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ABSTRACT. This article is based in part on lecture notes prepared for the sum-
mer school “The Geometry, Topology and Physics of Moduli Spaces of Higgs
Bundles” at the Institute for Mathematical Sciences at the National University
of Singapore in July of 2014. The aim is to provide a brief introduction to
algebraic stacks, and then to give several constructions of the moduli stack of
Higgs bundles on algebraic curves. The first construction is via a “bootstrap”
method from the algebraic stack of vector bundles on an algebraic curve. This
construction is motivated in part by Nitsure’s GIT construction of a projective
moduli space of semi-stable Higgs bundles, and we describe the relationship
between Nitsure’s moduli space and the algebraic stacks constructed here. The
third approach is via deformation theory, where we directly construct the stack
of Higgs bundles using Artin’s criterion.
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INTRODUCTION

Stacks have been used widely by algebraic geometers since the 1960s for studying
parameter spaces for algebraic and geometric objects [DMG9]. Their popularity is
growing in other areas as well (e.g., [MLM94]). Nevertheless, despite their utility,
and their having been around for many years, stacks still do not seem to be as
popular as might be expected. Of course, echoing the introduction of [Fan(1],
this may have something to do with the technical nature of the topic, which may
dissuade the uninitiated, particularly when there may be less technical methods
available that can be used instead. To capture a common sentiment, it is hard to
improve on the following excerpt from Harris—Morrison [[{M98, 3.D], which serves
as an introduction to their section on stacks:

‘Of course, here I’'m working with the moduli stack rather
than with the moduli space. For those of you who aren’t
familiar with stacks, don’t worry: basically, all it means
is that I'm allowed to pretend that the moduli space is
smooth and there’s a universal family over it.’

Who hasn’t heard these words, or their equivalent spoken at a
talk? And who hasn’t fantasized about grabbing the speaker by the
lapels and shaking him until he says what — exvactly — he means by
them?

At the same time, the reason stacks are used as widely as they are is that they
really are a natural language for talking about parameterization. While there is no
doubt a great deal of technical background that goes into the set-up, the pay-off
is that once this foundation has been laid, stacks provide a clean, unified language
for discussing what otherwise may require many caveats and special cases.

Our goal here is to give a brief introduction to algebraic stacks, with a view
towards defining the moduli stack of Higgs bundles. We have tried to provide
enough motivation for stacks that the reader is inclined to proceed to the definitions,
and a sufficiently streamlined presentation of the definitions that the reader does
not immediately stop at that point! In the end, we hope the reader has a good
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sense of what the moduli stack of Higgs bundles is, why it is an algebraic stack, and
how the stack relates to the quasi-projective variety of Higgs bundles constructed
by Nitsure | ]

Due to the authors’ backgrounds, for precise statements, the topic will be treated
in the language algebraic geometry, i.e., schemes. However, the aim is to have a
presentation that is accessible to those in other fields, as well, particularly complex
geometers, and most of the presentation can be made replacing the word “scheme”
with the words “complex analytic space” (or even “manifold”) and “étale cover”
with “open cover”. This is certainly the case up though, and including, the def-
inition of a stack in §3. The one possible exception to this rule is the topic of
algebraic stacks §6, for which definitions in the literature are really geared towards
the category of schemes. In order to make our presentation as accessible as pos-
sible, in §5 and §6 we provide definitions of algebraic stacks that makes sense for
any presite; in particular, the definition gives a notion of an “algebraic” stack in
the category of complex analytic spaces. There are other notions of analytic stacks
in the literature, but for concision, we do not pursue the connection between the
definitions.

The final section of this survey (§10) studies algebraic stacks infinitesimally,
with the double purpose of giving modular meaning to infinitesimal motion in an
algebraic stack and introducing Artin’s criterion as a means to prove stacks are
algebraic. Higgs bundles are treated as an extended example, and along they way
we give cohomological interpretations of the tangent bundles of the moduli stacks
of curves, vector bundles, and morphisms between them. In the end we obtain a
direct proof of the algebraicity of the stack of Higgs bundles, complementing the
one based on established general algebraicity results given earlier.

While these notes are meant to be somewhat self contained, in the sense that
essentially all relevant definitions are included, and all results are referenced to the
literature, these notes are by no means comprehensive. There are now a number
of introductions to the topic of algebraic stacks that have appeared recently (and
even more are in preparation), and these notes are inspired by various parts of those
treatments. While the following list is not exhaustive, it provides a brief summary
of some of the other resources available. To begin, we direct the reader to the now
classic, concise introduction by Fantechi | ]. The reader may very well want
to read that ten page introduction before this one. A more detailed introduction
to Deligne-Mumford stacks is given in the book [ ]. The book | ]
provides another detailed introduction, with less emphasis on the algebraic property
of algebraic stacks. The book | ] provides a concise, detailed, but perhaps
less widely accessible introduction to the topic. There is also the comprehensive
treatise [ ], which has a complete treatment of all of the details. The reader
who would like to follow the early development of the subject might want to consult
(Cir71], | J, [DM69], [sa72b, Exp. T1], [sa73, Exp. XVII, XV, [Knu71],
and |

Notation. We denote by S the category of schemes over a fixed base, which the
reader may feel free to assume is Spec C, where C is the field of complex numbers.
All schemes will be members of this category. Until we discuss algebraic stacks,
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one could even take S to be the category of complex analytic spaces, or any other
reasonable category of “spaces” with which one would like to work.

Our convention is generally to use roman letters for schemes (e.g., M), script
letters for functors to sets (e.g., .#), and calligraphic letters for categories fibered
in groupoids; (e.g., M). We will typically use sans serif letters for various standard
categories (e.g., M).

1. MODULI PROBLEMS AS FUNCTORS

When one wants to parameterize some kind of algebraic or geometric objects, one
says one has a moduli problem. The goal is to find another geometric object, called
a moduli space, that parameterizes the objects of interest. One of the most natural
ways to phrase a moduli problem is in terms of the corresponding moduli functor.
From this perspective, the hope is that the moduli functor will be representable
by a geometric object, which will be the moduli space. In fact, it is possible to
say a great deal about the moduli space purely in terms of the moduli functor,
without even knowing the moduli space exists! For example, the tangent space can
be computed by evaluating the moduli functor on the spectrum of the ring of dual
numbers (§1.3).

We make this precise in what follows. The best way to get a feel for this is
through examples. For this reason, in this section we start by considering the
familiar problems of parameterizing linear subspaces of a fixed vector space, and of
parameterizing Riemann surfaces of a fixed genus.

1.1. Grassmannians. We expect this example is familiar to most of the readers,
and the aim will be to motivate an approach to these types of problems, which
we will continue to use throughout. We direct the reader to | , Ch.1,85] for
details.

In this section we explicitly take S to be the category of C-schemes, or the
category of analytic spaces, for simplicity; a “scheme” refers to a member of this
category. For an object S of S, we adopt the notation C% := C" x § for the trivial
vector bundle of rank n over S.

Recall that Grassmannians arise from the moduli problem that consists of pa-
rameterizing r-dimensional complex subspaces of C™.

There is clearly a set of such spaces

G(r,n) :={W Cji, C" : dim W = r}.

In fact, one can easily put a “natural” complex structure on G(r, n) that makes this
set into a smooth complex projective variety of dimension r(n — r), which we call
the Grassmannian. Of key importance from our perspective is the fact that there
is a rank r vector bundle U over G(r,n), and an inclusion of vector bundles:
0—U— C¢

r,n)

such that for any C-scheme S and any inclusion of vector bundles F < C% over S
with rankF = r, there is a unique C-morphism

f:8—=G(rn)
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such that the inclusion F — C% is isomorphic to the pullback of the inclusion
U— (Cg(r ) by f. Diagramatically:

Fo———— U
Ve
S

A

S—L L G(rn)
Ell

n
G(r,n)
'

Set theoretically, we define U by setting the fiber of U over a point [W] € G(r,n)
corresponding to a subspace W C C™ to be the subspace W itself; i.e., we have
U =W = C" = ((C’é(r’n))[w]. The bundle U is called the universal subbundle.

In fact, the topology and geometry of G(r,n), as well as the vector bundle struc-
ture on U, are all encoded in the universal property. To see the topology, consider
a linear projection p : C* — C". If S is any scheme and F — C% is a rank r vector
subbundle, then for a general projection p, denoting by pg the induced morphism
ps : Cg — C%, then the composition pp : F — C% s % is an isomorphism over
a nonempty open subset S, C S. Choosing appropriate projections, these open
subsets cover S. This applies in particular to the Grassmannian itself, so that we
obtain an open cover of G(r,n) by subsets U, where pU’Up : U‘Up — (C’(“]p is an iso-
morphism. Moreover, we can easily see that locally, after trivializing U, a point of
U, may be identified with a section of the projection p : C* — C"; or more precisely,
a map S — U, may be identified with a section of pg : C% — C%. Consequently,
one can check from the universal property that U, must be isomorphic to the space
of sections of the projection, which is isomorphic to Home(C",C*~") = Cr=)x7,
the space of (n — r) x r complex matrices. This of course agrees with the stan-
dard method of constructing charts for the Grassmanian by choosing bases for the
subvector space, and performing row reduction. We also have the identification
pU’Up : Uy, — (C{]p, which gives the vector bundle structure on U.

The take-away from this discussion is that there is an identification of families
(up to isomorphism) of r-dimensional subspaces of C™ parameterized by S, with
morphisms of C-schemes S into G(r,n) and, moreover, that we can understand
everything about G(r,n) in terms of this identification. As perverse as it might
seem, we could throw away the topological space and sheaf of rings and consider
instead the Grassmannian functor:

G(r,n) : S°? — (Set)

F is a vector bundle on S
1:F — C% is a linear inclusion

where two inclusions of vector bundles F — S x C" and F' — S x C™ over S are
equivalent if there is a commutative diagram of the form

FC - C%

] I

FC— C%.
The functor ¢4 (r,n) acts on morphisms in the following way. Associated to a mor-
phism f: S5 — S, we have

9 r,n)(S) = 9 (r,n)(S)

g(rv n)(S) = {(Fa Z)
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taking the class of the inclusion F < SxC"™ to the class of the inclusion F/ < S/ xC"
defined via pullback diagrams:

Here f*F is the pullback of F to S’ via f and C% is the canonical morphism Cg, =
Crx 8 on ¢ g = .

