheme, then it follows from our assumptions on P
that f has property P if and only if g o f has property P.

We can describe in terms of the stacks 8p what it means for a morphism of log schemes to
have property weak Log(P):

Corollary 5.31. A morphism of log schemes f : X — S has property weak Log(P) if and
only if étale locally on S and X there exists a chart (Q, P, Bg,Bp,0) for f such that the
induced map

(5.31.1) X — S xs, 8p

has property P. Moreover, if f has property weak Log(P), then for any chart (Q, P, Bg, Bp,6)
the map (5.31.1) has property P.

Proof. To see the “if” direction, note that by the assumptions on P, we may replace S and X
by étale covers, and hence may assume that we have a chart such that (5.31.1) has property
P. In this case (5.24) and (5.30) applied to

(5.31.2) X~ Sxs, 8p —L Logs
shows that f has property weak Log(P).

To prove the “only if” direction and the second statement, we may assume that we have a
chart (Q, P, Bg, Bp,0) for f so that we have a factorization as in (5.31.2). If f has property
weak Log(P), then the map g o h has property P, and so (5.24) and (5.30) imply that A also
has property P.

U

APPENDIX: COMPARISON OF TOPOLOGIES

Let X be a scheme, and let Xz, (resp. Xe, Xq) denote the small Zariski site (resp. small
étale site, big fppf site) ([15], chapter II, §1). Thus the objects of Xj are all schemes locally of
finite presentation over X, and coverings in Xy are given by surjective flat morphisms locally
of finite presentation.

We can speak of fine log structures on X with any of these topologies: a log structures is
fine if it is locally isomorphic to the log structure associated to a morphism P — Oy from a
fine monoid P.

Let

Xy —— Xep —— Xgar
be the natural morphisms of ringed topoi. If M is a pre-log structure on Xgz,,, then m, ' M
can naturally be viewed as a pre-log structure on X via the composite

-1
-1 7y () 1
7T2 M > 7T2 OXZar - — OXet'
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By taking the associated log structure, we get for any log structure M on Xz, a log structure
M = (1, ' M)"

on Xe. Similarly, if M is a log structure on X, then we get a log structure 7 M on Xj.

Just as in ([9], 1.4.2), if M is a pre-log structure on X (resp. Xza), then 77(M?*) (resp.

m3(M®)) is canonically isomorphic to (77 ' M)? (resp. (m5 'M)?). In particular if M is a fine

log structure on Xy (resp. Xza,) then 7f M (resp. w5 M) is also fine.

The functor 7t (resp. n%) has a right adjoint 7/ (resp. 729). If (M, a) is a log structure

on Xg (resp. Xe), then 7i%(M) (resp. 759(M)) is simply the restriction of M to X (resp.
Xzar) with map to Oy,, (resp. Oy, ) given by restriction of a. The fact that (7, 7,%?) (resp.

(w3, 729)) are adjoint functors is checked as in ([9], 1.4).

The following theorem summarizes the basic relationship between the categories of log
structures in the various topologies (see also ([16] §2) for a comparison of the étale and
Zariski topologies):

Theorem A.1. The functor ni (resp. w5 ) induces an equivalence between the category of fine
log structures on Xey (resp. Xzar) and the category of fine log structures on Xgq (resp. fine
log structures M on X for which the adjunction map w5 ‘7o, M — M is an isomorphism,).

Before giving the proof of (A.1), let us note the following corollaries:

Corollary A.2. Let S be a fine log scheme (with log structure on the étale topology). Then the
fibered category Logs is a stack with respect to the fppf-topology on the category of S-schemes.

Proof. Tt follows from (A.1) that Logg is equivalent to the fibered category over the category

of S-schemes whose objects are morphisms

(X, Mx) — (5,711 M),

where M x is a fine log structure on Xj. Since log structures and morphisms of log structures
in the fppf topology may be constructed fppf-locally it follows that Logg is a stack with
respect to the fppf topology. O

Corollary A.3. Let S be a scheme and P be a fine monoid. Denote by 8 the fibered category
over the category of S-schemes whose fiber over a scheme T is the groupoid of pairs (N, 7),
where N is a fine log structure on Ty and v : P — N is a map which fppf locally on T lifts
to a chart. Then 8’ is a stack with respect to the fppf topology on the category of S-schemes.

Proof. If M is a fine log structure on the étale site of a scheme X, then for any fine monoid
P, to give a map 7 : P — M of étale sheaves is equivalent to giving a map of fppf sheaves
va @ P — m; ' M since by adjunction

Homy, (P, w;lﬂ) = Homy,, (P, Wl*ﬂflm) = Homy,, (P, M),

where the last equality follows from ([3], VIIL.9.2). We claim that ~. lifts fppf locally to a
chart for M if and only if 4 lifts fppf locally to a chart for 7y M. The “only if” direction is
clear. To see the “if” direction, we may by (2.3) assume that we have a lifting e, : P — M.
Let ¢ : NV — M Dbe the resulting morphism of fine log structures on X. By (2.4 (i)) (which
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also holds for fppf log structures by the same argument) and the assumption that ~q lifts fppf
locally to a chart for 7{ M, the map 7} : 7N — 7} M is an isomorphism. Then by (A.1),
the map ¢ is an isomorphism as well and so v, lifts fppf locally to a chart.

It follows from this discussion and (A.1) that 8% is equivalent to the fibered category over
the category of S-schemes whose fiber over a scheme T is the groupoid of pairs (N, ), where
N is a fine log structure on Ty and v : P — A is a morphism which fppf locally lifts to a
chart. Since fppf sheaves and morphisms between them may be constructed fppf locally it
follows that 8% 5 is a stack with respect to the fppf topology. O

Corollary A.4. Let X be a scheme and let My and My be two fine log structures on Xet.
Then the functor Hom(M;y, My) on X-schemes which to any f : T — X associates the set
of morphisms of log structures f*My — f*My is a sheaf with respect to the fppf topology.

Proof. By (A.1), the functor Hom (M, M5) is isomorphic to the functor Hom(7i My, 7i M)
which to any f : T — X associates the set of morphisms f*(7jM;) — f*(7fMs). Since
morphisms between fppf sheaves may be constructed fppf locally the result follows. O

Corollary A.5. Let X be a scheme and X' — X an fppf cover of X. Then there is a natural
equivalence of categories between the category of fine log structures on X, and the category
of pairs (M, o), where M’ is a fine log structure on X, and o : priM’ — prsM'’ is an
isomorphism on X' x x X' satisfying the cocycle condition

pr”{?,(a) = Pf§3<‘7) o PT>{2<U)
on X' XxX/ XxX,.

Proof. By (A.1), the category of fine log structures on X, is equivalent to the category of fine
log structures on Xjp, and the category of pairs (M’ o) as in the corollary is equivalent to the
category of pairs (M§, oq), where My is a fine log structure on Xj, and oq : priMj ~ priMj
is an isomorphism of log structures on (X’ x x X')g satisfying the cocycle condition. From
this the result follows. U

We now begin the proof of (A.1) which will be in several steps ((A.6)-(A.11)).

Proposition A.6. Suppose u : X' — X is a faithfully flat morphism of finite presentation,
and that M s an integral log structure (9], 2.2) on Xe (resp. Xzar). Let pr; (i = 1,2) be
the two projections X' xx X' = X', and let t« = wo pry = uopry. Then the sequence

FX, M) - T(X uM)=T(X xx X', u*M)

15 exact.

Proof. 1t is known that the sequence

(A6.1) DX, M) - T(X Ju'"M) = D(X' xx X', 0 ' M)

is exact (in the étale topology this is ([3].VII1.9.2) and a similar argument gives the result
in the Zariski topology). Thus if m;,my € T'(X, M) are two sections which map to the
same element in I'(X’, u* M), then there exists a unique unit v € I'(X, O%) such that A(vy) +
my = mg. Since the map I'(X, O%) — I'(X’, O%,) is injective, the images of m; and my in
(X', u*M) are equal if and only if v = 1 and m; = my. Hence I'(X, M) — I'( X', u*M) is
injective.
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Next suppose m’ € I'( X', u* M) is an element for which prjm’ = prim’. To prove that m’
is in the image of I'(X, M), we may, by the injectivity shown above, replace X by an étale
cover (resp. Zariski cover). By the exactness of (A.6.1), the image of m’ in T'(X',u"*M) is
contained in I'(X, M). Therefore, after perhaps replacing X by an étale cover (resp. Zariski
cover), we may assume that there exists a section m € I'(X, M) whose image in I'(X’, u=' M)
is equal to the image of m’. Since M is integral, there exists a unique unit v € I'(X’, O%./)
such that A(y)4+m = m/. Moreover, since both m and m’ are in the equalizer of pr{ and pr},

v is in the equalizer of the two maps
DX, 0%) 3 T(X xx X', 0% x1)-
By descent theory v € I'(X, O%), and hence m’ € I'(X, M). O

Corollary A.7. If M is an integral log structure on Xe (resp. Xzar), then i M (resp. m5M)
is the log structure which to any morphism of finite presentation (resp. étale) f : X' — X
associates I'( X', f*M). In particular if M is an integral log structure on Xe (resp. Xzar),
then the natural map M — wy9miM (resp. M — 72%7* M) is an isomorphism.

Corollary A.8. The restriction of w} (resp. m5) to the category of integral log structures on
Xet (resp. Xzar) is fully faithful.

Proof. If My and M, are integral log structures on X (resp. Xza.), then
Hom(7* My, 7* My) ~ Hom(M,, 7'%97* My) ~ Hom (M, M),
where 7 denotes my (resp. ). d

Corollary A.9. Let X be a scheme and M a fine log structure on Xg. Then the adjunction
map T ' M — M is an isomorphism.