The assertion that there is an identification of families (up to isomorphism) of
r-dimensional subspaces of C™ parameterized by S, with morphisms of schemes S

into G(r,n), can be formulated precisely as an isomorphism of functors

Homg (—, G(r, n)) —Y9(r,n)

(1.1)
(f:S—=G(rn)— (U= (Cg(m)).

In other words, the Grassmannian functor is representable by the Grassmannian
scheme. We also say that the Grassmannian is a fine moduli space for the Grass-
mannian functor.

Our previous extraction of the geometric structure of G(r,n) from the universal
property, in other words, from the functor ¢(r,n), is a manifestation of the general
principle encoded in Yoneda’s lemma (stated below). Indeed, if there is another
space G(r,n)" such that

Homs (—,G(r,n)") = ¥4 (r,n),
then
Homs (—, G(r,n)") = Homs(—, G(r,n)),
and one may use Yoneda’s lemma to conclude that G(r,n) =2 G(r,n)".
Lemma 1.1 (Yoneda). Let S be a category. There is a fully faithful functor
h:S — Fun(S°, (Set))
S+ hg := Homg(—, S)
(S48 (hs 25 hy),
which identifies S with a full subcategory of the category of functors Fun(S°p, (Set)).
In particular, for each S € Ob(S), the map
Homgyn(sor, (set)) (s, F) — F(5)
(n:hs = F) = n(S)(ids)
is a bijection.
This is best worked through on one’s own, preferably in private. Nevertheless, in

the spirit of completeness that inspires these notes, we refer the reader to |
Ch.2, §2.1] or | , Ch. 0, §1.1] for more details.

)

Definition 1.2 (Representable functor). A functor isomorphic to one of the form
Homg(—, S) for some S in S is called a representable functor.
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Remark 1.3. Due to the Yoneda Lemma, we will often write S in place of hg or
Homs(—, S).

Remark 1.4. Note that under the identification of (1.1), the identity map id¢(y.n) €
Homs (G(r,n), G(r,n)) is sent to the class of the inclusion of the universal subbundle
U<~ (Cg(r’n) in9(r,n) (G(r, n))

Summarizing the discussion above, the fact that the Grassmannian functor is
representable is equivalent to the fact that there is a universal family, U, of dimen-
sion r-subspaces of C™, parameterized by the Grassmannian G(r,n), such that any
other family of dimension r-subspaces of C™ is obtained from this universal family
via pullback along a (unique) map to the Grassmannian.

Remark 1.5. This whole construction could have been dualized, considering instead
r-dimensional quotients of the dual vector space (C")V. The problem is clearly
equivalent, but this dual formulation is more obviously related to the Quot scheme
we will discuss later. We leave it to the reader to make this comparison when the
Quot scheme is introduced.

1.2. Moduli of Riemann surfaces. The example of the Grassmannian gives a
moduli space that is representable by a projective variety. Another accessible exam-
ple of a moduli problem that on the other hand captures the complications leading
to the development of stacks is that of parameterizing Riemann surfaces.

We will work in this section with the algebraic analogues of compact Riemann
surfaces of genus g; i.e., smooth proper complex algebraic curves of genus g. Our
moduli problem is that of parameterizing all such curves up to isomorphism. Moti-
vated by the discussion of the Grassmannian, we make this more precise by defining
a moduli functor. To do this, we define a relative curve of genus g to be a surjective
morphism of schemes 7 : X — S such that

e 7 is smooth,

e T is proper,

e every geometric fiber is curve of genus g.
Recall that if X and S are smooth, then 7 : X — S is smooth if and only the
differential is everywhere surjective. In other words, this includes the analogues
of surjective morphisms of smooth complex manifolds, with surjective differential,
where every (set theoretic) fiber is a compact Riemann surface of genus g.

We now define the moduli functor of genus g curves as:

My S — (Set)
My(S) = {m: X — S, arelative curve of genus g}/ ~

where two relative curves m : X — S and 7’ : X’ — S are equivalent if there is a
commutative diagram (1.2), in which the upper horizontal arrow is an isomorphism:

X =5 X
(1.2) j j
S—25.

The functor .#, acts on morphisms in the following way. Associated to a morphism
f:58 — S, we have
5ty (S) — My (S")



STACKS AND HIGGS BUNDLES 9

defined via pullback diagrams; in other words, given [1 : X — S] € #,(5), we
define f*[r : X — S| as the class of the curve 7’ : X’ — ', defined by the fiber
product diagram:

X — X

4k

S — 8.

Example 1.6 (Isotrivial family). Consider the relative curve 7 : X — S = C* of
genus 1 given by the equation

yvi=a3 4+t t#0.

Here X is the projective completion of {(z,y,t) : y* — 2® —t = 0} in PZ, and the
map 7 : X — S is induced by (z,y,t) — t. It turns out this family is isotrivial (i.e.,
all of the fibers are abstractly isomorphic); this can be seen quickly by confirming
that the j-invariant of each fiber is 0, or simply writing down the isomorphism
(,y,t) = (A "22,A73y,1), where A = ¢, between X; and X;. One can also
show that this family is not equivalent to a trivial family; i.e., not isomorphic to
S x X1. One way to see this is to check that the monodromy action of 71 (C*,1) on
H'(X1,C) is nontrivial (see e.g., [ , §4.1.2]), and therefore, that X/S is not a
trivial family. Another way to see this is to observe that the explicit isomorphism
given above trivializes X over the pullback via C* — C* : A ++ A5, We can therefore
characterize X as the quotient of X; x C* by the action ¢.(x,y, \) = (¢ ™2z, {3y, ()
of a 6-th root of unity ¢ € pug. The étale sheaf on S of isomorphisms between X
and the X; x S is a torsor under the automorphism group of X;j, which is pg. It
is therefore classified by an element of H'(S,us) = Hom(ug, i6) = Z/6Z, which
one can check is 1. Since this corresponds to a nontrivial torsor, X/S is not a
trivial family. One can generalize this example to show that for every g, there exist
isotrivial, but nontrivial families of curves (see Example A.4).

Proposition 1.7. The functor .#, is not representable.

Proof. See e.g. | ] for more details. The main point is that if .#, were
representable, then every isotrivial family of curves would be equivalent to a trivial
family, which we have just seen is not the case.

To this end, suppose that .#, = Homs(—, M) for some scheme M,. Let Cy —
M, be the family of curves corresponding to the identity morphism idys,. Now
let 7 : X — S be an isotrivial family of curves over a connected base S, that is
not equivalent to S x X for any s € S, with s = SpecC (here X, is the fiber
of X/S; see e.g., Examples 1.6 and A.4). The curve X; — s corresponds to an
element of .#,(SpecC) = Homs(SpecC, My); i.e., the isomorphism class of the
curve corresponds to a point, say [X,] € My. Similarly, the family 7 : X — §
corresponds to a morphism f : S — M,. Since every fiber of 7 : X — S is
isomorphic to [X,], the image of S under f must be the point [X]. By definition
of the representability of the functor, we must then have that the pullback of the
universal family Cy — M, along f, i.e., X, x S, is equivalent to 7 : X — S, which
we assumed was not the case. (]

Remark 1.8. While the functor .#, is not representable, it does admit a coarse
moduli space. In other words, there is a quasi-projective variety M, and a morphism



10 CASALAINA-MARTIN AND WISE

o : My — My (here we are using the convention mentioned in Remark 1.3 of
denoting a scheme and its associated functor with the same letter) such that:

(1) for any scheme S and any morphism ¥ : .#; — S, there is a unique
morphism 7 : My — S such that the following diagram commutes:

///QLMQ

s
b .
73
¢
S

(2) @ is a bijection when evaluated on any algebraically closed field.

A scheme representing a functor, i.e., a fine moduli space, is clearly a coarse moduli
space. For many moduli functors that we consider, we will be able to find a scheme
satisfying the first condition above; however, when the automorphisms of our ob-
jects are positive dimensional, it will not in general be possible to find a scheme
satisfying the second condition, as well.

For brevity (or at least for lesser verbosity), we have not included a discussion
of coarse moduli spaces. The interested reader may consult | , Def. 1.3], or
[ , Def. 4.1].

There was not anything special about curves in Proposition 1.7: all we needed
was an isotrivial family that was nontrivial. In fact, nontrivial automorphism groups
almost always give rise to nontrivial isotrivial families (see Corollary A.7) so we
conclude that moduli problems involving objects with nontrivial automorphisms
will almost never be representable by genuine spaces. Since most moduli problems
of interest involve objects with nontrivial automorphisms, this means fine moduli
spaces almost never exist; i.e., moduli problems are almost never representable by
schemes.

There are a few ways one might try to go around this problem: one could rigidify
the problem by imposing additional structure in the hopes of eliminating nontrivial
automorphisms; one could give up on the idea of a fine moduli space and settle
for a coarse moduli space that at least gets the points right, even if it botches the
universal property (see Remark 1.8).

Stacks do not go around the problem of isomorphisms so much as they go through
it. By remembering how objects are equivalent, as opposed to merely that they are
equivalent, we can eliminate the issue that is responsible for Proposition 1.7. The
price we must pay is to enlarge the class of objects we are willing to call spaces
and sacrifice some of our geometric intuition. What we hope to illustrate in these
notes is that the cost in geometric intuition is less than one might first expect,
and that the payoff in newly available moduli spaces more than compensates for it.
Indeed, stacks will allow us to bring our intuition about geometric families to bear
on the geometry of their moduli spaces, giving us a new—and, we would argue,
more powerful—sort of intuition to replace what we have sacrified.

1.3. The tangent space of a moduli functor. Because of Yoneda’s lemma, a
fine moduli space is uniquely characterized by the functor it represents. In particu-
lar, the tangent space to a moduli space at a point can be determined directly from
the moduli functor, without even knowing that the moduli space is representable!
This is not merely a formal convenience: the tangent space is an essential tool in
proving that moduli functors are representable (see §10).
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As an example of the definition, we compute the tangent space of the Grass-
mannian. The same calculation actually computes the tangent space of the Quot
scheme, as well (see also | , §6.4]). Notice that we do not make use anywhere
of the representability of the Grassmannian in this calculation. Further examples
will appear in §10.1.

We have already seen on p.6 how the cover of G(r,n) by open subsets U, asso-
ciated to projections p : C* — C" is visible from the functor ¢(r,n). From this,
near a point of the Grassmannian W — C", we get a local identification of ¢ (r, n)
with the functor represented by Homc(C",C"™") = Hom(W,C"/W). Since this
is a vector space, this gives a local identification of the tangent space T, ) w
with Hom(W,C"/W). As is well known, this identification can be made globally.
Rather than verify the compatibility of this identification with gluing, which would
require us to use the fact that ¢(r,n) is a sheaf, we will arrive at it via a global
construction working directly from the definition of ¢ (r,n).

Definition 1.9 (Ring of dual numbers). The ring of dual numbers (over C) is
D = Cle]/(¢?). For any scheme S over C, we write S[e] for S x SpecD.

Definition 1.10 (Tangent space to a moduli functor). If .# : S°® — (Set) is a
functor, the tangent bundle to % is the following functor:

T : S — (Set)
T#(S) = F(S[e))

Reduction modulo € gives a map D — C and therefore a closed embedding
S — Sle] for any scheme S. This induces natural functions

T#(S) = 9(5[6]) — F(9)
and therefore a natural transformation
Ty — F.

We allow ourselves the following notational shortcut, which some may feel is abu-
sive: When ¢ € Z#(S5), in other words, when (S,¢) is an S-point of .%, we write
T (S,€) or T () for the fiber of Tz (S) over £ € F(S5).

For instance, if we have % = Homg(—, M) for some complex manifold M, and
€ : SpecC — M is a point of M, then T'%(§) = Ta(§), the holomorphic tangent
space to M at x.

Warning 1.11. The tangent space to an arbitrary functor .# may not be at all
well-behaved! For example T'#(£) might not even be a vector space. When trying
to characterize the functors that are representable by schemes (or algebraic spaces
or algebraic stacks) one of the first axioms we impose is that % should behave
infinitesimally like a scheme, and in particular that its tangent spaces should be
vector spaces (see §10).

1.3.1. Tangent space to the Grassmannian. Suppose that S is a scheme and F — C%
is an S-point of ¥(r,n). Denote by F' the sheaf of regular sections of F. Note that
F is a quasicoherent locally free sheaf of rank r, and recall that F can be recovered
from F', either from transition functions, or directly as

F = Specg(Sym® F),

where F¥ = Homg . (F,Og) is the sheaf of sections of the dual vector bundle
FY = Homg(F,Cg). By definition, Ty, ,,)(S,F) is the set of isomorphism classes
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of extensions of F to a vector subbundle F; C (C’SLH. Because vector bundles are
determined by their sheaves of sections, deforming [F is the same as finding a locally
free deformation F to S[e]. One can easily check by dualizing that this is equivalent
to finding a locally free deformation of F'V to S[e].

Since F < C%, we have a quotient O% — FV by duality. We write EV for the
kernel of this quotient. To find a locally free deformation of FV to S[e] is the same
as to complete the diagram below with a locally free Og[q-module FY:

(1.3) Oty ——+F/—==0
|
l |
<

0 B o FY 0.

Since FY is locally free, tensoring the exact sequence

(1.4) 0—eOs — Ogle] = Os =0

with F)’ we see that the kernel of F}Y — FV is eF) ~ FV. Note, moreover, that a
short computation shows that any quasicoherent sheaf F}’ fitting into the diagram
(1.3) above with eF}’ ~ FV will be locally free, because a local basis for F'V can be
lifted via the projection F}Y — FV to a basis for F}Y. This can also be seen using
the infinitesimal criterion for flatness | , Ex. 6.5].

Therefore our problem is, equivalently, to complete the diagram below with
Os[g-modules EY and FY, so that the middle row is a short exact sequence, and
the vertical arrows are those induced from (1.4):

0 0 0
| | |
0 eEY eO% eFY 0
\ \
1 l 1
(1.5) 0— — > EY » 04— — >+ F = —~0
N
0 EY on FV 0
I
0 0 0

In particular, all rows and columns above are short exact sequences.

Since eEY mnecessarily maps to zero in F}’, to produce a quotient F}’ of 0%
lifting the quotient FV of OF, it is equivalent to produce a quotient of Og[e] JeEY.
We are therefore trying to complete the diagram below:

0—— EY/eEY — = 2 Ofy/eEY — = > [/ = = 0

|

0 EY oz FY 0.
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But note that EY/eEY projects isomorphically to EY. Therefore Ty, (S, F) is
isomorphic to the set of lifts of the following diagram:

(’)g[e]/eEv

P
e
e
e
e

BV ——0n.

We have one canonical lift by composing the inclusion EY < O% with the section
o5 — Og[e]. (Note that this is not an Og[q homomorphism until it is restricted
to EV.) An easy diagram chase in (1.5) shows that the difference between any two
lifts is a homomorphism EY — FV, so we get a canonical bijection:

Tg(nn)(s, F) = HOIIl(js (Ev, FV) = HOIHOS (F, E) = HomS(IF,]E)

where E = Specg(Sym® EV) is the quotient of the trivial vector bundle C% by the
subbundle F.

2. MODULI FUNCTORS AS CATEGORIES FIBERED IN GROUPOIDS

As nontrivial automorphisms tend to preclude the representability of a moduli
problem (by a scheme), one plausible way to proceed is to account for these au-
tomorphisms by retaining them in the definition of the moduli functor. We are
led to consider functors valued in groupoids (categories in which all morphisms are
isomorphisms), rather than in sets, and immediately find ourselves in a morass of
technicalities (see §2.1). In our judgment, a more elegant solution can be found in
the notion of a category fibered in groupoids (see Remark 2.4 for the reasoning that
motivates our point of view). In §2.1 we briefly discuss functors valued in group-
oids, with the primary objective of convincing the reader that another approach
would be preferable. We then introduce categories fibered in groupoids in §2.2.

2.1. (Lax 2-)Functors to groupoids. Instead of studying a moduli problem by
defining a functor whose value on a scheme is the set of isomorphism classes of
families over that scheme, we try to define one whose value is the category of
families parameterized by that scheme, with morphisms being isomorphisms of
families. Contrary to the set of isomorphism classes, the category explicitly allows
two families to be isomorphic in more than one way.

Definition 2.1 (Groupoid). A groupoid is a category in which all morphisms are
isomorphisms.

Remark 2.2. In the literature, in the definition of a groupoid, it is common to
require the additional condition that the category be small (the class of objects
is a set). This is not required for our treatment, and so we drop the condition
since almost every category we will consider will not be small. For instance, the
category of sets with one element is obviously not small (for every set E there is
a one element set {E}), and one can immediately generalize this to examples we
consider here. However, the groupoids we study will usually be essentially small,
meaning they are equivalent to small categories, so none of the pathologies that
compel one to include a hypothesis of smallness will trouble us.

One way to avoid worrying about small categories (or at least, to transfer the
worry to somewhere else) is to introduce Grothendieck universes. Essentially, one
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assumes axiomatically that there are very large sets, called universes, that are large
enough to ‘do set theory’ within. All objects of interest occur within the universe,
but one can still use set-theoretic language to speak about the universe itself. For
example, the collection of all 1-element sets within the universe does form a set,
namely one in bijection with the universe itself.

Ultimately, these considerations are technical from our perspective, and we will
remain silent about them in the sequel. One may consult | , Tag 0007] for yet
another way around these technical issues.

Continuing on, at first glance, it seems that we want a “functor” to the category
of groupoids:

M : S°? — (Groupoid).

Making this precise leads to the morass of technicalities aluded to above. The issue
here is the assignment for morphisms. In our examples, we pulled back families
along morphisms. The fact that pullbacks are only defined up to isomorphism,
albeit a canonical one, means that one does not have an equality of ¢g*f* with
(fg)* but only an isomorphism between them. One then has not one but two ways
of identifying h*g* f* ~ (fgh)* and one must require these be the same.

Example 2.3. Here is how this plays out for the moduli of curves: Let
///gm : S°P — (Groupoid)

be the moduli functor in groupoids for curves of genus g; by definition %gLQ(S) is
the category of families of curves over S, with S-isomorphisms as the morphisms. If
T — S is a morphism of schemes we obtain a functor .#*(S) — #}*(T) sending
C to C xgT. If we have a pair of morphisms U — T' — S then we obtain two maps
MPE(S) — M}P(U), one sending C to (C xgT) xpU and the other sending C
to C' xg U. These are canonically isomorphic, but they are not equal! Do we have
to keep track of this canonical isomorphism, as well as the compatibilities it must
satisfy when we encounter a sequence V. — U — T — S?7 The concept we need
here is of course the ‘lax 2-functor’ (§2.1).

Pursuing this line of reasoning, one ultimately arrives at the definition of a
pseudo-functor or lax 2-functor. However, just to define lax 2-functors is an un-
pleasant task, with little to do with the geometry that ultimately motivates us. (The
reader who desires one may find a definition in | , §3.1.2].) Fortunately, we
will not have to think too hard about lax 2-functors because Grothendieck has sup-
plied a more elegant solution: categories fibered in groupoids. The fundamental
observation is that the pullbacks we need are canonically isomorphic because they
satisfy universal properties that are literally the same. If we keep track of universal
properties rather than the objects possessing them, we arrive at a more efficient
definition.

Remark 2.4. According to the philosphy behind categories fibered in groupoids,
the mistake in Example 2.3 was to choose a fiber product C' xgT. We were then
forced to carry it around and keep track of the compatibilities that it obviously
satisfies. The category fibered in groupoids posits only that an object satisfying
the universal property of the fiber product ezxists, i.e., that there is some cartesian
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diagram (2.1),

D C
(2.1) l J

T—S

—_

without actually specifying a construction of one.