Proof. Let f : X'’ — X be a flat cover such that there exists a fine log structure N on X/, and
an isomorphism 7N =~ M|x:. By (A.8), the tautological descent datum for M|x; relative
to the morphism f induces descent datum for A relative to f. From this we obtain descent
datum for the étale sheaf A relative to f, which by ([3], VII1.9.4) is effective. Thus there
exists a sheaf of monoids F on X inducing N with its descent datum. Thus M ~ T LF.
and since 7,7, ' F ~ F ([15], I11.3.11 (b)) the result follows. O

Proposition A.10. Let X be a scheme and M an integral log structure on Xe (resp. Xzar)-
Then M is fine if and only if m{ M (resp. m5M) is fine.

Proof. The “only if” direction was already noted. Now if 7 M (resp. m5M) is fine, then
there exists a flat (resp. étale) cover f : X’ — X and a fine log structure M’ on X/, (reps.
X/..) such that 7 M|x: (resp. m5M|x/) is isomorphic to mf M’ (resp. w5 M’). From this
and (A.8) we obtain an isomorphism f*M ~ M’ and hence f*M is fine. Let Z — X be a
geometric point (resp. point) and let § — X’ be a geometric point (resp. point) lying over
Z. Then
M = (T M)y =~ My

which implies that Mj is a fine monoid. Choose a finitely generated group G and a map
h:G — MZ such that the composite G — MY is surjective. Then by ([9], proof of 2.10)

the monoid P := h™'(M;) is fine, and so after replacing X by some étale (resp. Zariski)
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neighborhood of T we can find a map P — M. Let AN be the log structure associated to
P and let N' — M be the induced map. By ([9], 2.10) there exists an étale (resp. Zariski)
neighborhood of § such that f*N — f*M is an isomorphism. From this and (A.8) it follows
that N'— M is an isomorphism in some neighborhood of Z. O

Proposition A.11. Let X be a scheme and M a fine log structure on Xq (resp. Xey Such
that w5 *we, M — M is an isomorphism). Then there exists a pair (N, s), where N is a fine
log structure on Xy (resp. Xza:) and s is an isomorphism between M and wiN° (resp. w5N).

Proof. Let 7 denote 7, (resp. 7). Define N := 7% M, and let s : 7N — M be the map
obtained by adjunction. To prove the proposition it suffices to show that s is an isomorphism.
Once this is shown, the fact that N is fine follows from (A.10).

To show that s is an isomorphism, it suffices to show that

5.1 Y N) ~ (m*N) - M
is an isomorphism, since s is a morphism of integral log structures ([8], 3.2). By (A.9)
(resp. by assumption) the map 7 '7,M — M is an isomorphism, so to verify that 5 is an
isomorphism it suffices to verify that m,(3) : N' — 7, M is an isomorphism.

That 7.(5) is injective follows from the commutative diagram

'/\_/’ N ng

o
M —— 1, (M)
and the snake lemma applied to the following commutative diagram of sheaves on X (resp.
XZar):
0 — Oy — N? — N — 0

| |

0 - 0% — mMP» — 1,(M™").

To see that the map m,(S) is surjective, suppose we have a section m € 7,(M)(U) for some
étale (resp. Zariski ) U — X. Then the surjectivity of 7. (5) is equivalent to the statement
that locally in the étale (resp. Zariski ) topology on U there exists a lifting of m to M. In
other words, we have to show that the sheaf S on Uy (resp Ue) defined by

V i+ {liftings of m to M(V)}

admits a section locally in the étale (resp. Zariski) topology. But S is naturally a G,,-torsor,
so this follows from the fact that any G,,-torsor in the flat topology can be trivialized locally
in the Zariski topology ([5], XI.5.1). O

FEzample A.12. Suppose R is a complete discrete valuation ring and E/R a proper regular
scheme whose closed fiber j : Ey C E is a divisor with normal crossings and whose generic
fiber is smooth. Suppose that Ej is an irreducible nodal genus 1 curve, and let Mg be the
log structure on Fg defined by the divisor Ey ([9], 1.5.1). Then we claim that Mg is not
induced by a log structure on Eyz,,. In fact even Mg, := j*Mpg is not induced by a Zariski log
structure on Ey. To see this let p : Eo — Fjy be the normalization of Ej, and note that there
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is an isomorphism p,Z ~ My, ([8], 11.5). Now if U C Ej is an open set, then p~}(U) C Ej
is connected and hence (p.Z)(U) = Z. Thus the restriction of HQE’; to Eozar is the constant
sheaf Z, and if p — FEy denotes a geometric point mapping to the node, then the map

1 op “9P 2
L~ (15 muMp)y — Mg, ; ~Z

is the diagonal map. In particular, the map 7, 'm0, My, — My, is not an isomorphism.
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