2.2. Categories fibered in groupoids. From our perspective, the motivation
for a category fibered in groupoids is to avoid the technical complications of the
definition of a lax 2-functor by essentially clumping all of the groupiods of interest
into one large category over the category of schemes; the issues we ran into defining
the lax 2-functor on morphisms are avoided by using the universal properties of
fibered products in our category. We now make this precise. Temporarily, we let S
denote any category.

Definition 2.5. A category over S is a pair (M, w) consisting of a category M
together with a covariant functor 7 : M — S. If S is an object of S, the fiber of
M over S, denoted Mg or M(S) is defined to be the subcategory consisting of all
objects over S, and all morphisms over the identity of S. An object X in M is
said to lie over S if it is in Mg. A morphism f:X' — X in M is said to lie over

a morphism f : 8" — S if 7(f) = f. A morphism between categories (M, ) and
(M’ ") over S is a functor F : M — M’ such that 7’ o F = 7.

We indicate objects and morphisms lying above other objects and morphisms in
diagrams like this:

(2.2) M x
-l
S S —— 8.

A fibered category is essentially one for which “pullback diagrams” exist. Keep-
ing in mind the definition of a fibered product, a quick glance at (2.3) should make
clear the meaning of a pullback diagram in this setting.

Definition 2.6 (Cartesian morphism). Let (M, 7) be a category over S. A mor-
phism f: X/ — X in M is cartesian if the following condition holds. Denote by

f 58" — S the morphism 7(f) in S (as in (2.2)). Given any morphism ¢ : S” — 5§’
in S, and any morphism JT:)/g : X" — X in M lying over f o g, there is a unique
morphism g : X" — X’ in M lying over g such that m = fog. Pictorially, every
diagram (2.3) has a unique completion:

(2.3) X" __
N fog
N g
I El o >
s x13x

XI ,.f..‘,’,gj I

s’ T&S.
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Definition 2.7 (Fibered category). A category (M, ) over S is said to be fibered
over S if for any morphism f : S" — S in S and any object X of M lying over S,
there exists a cartesian morphism f : X’ — X in M lying over f.

Definition 2.8 (Category fibered in groupoids (CFG)). A category (M, ) over
S is said to be fibered in groupoids if it is fibered over S, and for every S in S, we
have that M(S) is a groupoid.

Remark 2.9. Categories fibered in groupoids are typically introduced as fibered
categories in which all morphisms are cartesian | , Exp. VI, §6, Remarques],
[ , Def. 3.21], or equivalently, a fibered category where the fibers are all
groupoids. In examples, as we have seen here, where we define all morphisms via
fibered product diagrams, and pullbacks, one is led naturally to this definition.
The added generality of fibered categories (not neccesarily fibered in groupoids)
is important in order to formulate faithfully flat descent efficiently [ , §B.3],
[ , Exp. VIII], | , §4.2]. However, it is not particularly relevant to the
study of moduli problems that is our focus here.

Fibered categories were originally defined in | , 8A.1.a, Def. 1.1] to be what
we would call lax 2-functors (albeit valued in categories rather than in groupoids),
and what others call pseudo-functors | , Exp. VI, §8], | , Def. 3.10].
The definition of a fibered category given in | , Exp. VI, Def. 6.1], is equiva-
lent to the slightly different formulation in | , Def. 3.5]. Lax 2-functors are
equivalent (we do not attempt to say precisely in what sense) to fibered categories
with cleavage | , Exp. VI, §7-8], | , Def. 3.9, §3.1.3].

Remark 2.10. The notation M(S) for 771(S) is meant to be suggestive of the
relationship between categories fibered in groupoids and functors valued in group-
oids. Indeed, one may construct an equivalence between the notions such that the
groupoid-valued functor associated to M has value M(S) on S € S.

Example 2.11 (CFG associated to a presheaf). Let .# : S°° — (Set) be a functor
in sets. One obtains a CFG 7 : F — S in the following way. For each S € Ob(S),
let Fs = Z(S). Let 5,8 € Ob(S) and suppose that Xg € Fg and Xg € Fg.
Then we assign a morphism Xg — Xg in F if there is a morphism f : S’ — S in
S, and .Z (f)(Xs) = Xg. The functor 7 : F — S is given by sending Xg to S, and
similarly for morphisms.

It is not difficult to generalize this construction to yield a CFG associated to a
lax 2-functor | , §3.1.3], provided that one has first given a precise definition
of the latter.

Example 2.12 (CFG associated to an object of S). Let S be in S. The slice
category S/ S is the CFG defined to have objects that are pairs (S’, f) where S’ € S
and f : S’ — S is a morphism. A morphism (S’ f) — (5”,g) is a morphism
h:S8" — 8" such that gh = f:

S/ S//

S gt

The projection 7 : S/S — S is w(S’, f) = S’. A CFG equivalent to one of the form
S/S for some S in S is said to be representable by S.
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Remark 2.13 (Agreement of CFGs for S and hg). For any S € Ob(S), we can assign
the functor hg, and the category fibered in groupoids associated to hg. This agrees
with the CFG S/S.

Example 2.14 (The CFG (sieve) associated to a family of maps). Given a collec-
tion of morphisms R = {S; — S} in S, we define an associated full sub-CFG of
S/S, which will also be denoted by R. The objects of R are the objects S — S of
S/S that factor through one of the S; — S. Sub-CFGs of representable CFGs (i.e.,
a sub-CFGs of S/S for some S in S) are known as sieves.

To give the full statement of the Yoneda lemma for CFGs we need another
definition. The correct language for discussing this is that of the 2-category of
CFGs over S. We postpone this more technical discussion until later (§4). Here we
give a working definition that suffices for our purposes.

Definition 2.15. Let pyy : M — S and py : N — S be CFGs over S. There
is a category Homcrg/s(M,N) with objects being morphisms M — N of fibered
categories over S and morphisms being natural isomorphisms.

Lemma 2.16 (2-Yoneda | , 83.6.2]). LetS be a category, and let S € Ob(S).
For any fibered category w: M — S the natural transformation

Homcrg/s(S/5, M) — M(S)
F s F(S 25 9)
(defined similarly for morphisms) is an equivalence of categories.

Convention 2.17. In view of the 2-Yoneda lemma, we may introduce the following
notation: Suppose that S € S and that M is a CFG over S. We write X : S — M
to mean X € Homcrg/s(S/S, M). By the Yoneda lemma, this is the same as
specifying an object of M(S), and we frequently do not distinguish notationally
between X : S — M and X € M(S).

Corollary 2.18 (] , 83.6]). LetS be a small category, and let S, S’ € Ob(S).
The map

Homs(S’, S) — Ob (Homcpg/s(S/S/, S/S))

obtained by post-composition of arrows (e.g., a morphism f : S’ — S is sent to
the functor that assigns to an arrow (g : S” — S’) € Ob(S/S"), the composition
(fog:58"—S)e€Ob(S/S)) is a bijection.

Remark 2.19. Let A, ./ : S°P — (Set) be two functors. Let M, N be the associated
categories fibered in groupoids over S. In a similar way, there is a bijection

Homgn(ser,(set)) (-4, A7) = Ob (Homerg /s (M, N)) .

We delay introducing the notion of 2-categories until later (§4), but the consequence
of the 2-Yoneda Lemma, and this observation, is that the category S, and the
category of functors Fun(S°P, (Set)) can be viewed as full 2-subcategories of the
2-category of CFGs over S. Consequently, we will frequently identify objects S of
S, and functors to sets .# : S°® — (Set) with their associated CFGs, S/S, and M,
respectively.
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2.2.1. The Grassmannian as a category fibered in groupoids. For this section, let S
be the category of schemes over C. The Grassmannian CFG

m:G(r,n) =S

is defined as follows. Objects of G(r,n) are pairs (S,F) where S is a scheme and
F — C% is a vector subbundle of rank r. Morphisms in G(r,n) are defined via
pullback. More precisely, a morphism (S’,F') — (S,F) is a diagram

F—>IF

T

S’4>S

where f : S’ — S is a morphism in S and the rectangles are all cartesian. The map
7w :G(r,n) — S is the forgetful functor 7(S,F) = S.

Remark 2.20. To dispel any confusion that may arise from the notation in Example
2.11, we emphasize that the CFG associated to the functor 4(r,n) is equivalent to
G(r,n). The former is fibered in sets whereas the latter is fibered in groupoids that
are equivalent, but not isomorphic, to sets. We use the two notations to emphasize
that one is a CFG and one is a functor.

2.2.2. The CFG of curves of genus g. Again we take S to be the category of schemes
over C. We define the CFG of genus g curves

T: Mg —S

in the following way. Objects of M, are pairs (S, X) where X — S is a relative
curve of genus g (see §1.2). Morphisms in M, are defined via pullback. More
precisely, a morphism from (S’, X’) — (S, X) is a cartesian diagram

X — X

L, |

S —— 5
where f: S — S is a morphism in S. The map 7: M, — Sis n(S,X) = S.

Remark 2.21. We emphasize that the CFG associated to the functor .#, is not
equivalent to M, . The former is fibered in sets whereas the latter is fibered in
groupoids that are not equivalent to sets.

3. STACKS

Stacks are the categories fibered in groupoids that respect topology, in the sense
that compatible locally defined morphisms into a stack can be glued together into
global morphisms. This is the most basic requirement a category fibered in group-
oids must satisfy in order to be studied geometrically.

As usual, algebraic geometry introduces a troublesome technicality here: the
Zariski topology is much too coarse to do much interesting gluing. Indeed, suppose
that F is a CFG that ‘deserves to be studied geometrically’ and consider a scheme
S with a free action of G = Z/2Z and a £ € F(S) that is equivariant with respect to
the G-action. If F were a stack in the complex analytic topology, we could descend
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¢ to an element of F(S/G) because S — S/G is a covering space, an in particular
a local homeomorphism, hence a cover in the analytic topology. There is no such
luck in the Zariski topology, where S — S/G may fail to be a local homeomorphism
and may therefore also fail to be a cover in the Zariski topology.

It is important to be able to do this kind of descent, so one must introduce an
abstract replacement for the concept of a topology, called a Grothendieck topology.
The essence of the definition is to isolate exactly the aspects of topology that are
necessary to speak about gluing. It is possible to express the sheaf conditions
without ever making reference to points, or even to open sets. All that is needed
is the concept of a cover. Grothendieck’s definition actually goes further, replacing
even the concept of a cover with the abstract notion of a sieve. Even though
topologies afford a few pleasant properties that pretopologies do not (see §A.3
for more details), we will primarily limit our discussion to pretopologies in this
introduction.

Remark 3.1. Lest it appear genuinely pointless to remove the points from topology,
consider the vast expansion of settings that can be considered topologically by way
of Grothendieck topologies. To take just one, Quillen | ] and Rim | ,
Exp. VI] were able to understand extensions of commutative rings—that is, defor-
mations of affine schemes—by putting a Grothendieck topology on the category
of commutative rings (see | ) , ] for further developments of this
idea).

We begin this section by reviewing the definition of a Grothendieck pretopol-
ogy, using sheaves on a topological space as our motivation. We then define the
isomorphism presheaf, and descent data, and finally, we give the definition of a
stack.

3.1. Sheaves and pretopologies. We take as motivation for Grothendieck pre-
topologies the definition of a sheaf on a topological space.

3.1.1. Sheaves on a topological space. Let X be a topological space. For any open
subsets U’ C U of X, let v/ iy denote the inclusion of U’ inside of U. Define the
category of open sets on X, Oy, with the following objects and morphisms:

ObjOx ={U C X : U open}

{LU’,U} U/ Q U

Ho U',U)=
o ) {@ else

A presheaf (of sets) is a functor
F : 0F — (Set).
Given a € Z(U), and a subset (/i : U" C U, we denote by a|y, or iy ;(a), the
image of a under the map Z(wyr v) : F(U) = F(U').
A presheaf is:
(1) separated if, given an open cover {U; — U} and two sections a and b in
Z(U) such that aly, = b|y, in Z#(U;) for all i, one has a = b.
(2) a sheaf if, given an open cover {U; — U} with intersections U;; = U; N Uj,
and elements a; € % (U;) for all i, satisfying ai|U.. = aj|U~ for all 4 and 7,
i i
there is a unique a € .#(U) such that a{U_ = qa,; for all .
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A morphism of presheaves, separated presheaves, or sheaves is a natural trans-
formation of functors.

Now, to motivate the definition of a pretopology, a presite, and a sheaf on a
presite, we rephrase this definition in the language of equalizers. Recall that if U’
and U” are open subsets of U, then U' NU"” = U’ xy U”. Given any open cover
U ={U; — U}, denote by .#(U) the equalizer of diagram (3.1):

(3.1) [[#©) == 170 0
i 2 g

Recall that the equalizer is the categorical limit for morphisms into the diagram;
in other words, we obtain a diagram

pri
FU)—— 1L, 7 (U;)) == 11,; Z (Ui xuv Uj),
pro

and the arrow on the left is universal (terminal) for morphisms into (3.1). The
natural map on the left in the diagram below is induced by the restriction maps:

FU) — 11, #U) %sz F (Ui xu Uj).

By the universal property of the equalizer, this induces a map:
FU) = ZFU)
The sheaf conditions have the following translations into the language of equalizers.

Lemma 3.2 (| , Cor. 2.40]). Let # : O — (Set) be a presheaf.

(1) F is separated if and only if F(U) — F(U) is injective.
(2) F is a sheaf if and only if #(U) — F(U) is a bijection.

The main takeaway from this discussion is that we can repackage the sheaf
condition in terms of fibered products and equalizers. This provides the motivation
for a Grothendieck pretopology, and a sheaf on a presite.

3.1.2. Pretopologies. Temporarily denote by S any category. A Grothendieck pre-
topology 7 on S consists of the following data: for each object S in S, a collection
of families of maps {S, — S}, called covers of S in J (or covering families in
), such that:

(PT 0) For all objects S in S, and for all morphisms S, — S which appear in some
covering family of S, and for all morphisms S’ — S, the fibered product
S Xg S’ exists.

(PT 1) For all objects S in S, all morphisms S’ — S, and all covering families
{Sq — S}, the family {S, xg 5" — S’} is a covering family.

(PT 2) If {S, — S} is a covering family, and if for all o, {Sga — Sa} is a covering
family, then the family of composites {Sgo — So — S} is a covering family.

(PT 3) If 8" — S is an isomorphism, then it is a covering family.

Example 3.3. Let X be a topological space. The category Ox together with open
covers is a Grothendieck pretopology.
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Example 3.4. Let X be a topological space, define a category S to have as objects
P(X), the set of all subsets of X, and as morphisms the inclusions. We give every
subset S C X the induced topology. Then the collection of all open covers of
subsets of X gives a Grothendieck pretopology on S. Indeed, (PTO0) is satisfied,
since the fibered product is given by intersection. (PT1) holds since we are giving
every subset the induced topology, so an open cover of a superset gives an open
cover of a subset. (PT2) holds since refinements of open covers are open covers.
(PT3) holds since isomorphisms are equalities.

Example 3.5. Let 7 : X — S be a CFG over a category S equipped with a
Grothendieck pretopology. Call a family of maps {X; — X} in X covering if
{m(X;) = m(X)} is covering in S. Then this determines a Grothendieck pretopology
on X. To verify this, it may be helpful to observe that the induced morphism of
CFGs X/X — S/n(X) is an equivalence of categories; indeed, by the definition, X
being a CFG implies the morphism is essentially surjective, and fully faithful.

Definition 3.6 (Presite). A pair (S, ) consisting of a category S together with a
Grothendieck pretopology .7 is called a presite. Often 7 is left tacit and one uses
S to stand for both the presite and its underlying category of objects.

Example 3.7 (Covers in the étale pretopology). The primary example of a Groth-
endieck pretopology that we will use is the étale pretopology on the category of
schemes. We denote the associated presite by Se;. Covers in Se; are collections of
jointly surjective étale morphisms. Recall that étale morphisms are the algebro-
geometric analogue of local isomorphisms in the complex analytic category.

Given a pretopology on S and a scheme S in S, we obtain the category S/,
and an induced pretopology defined in the obvious way. For instance, (S/S)et has
covers given by jointly surjective étale morphisms in that category.

Remark 3.8 (Analytic category). Readers who prefer working in the analytic cate-
gory, should feel free to take S to be the category of complex analytic spaces, and
to work with the pretopology 7 generated by the usual open covers of complex an-
alytic spaces, in the analytic topology. In fact, one could as easily take S to be the
category of complex manifolds, with smooth morphisms (so that fibered products
remain in the category), and work with the pretopology .7 generated by the usual
open covers of complex manifolds.

Example 3.9 (Standard pretopologies on schemes). The most commonly used
Grothendieck pretopologies on the category of schemes are the:

o Zariski pretopology,

e ctale pretopology,

o faithfully flat finite presentation (fppf) pretopology,

e faithfully flat quasi compact (fpgc) pretopology.
Each of these pretopologies is a refinement of the one preceding it. We will write
S,.., S.., etc., for the respective presites. The Zariski pretopology (covers by Zariski
open sets) is too coarse for most of the applications we have in mind. For simplicity,
we will work almost exclusively with the étale pretopology.

et?

3.1.3. Sheaves on a presite. The definition of a pretopology is exactly set up to
allow us to make a definition of a sheaf following our discussion of sheaves on
topological spaces. A presheaf (of sets) on S is just a functor

F 1 S — (Set).
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Given any cover R = {S; — S}, denote by #(R) = F({S; — S}) the equalizer
of the diagram

pry
IL 7(5:) —=11,; # (Si x5 5j)-
pTy
As before, there is a natural map
F(S) = FZ(R).
Following Lemma 3.2, we make the following definition:

Definition 3.10 (Sheaf on a site). Let .# be a presheaf on a presite (S,.7).
(1) 7 is separated if Z(S) — Z#(R) is an injection for every covering family
R of every object S of S.
(2) 7 is a sheaf if F(S) — Z(R) is a bijection for every covering family R of
every object S of S.

Remark 3.11. On occasion we will be more precise about how fine a pretopology
can be used to obtain a given statement. For instance, we may specify that a
presheaf is a sheaf with respect to the fpqc pretopology, which implies it is also a
sheaf with respect to all of the other pretopologies mentioned above.

Definition 3.12 (Subcanonical presite). A pretopology 7 on a category S is called
subcanonical if every representable functor on S is a sheaf with respect to 7. A
presite (S,.) is called subcanonical if .7 is subcanonical.

Theorem 3.13 (Grothendieck [ , Thm. 2.55]). Let S be a scheme. The
presite (S/S), .. is subcanonical; in particular (S/S).,, is subcanonical.

3.2. The isomorphism presheaf. Let 7 : M — S be a CFG. If we view M as a
space, as is our intention, and view an object X € M(S) as a map S — M then
we expect that morphisms into M that agree locally should agree globally. The
only proviso is that because two maps into M can agree with one another in more
than one way, we must interpret local agreement of X and Y to include not only
choices of local isomorphisms between X and Y over a cover, but also compatibility
of these choices on the overlaps in the cover.

In order to state this condition precisely, we introduce the presheaf of witnesses
to the agreement of objects of M. The condition we want to impose is that this
presheaf be a sheaf.

fpqgc et

Definition 3.14 (Isomorphism presheaf). Let 7 : M — S be a CFG. Given S in
S, and X,Y € M(S), we obtain a presheaf

Fsomp(X,Y) : (S/5)° — (Set)
in the following way. For every object (5" — S) in S/S, we set

Jsomp(X,Y)(S" — §) = Tsom sy (X |, Y

Thus Ssomm (X,Y)(S" — S) consists of all isomorphisms o : X|g, — Y‘S, in M
that lie over the identity idgs in S. The assignment for morphisms is left to the
reader (see | , p-62]).

S’)

Remark 3.15. An observant reader will note that the restrictions in the definition
of Ssompa(X,Y) depend, albeit only up to a canonical isomorphism, on a choice of
inverse to the functor Hom(S, M) — M(S), as guaranteed by the Yoneda lemma.
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Remark 3.16. Concretely, to say that isomorphisms form a sheaf means the fol-
lowing. Given a cover {S; — S} in the pretopology on S, and any collection of
isomorphisms «; : X|s, — Y[s, over the identity on S; such that a;ls,, = ajls,;,
there is a unique isomorphism o : X — Y such that a|s, = o;. Here we are using
the shorthand S;; := 5; xg S;.

Definition 3.17 (Prestack). A CFG M — S such that for every S in S, and every
X,Y in M(S), the presheaf Ssom(X,Y) is a sheaf, is called a prestack. We will
also say that isomorphisms are a sheaf.

Remark 3.18. The notation would be more consistent with sheaf notation (see
Proposition 3.32) if we called categories fibered in groupoids (or fibered categories)
‘prestacks’ and called prestacks ‘separated prestacks’. But we will keep to tradition.

It is typically very easy to prove that a category fibered in groupoids arising
from a moduli problem is a prestack in a subcanonical topology. This is because an
object Y € M(S) is usually representable by a scheme, perhaps with some extra
structure or properties, and descending local isomorphisms between X € M(S)
and Y amounts to descending locally defined morphisms from X to Y, which is
automatic because Y represents a sheaf in any subcanonical topology!

Example 3.19. Let us see how this works concretely in the example of M. Let
S be a scheme in S, and let X — S and Y — S be relative curves of genus g¢.
Suppose that there exists an étale cover {S; — S} so that for each S; there are
Sj-isomorphisms «; : X5, — Yg, such that ay|s;; = «jls,; (using the shorthand
Sij = S; xgS;). These correspond by the universal property of fiber product to
morphisms Xg, — Y and Xg,;, — Y satisfying the same compatibility condition.
As Y represents a sheaf and {Xg, — X} is a cover of X in the pretopology, these
glue to a morphism o : X — Y such that oz’si = ag,. To check that this is in fact
a morphism over S, note that the commutativity of the diagrams (3.2)

Xsi —Y

(3.2) J

S —— S
for all 7 implies the commutativity of diagram (3.3),

[e3%

X— Y
(3.3)
\ .

this time because morphisms into S are a sheaf.

In order to make a precise general statement along these lines, we make a very
general definition:

Definition 3.20 (Stable class of arrows | , Def. 3.16, p.48]). A class of
arrows P in a category S is stable (under base change) if morphisms in P can be
pulled back via arbitrary morphisms in S, and the result of any such pullback is
also in P.

Example 3.21 (CFG associated to a stable class of arrows). Given any collection
arrows P in a category S, one may make P into a category P by setting objects
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to be arrows in P and setting morphisms to be cartesian squares. There is a
morphism P — S given by sending an object X — S to the target S (and similarly
for morphisms). Then one can check that P — S is a CFG if and only if P is a
stable class of arrows.

Theorem 3.22 (| , Prop. 4.31, p.88]). Let (S, 7) be a subcanonical presite,
and P a stable class of arrows. Let m : P — S be the associated CFG (Ezam-
ple 3.21). Then (P, ) is a prestack.

Remark 3.23. The discussion in Example 3.19 adapts in a straightforward way to
a proof of Theorem 3.22.

Corollary 3.24. The CFGs G(r,n) and M, are prestacks in the étale topology on
schemes.

Proof. The case of M, follows directly from the theorem with (S,.7) = Se; and
P the class of relative curves of genus g. The case of G(r,n) requires a slight
modification (since there is more than one arrow in the definition of the objects),
but is essentially the same. O

3.3. Descent for categories fibered in groupoids. Recall that we can view
vector bundles either as global geometric objects admitting local trivializations,
or alternatively, as collections of locally trivial objects together with transition
functions, which satisfy the cocycle condition. We now use this motivation to define
the notion of descent datum in the setting of CFGs. This is the last definition we
will need before defining a stack.

3.3.1. Vector bundles on open subsets of a complex manifold. Let X be a complex
manifold. Let Ox be the category of open sets. Give Ox the structure of a presite
in the usual way, by taking covering families to be open covers. Define a CFG of
vector bundles
m: Vs — Ox

in the following way. For each U C X open, the objects in the fiber V;; are the
rank r, holomorphic vector bundles on U. Morphisms in V" are given by pullback
diagrams. Consider an open covering {U; C U}. We use the notation U;; = U;NU;
and Uy, = Uy NU; N Uy, for the double and triple overlaps. Suppose we are given
a vector bundle E; over U; for every 4, and an isomorphism «;; : Eilu,; — Ejlu,,
for every i, j, all of which satisfy the cocycle condition oy = ;i o oy over Usjp.
Then there exists a vector bundle FE lying over U, together with isomorphisms
[0 73 E‘Ul — FE; such that Q5 = Q|U;; © (Oti Ui].)il.

This means precisely that the category fibered in groupoids of vector bundles on
a topological space satisfies descent and therefore is a stack in the usual topology.
The formulation of descent and the definition of a stack axiomatize this familiar
gluing process.

3.3.2. Intuitive definition of descent. In this section we will give a direct translation
of the gluing condition for vector bundles encountered in §3.3.1 in the context of
categories fibered in groupoids. While intuitive, this formulation has both technical
and practical definiencies. We correct these in §A.2.1 and §A.2.2, but a reader
looking to develop intuition about stacks may safely ignore these matters, especially
in a first reading.
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Definition 3.25 (Descent using gluing data). Let M be a category fibered in
groupoids over a presite (S,.7) with a cleavage (Definition 2.8). A descent datum
for M over a space S is the following: a covering {S; — S}; for every i, an object
X; over Sj; for every i, j an isomorphism a;; : X;|s,; — Xjls,, in the fiber M(S;;),
which satisfies the cocycle condition a;; = ;i 0 a;; over S;ji. The descent datum
is said to be effective if there exists an X lying over .S, together with isomorphisms
o; : X|s, = X; in the fiber such that a;; = ayls,; o (asls,;) "

Remark 3.26. From the example in §3.3.1, we see that every descent datum for the
CFG V% — Ox is effective.

We now discuss the category of descent data, and the meaning of effective descent
data in this context.

Definition 3.27 (The category of descent data). Let (S, ) be a presite, and let
m: M — SbeaCFG. Let R = {S; — S} be a covering in S. An object with
descent data on R, or descent datum on R, is a collection ({X;}, {a;;}) of objects
X, € M(S;), together with isomorphisms «;; : prs X; = pri X; in M(S; xs S;),
such that the following cocycle condition is satisfied: For any triple of indices ¢, j, k,
we have the equality

(3.4) PIis Qi = Prig Quj © Pros @ik : pra Xi — pri X;.
An arrow between objects with descent data

{¢i} : ({Xi} {ais}) = ({ X} {ai;})
is a collection of arrows ¢, : X; — X! with the property that for each pair of indices,
1,7, the diagram

prs ¢; ’
pry Xj —— pry Xj

o Jr aéj l

pri i
pri X; —— prj X]

commutes. The objects and morphisms above determine a category of descent data

M{S; = S}).

Remark 3.28. We have deliberately omitted a number of canonical isomorphism
from the notation here. This obscures some technical issues (which can, of course,
be resolved: see §A.2.1). For example, different choices of fiber products S;; and
Sijr will lead to different but equivalent categories M({S; — S}).

Remark 3.29. If R is a covering, as in Definition 3.27, it is technically convenient
to indicate the category of descent data with respect to R as a map R — M.
This notation is consistent with the Yoneda identification between M(S) and the
category of morphisms S — M, which is the special case where R is the trivial
covering {S — S}. In general, the notation is justified by replacing the covering
with the associated sieve or simplicial object (see Section A.2).

Note that whenever a cover R’ refines a cover R there is an induced morphisms
M(R) = M(R'), which we notate as a composition:

R ->R—->M

We identify the object S with the trivial cover of itself, so that it makes sense to
write R — S for any cover R of S.
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Given X € M(S), we can construct an object with descent data on {o; : S; — S}
as follows. The objects are the pullbacks o7 X; the isomorphisms «;; : prjo; X =
prio; X are the isomorphisms that come from the fact that both prjo;X and
pri o X are pullbacks of X to S; xg S (they are both equipped with canonical
isomorphisms with (o;0pr;)* X = (0;0pry)*X). (If we identify prj o7 = (o;0pry)*,
etc., as is common, then the ¢;; are identity morphisms.) If ¢ : X — X’ is an arrow

in M(S), then we get arrows o X U—w)> o X' yielding an arrow from the object

with descent data associated to X with the object with descent data associated to
X'. In short, we have defined a functor M(S) - M(({S; — S}).

Definition 3.30 (Effectivity of descent data). A descent datum ({X;},{c;}) €
M({S; — S}) is said to be effective if it is isomorphic to the image of an object of
M(S).

3.4. The long-awaited definition of a stack. We are finally ready for the defi-
nition of a stack:

Definition 3.31 (Stack). A stack is a category fibered in groupoids (Definition 2.8)
over a presite (S,.7) (Definition 3.6) such that isomorphisms are a sheaf (Definition
3.17) and every descent datum is effective (Definition 3.25). A prestack is a category
fibered in groupoids over (S, .7) such that isomorphisms are a sheaf. A morphism
of (pre)stacks over (S,.7) is a morphism of the underlying CFGs over S.

The definition can be rephrased in the following way, emphasizing the connection
with sheaves.

Proposition 3.32 (| , Prop. 4.7, p.73]). Let M — S be a category fibered
in groupoids over a presite (S, 7).
(1) M is a prestack over S if and only if for each covering R = {S; — S}, the
functor M(S) — M(R) is fully faithful.
(2) M is a stack over S if and only if for each covering R = {S; — S}, the
functor M(S) — M(R) is an equivalence of categories.

This essentially leads driectly to the following proposition.

Proposition 3.33 (| , Prop. 4.9, p.73]). Let (S,.7) be a presite, and let
M S°P — (Sets) be a presheaf. Denote by M — S the associated category fibered
imn groupoids.

(1) M is a prestack if and only if A4 is a separated presheaf.

(2) M is a stack if and only if A is a sheaf.

Corollary 3.34. If (S,.7) is subcanonical, then every object in S represents a
stack. More precisely, given an object S, we associate to it the category fibered in
groupoids S/ S, which is a stack over S.

Remark 3.35. In fact, using the language of 2-categories, for a subcanonical presite
(S, 7), the category S, and the category of sheaves on (S, .J) can be viewed as full
2-subcategories of the 2-category of stacks over S.

Definition 3.36 (Local class of arrows). A class P of arrows in a presite (S, .7)
is local (on the target) if it is stable and has the “converse” property that for any
cover {S; — S} and any arrow X — S, if the pullbacks S; xg X — S; are in P for
all 4, then X — S is also in P.
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Remark 3.37. Fix a morphism X — Y in S and consider the collection of all S — Y
such that X xy S — S has property P. This is a category fibered in groupoids, in
fact a sieve of Y, that we denote P(X — Y). Then P is a local property if and
only if P(X — Y) is a stack for all morphisms X — Y.

This observation can be used to prove the following theorem:

Theorem 3.38 (| , Thm. 4.38, p.93]). Let S be a scheme. Let P be a class
of flat projective canonically polarized morphisms of finite presentation in (S/S)
which is local. Then the associated CFG P — (S/S)
a stack.

fpqc’

(from Definition 3.21) is

fpqc

Remark 3.39. Canonically polarized morphisms include smooth morphisms such
that the determinant of the relative cotangent bundle is relatively ample; for in-
stance, families of smooth curves of genus g > 2. The theorem in fact holds in more
generality for polarized morphisms, but then one must add a compatibility condi-
tion for the polarizations, which lengthens the statement (see | , Thm. 4.38,
p.93]). The above will be sufficient for many of our applications.

Corollary 3.40. The CFG M, is a stack in the fpgc topology (and therefore in
the étale topology) for g > 2.

Example 3.41. Let us make the descent condition concrete in the case of M,.
Suppose we are given an étale cover {S; — S} and for each S; a relative curve
X; — S;. Suppose moreover that for each 7, j, we are given an S;;-isomorphism
aij + Xi|s,; — Xjls,;, which satisfies the cocycle condition a;x = ayp o ay; over
Sijk- Then there exists a relative curve X — §, together with S;-isomorphisms
a; : X|s, — X; such that a;; = ajls,; o (a; Sz.j)_l.

Remark 3.42. A similar argument can be used to show that G(r,n) is a stack. For
brevity, we omit the details as we will also give references for Quot stacks, of which
G(r,n) is a special case.

Remark 3.43. One can also show that M, is a stack for g = 0; it does not follow
immediately from the theorem above since the canonical bundle of such curves is
not ample. However, for g = 0, the anti-canonical bundle is ample, and this gives a
polarization that can be used in a more general formulation of the theorem [ ,
Thm. 4.38]. However, M is not a stack! See Section A.4 for a demonstration and
a discussion of the fix.

4. FIBERED PRODUCTS OF STACKS

Because of the ubiquity of base change in algebraic geometry, it is essential
to know that one can take fiber products of stacks. In this section we present a
construction of the fiber product of categories fibered in groupoids, which yields a
fiber product of stacks when applied to CFGs that are stacks.

A reader who wants to get to algebraic stacks as quickly as possible may prefer
to look briefly at §4.1 and then skip the remainder of §4, referring back as necessary.
A more detailed discussion of 2-categories and universal properties within them can
be found in the Stacks Project | , Tags 003G, 02X8, 0030].
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4.1. A working definition of 2-fibered products. Here we give a working def-
inition of a 2-fibered product of CFGs. This should suffice for understanding the
definitions of an algebraic stack. Again, on a first pass, the reader is encouraged
to look at this section, and then skip the remainder of §4. Our presentation here is
taken largely from [ ].

Recall that a fiber product of morphisms of sheaves f: 2 — Z andg: % — &
is defined by setting (2" x o #)(S) = Z(S) xz(s)#(S) for all S. The same
definition could be used for lax 2-functors valued in groupoids, except one must
first define a fiber product of groupoids. Here there is a subtle, but crucial point,
since objects of Z°(S) can be ‘equal’ to each other in more than one way. The fiber
product must therefore keep track of all of the different ways f(X) and g(Y) are
equal to each other. One defines 27(S) x #(g) % (S) to be the category of triples
(X,Y,a) where X € 2°(S), Y € #(95), and a : f(X) ~ ¢g(Y) is an isomorphism.
Morphisms (X,Y,a) — (X', Y’,a’) in this groupoid are pairs (u,v) with u : X —
X" and v : Y — Y’ are morphisms such that o’ f(u) = f(v)a as morphisms f(X) —
g(Y").

Remark 4.1. This construction is analogous to one construction of the homotopy
fiber product in algebraic topology, with isomorphism playing the role of homotopy.
This is not an accident, as homotopy fiber products are intended to be invariant
under replacement of the spaces involved with homotopy equivalent spaces; the fiber
product of groupoids is intended to be invariant under equivalence of categories.
Even more directly, groupoids can be realized as topological spaces by way of the
geometric representation of the simplicial nerve, under which the fiber product of
groupoids is transformed into the homotopy fiber product.

Since we are not defining stacks in terms of lax 2-functors here, we make the
straightforward translation of the above idea to categories fibered in groupoids:

Definition 4.2 (| , Tag 0040]). Let f: X — Z and ¢ : ¥ — Z be morphisms
of CFGs over S. Then the fiber product of X and Y over Z, denoted X xz ),
is the category over S whose objects are quadruples (S, X,Y,«) where S € S,
X € X(9), Y € Y(9), and « : f(X) =~ ¢g(Y) is an isomorphism in Z(S). A
morphism (S, X,Y,a) — (S, X',Y’, ') is triple (¢, u,v) where ¢ : S — 5" is a
morphism in S, v : X — X’ is a morphism in X lying above ¢, and v : Y — Y is
a morphism in Y lying above ¢, and o’ f(u) = g(v)a.

Lemma 4.3 (| , Tag 0040]). The fiber product of CFGs is a CFG.
Lemma 4.4 (| , (3.3), p.16]). The fibered product of stacks is a stack.

The 2-fibered product of CFGs X x z Y has a universal property similar to that
satisfied by a fiber product of sheaves. Indeed, there are forgetful morphisms p :
XxzY— Xand q: X xzY — Y, respectively sending (S, X,Y,«) to X and to Y.
Then « gives an isomorphism fp(S, X,Y,a) = f(X) = g(Y) = gq(S, X,Y,a). By
the definition of morphisms in X' X z Y, this isomorphism is natural in (S, X,Y, a).
We denote this natural isomorphism v : fp ~ gq. In standard terminology, the
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following diagram is 2-commutative:
XxzY 22— X
ql / Jf
V—7F7%

The universal property of the 2-fibered product is that (X Xz Y, p, ¢, %) is the uni-
versal completion of the diagram of solid arrows below to a 2-commutative diagram

p/
| 7
(4.1) a7 Jf

In other words, given a 2-commutative diagram (4.1), there is a 2-commutative
diagram:

y——2

Note that the 2-commutativity of this diagram includes the tacit specification of
natural isomorphisms py ~ a and ¢y ~ b. The functor ~y is determined by these
data uniquely up to a unique natural transformation. Using this one can show that
if W also satisfies the universal property of X xz Y then v : W — X xz ) is an
equivalence.

Example 4.5. Suppose that X,Y,Z € S and S has fibered products. Then it
follows from the 2-Yoneda Lemma that S/X xs,7 S/Y is equivalent to S/(X x
Y). Similarly, suppose that 2, %, % are pre-sheaves on S with associated CFGs
X, YV, Z. Then X xz ) is equivalent to the CFG associated to 2" X o %.

4.2. The diagonal. The following example is used repeatedly.

Example 4.6 (The diagonal and the sheaf of isomorphisms). Let M be an S-stack
over S, let S bein S, and let X, Y in M(S) be two objects corresponding under the
2-Yoneda Lemma to S-morphisms X,Y : S — M. Then, using the notation from
§3.2, there is 2-cartesian diagram

FJsomm(X,Y) —— S

| Jor

M—2 s MxM.

We will verify this by way of the universal property (4.1) (see also | ,
Prop. 5.12]). Suppose that we have a map f : T — S, an object Z € M(T),
and an isomorphism

(p1): (2, 2) = A(Z) = [F(X,Y) = ([ X, f7Y), in (M x M)(Z).
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Then the composition 7 o ¢! is an isomorphism f*X ~ f*Y, hence yields a
section of Ssom (X, Y) over T. Conversely, given such an isomorphism « : f*X ~
f*T, we obtain 2-commutative diagram by taking Z = (f*X, f*X) and (p,¢) =
(idf*x, a).

Intuitively, soma(X,Y") is the sheaf of witnesses to the equality of X and Y,
in the same way that the diagonal is the moduli space of pairs of objects of M that
are equal to one another. Notably, Ssoma(X,Y") is not a subobject of S, reflecting
the fact that A is not an embedding. This is because a pair of objects of a groupoid
can be equal—that is, isomorphic—to each other in more than one way.

From the perspective of moduli, the isomorphisms of the objects of study were of
central importance. On the other hand, the diagonal map is central in the definition
of many properties of schemes. The diagram above relates the two notions.

Definition 4.7 (Injective morphism of stacks). A morphism f : X — Y of stacks
over S is called injective (resp. an isomorphism) if for each S € S, the functor
f(S): X(S) — Y(9) is fully faithful (resp. an equivalence of categories). A substack
is an injective morphism of stacks.

Lemma 4.8. A stack X has injective diagonal if and only if X is representable by
a sheaf (i.e., equivalent to the stack associated to a sheaf).

Proof. Injective diagonal means that fsomy(x,y) is a subobject of S, or, equiva-
lently, that for any x,y € X(.S) there is at most one isomorphism between = and y.
Thus X(5) is equivalent to a set. O

4.3. Fibered products and the stack condition. As an application of the for-
malism of fiber products introduced above, we give a simple but often useful crite-
rion for a CFG over a presite to be stack, which is simply a translation of Proposition
3.32 (see also Definition A.15).

Lemma 4.9. Let 1 : M — S be a CFG over a presite (S, 7).

(1) M is a prestack if and only for every covering family R = {S; — S}, every
morphism f : R — M (see Remark 3.29), and every pair of morphisms
fi, fa : S = M making diagram (4.2) 2-commutative, there is a unique
2-isomorphism f1 = fo.

R%M

fi -7

" |77
/7 fa

s/5°—"5

(2) M is a stack if and only for every sieve R associated to a covering family
{S; — S}, with natural map R — S, any morphism f : R — M, there
exists a morphism f1 : S — M making the diagram below 2-commutative,
which is unique up to 2-isomorphism (as explained in (1)).

R*fw\/l

(4.3) l ho- g Jw
Y 3!

S/S—S
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The lemma can be summarized with the following efficient characterization of
stacks:

Corollary 4.10. Let M be a category fibered in groupoids over S. Then M is a
stack over S if and only if for every object S of S and every cover R of S, the
functor

Hom(S, M) — Hom(R, M)

is an equivalence of categories.

Proof. The first part of Lemma 4.9 is the full faithfulness, and the second part is
the essential surjectivity. (I

Remark 4.11. Recall that the notation in the corollary is based on the abuse ex-
plained in Remark 3.29. The statement requires no such abuse when formulated
with sieves (see A.2.2), the efficiency of which is one reason we like using sieves
to think about Grothendieck topologies. For example, Corollary 4.10 generalizes
immediately to give a definition of higher stacks, while the other formulations of
descent from §3.3 become even more combinatorially complicated.

The following proposition is quite useful for making boot-strap arguments. It
allows us to show that a CFG is a stack by showing it is a stack relative to a CFG
already known to be a stack.

Proposition 4.12. Suppose that p : X — Y is a morphism of CFGs over S and
that Y is a stack over S. Then X is a stack over S if and only if it is a stack over
Y, where Y is given the pretopology of Example 3.5.

Proof. We will verify the second part of the criterion in Lemma 4.9; the first part
is very similar, so we omit it. Assume first that X’ is a stack over )). Consider the
following diagram:

We would like to find a morphism f; rendering the outer square 2-commutative.
Since Y is a stack over S, we can find an appropriate lift A as in the diagram. But
then the assumption that X is a stack over ) guarantees the existence of the desired
lifting f1 of h. Thus X is a stack over S. The converse is similar. (]

Corollary 4.13. Suppose that p : X — Y is a morphism of CFGs over a presite
S. Assume that Y is a stack over S. Then X is a stack over S if and only if for
S €S and every y: S — Y, the fiber product Xs = X Xy S is a stack on S/S.

Proof. We show the harder direction, that X is a stack over S. From Proposition
4.12, it is enough to show that X is a stack over J. From Lemma 4.9 and the
definition of the fibered product, one can easily deduce that X is a stack over )
if and only if X x3(Y/Y) is a stack over Y/Y for all Y € Y. Now using the
equivalence of categories Y/Y = S/S (Example 3.5), we are done. O
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Example 4.14. As an example of the utility of Proposition 4.12 and Corollary 4.13,
consider the CFG X whose S-points are triples (C,C’, f) where C' and C’ are
families of smooth curves over S of genera g and h, both > 2 and f: C — C' an
S-morphism. Then there is a projection p : X — M, x My, where M, denotes
the CFG of families of smooth curves of genus g. We know that M, and M, are
stacks in the étale topology by Corollary 3.40, and therefore the product M, x M},
is a stack (Lemma 4.4). Applying Corollary 4.13 to p, to verify that X is a stack
it is therefore sufficient to show that, for any fized pair of smooth curves C' and C’
over a scheme S, the functor .#or(C,C")(—) : (5/5)°° — (Set) that assigns to an
S-scheme T' the set of T-morphisms Cr — C, is a sheaf. This is easily verified
using the fact that the étale topology is subcanonical (see Example 3.19).

5. STACKS ADAPTED TO A PRESITE

In this section, we take the most naive approach to defining an algebraic stack
on a presite, namely, we define what we call a stack adapted to a presite (Definition
5.2). This is simply a stack with a representable cover by an object in the presite
(in the sense of Definition 6.17). While there are technical reasons (see Example
B.24) that in total generality this is not really the ‘right’ definition, it nevertheless
provides a quick definition, that immediately suffices for many of the standard
examples one sees (e.g., algebraic spaces, Fantechi Deligne-Mumford stacks, and
Laument—Moret-Bailly Deligne-Mumford stacks). In fact, by iteratively enlarging
the presite, and then reducing back down to the original presite, one can obtain all
of the definitions of algebraic stacks we discuss in this paper (see §B.9).

We hope that in this generality, and brevity, the salient points of an algebraic
stack will be apparent to readers who prefer to work in categories other than
schemes. The reader interested in moving quickly to the definition of the alge-
braic stack of smooth curves, or the algebraic stack of Higgs bundles, may prefer
to read this section, and then skip directly to §7. Technically, the stack of Higgs
bundles is adapted to the smooth presite of algebraic spaces, rather than to the
étale presite of schemes; nevertheless, the main aspects of the formalism should
already be apparent to the reader after this section.

5.1. Definiton of stacks adapted to a presite. In order to define a stack
adapted to a presite, we want the definition of a representable morphism:

Definition 5.1 (S-representable morphism). Let S be a subcanonical presite that
admits fibered products. We say a morphism X — ) of CFGs is S-representable if
for every S in S, the fiber product X Xy S isin S (i.e., equivalent to a stack S/’
for some S’ in S).

XXySg)S

! |

X——->).

With this definition, we define an S-adapted stack by requiring that the stack
admit an ‘S-representable cover’ in S. More precisely:

Definition 5.2 (S-adapted stack). Let S be a subcanonical presite that admits
fibered products. Then an S-adapted stack (or a stack adapted to the presite S)
is a stack M over S admitting an S-representable cover in S of the following form:
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there exists a U in S and an S-representable morphism

U—2—- M
such that for every S in S and every S — M, the morphism U xS — S in S
obtained from base change is a cover in the pretopology on S. Such a morphism p

is called a presentation of M. A morphism of S-adapted stacks is a morphism of
stacks.

Remark 5.3. We will define more generally a covering morphism of CFGs in Defi-
nition 6.2. The cover defined in Definition 5.2 above is a cover in that sense as well
(Remark 6.4).

Example 5.4 (Algebraic spaces and adapted Deligne-Mumford stacks). If S is a
scheme and S is the étale presite on schemes over S, then the S-adapted stacks are
called Fantechi Deligne-Mumford (F DM) stacks (over S). The S-adapted stacks
that are representable by sheaves are called algebraic spaces.

Example 5.5. If S is the presite of complex analytic spaces with the pretopology
induced from usual open covers, then one obtains a notion of an adapted complex
analytic stack. Similarly, if S is the presite of topological spaces with the presite
induced from usual open covers, then one obtains a notion of an adapted topolog-
ical stack. There are other definitions of complex analytic and topological stacks
appearing in the literature; we do not pursue the relationship among the definitions.

Remark 5.6 (Conditions on the diagonal). Other notions of algebraic stacks are
determined by requiring the diagonal A : M — M x5 M to be S-representable, and
putting further geometric conditions on the diagonal. For instance, an Laument—
Moret-Bailly Deligne-Mumford (LMB DM) stack over the étale presite S of schemes
over a fixed scheme S is an S-adapted stack, with S-representable, separated, and
quasicompact diagonal.

To see how all the other algebraic stacks discussed in this paper can be defined
using stacks adapted to a presite, see §B.9.

5.2. Bootstrapping stacks adapted to a presite. It can often be useful to show
that a stack is S-adapted using bootstrap methods; in other words, it will often be
the case that one can exhibit a morphism from a stack of interest to a well-known
S-adapted stack, so that it is easy to check the S-adapted condition on the fibers.
The following proposition states that in this situation the stack is an S-adapted
stack.

Proposition 5.7. Let f : X — Y be a morphism of stacks over a subcanonical
presite S that admits fibered products. Assume that Y is an S-adapted stack and
that for all S in S and all morphisms S — Y we have that X Xy S is S-adapted.
Then X is an S-adapted stack.

Proof. Later we will prove Proposition 6.31, whose proof can be readily modified
to fit this situation. We sketch the argument here. Choose a presentation Y — ).
Then then set Z = X xy Y. One can check that S-representable morphisms are
stable under base change (see e.g., Lemma 6.8; in that notation, take C = S).
Thus the projection Z — X is S-representable. One can then check directly from
the definition that for every S in S and every morphism S — X, the morphism
ZxyS — SisacoverinS (use Y xy S =Y xy X xxS = ZxxS5). Furthermore, Z
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is S-adapted, by assumption, so there is a presentation Z — Z. One can check that
S-representable morphisms are stable under composition (see e.g., Lemma 6.8; in
that notation, take C = S). Thus the composition Z — Z — X is S-representable.
One can then check directly from the definition that this morphism is a cover in
the sense of Definition 5.2, and thus provides the desired presentation for X. O

Remark 5.8. A result similar to Proposition 5.7 holds when additional conditions
are placed on the diagonal of the stacks (see Corollary B.26).

6. ALGEBRAIC STACKS

In the previous section we introduced the notion of a stack adapted to a presite.
This provided a quick definition, that suffices in many cases. However, in general,
that approach is a little too naive, particularly if one does not enlarge the presite
iteratively. In this section, we take a slightly more lengthy approach, which consid-
ers stacks that are adapted to larger classes of morphisms in the the presite. After
iterating this process, we arrive at the definition of an algebraic stack (adapted to
a class of morphisms in the presite); stacks adapted to the presite are algebraic
stacks.

We now also provide a lengthier motivation to the study of algebraic stacks than
we provided in the previous section. Suppose that S is a subcanonical presite,
meaning that every S € S represents a sheaf, or equivalently that S/S is a stack on
S. A stack on S is fundamentally a topological object, and the category of stacks
on S is therefore too inclusive a milieu for our geometric purposes. Even when S
is a category of geometric objects, the stacks (and even the sheaves) on S need not
behave at all geometrically. To take just one example, a stack on the category of
schemes always has a tangent space at a point, but this tangent space may not have
the structure of a vector space (see §10.1). Nevertheless, some sheaves and stacks
that are not representable do behave geometrically, and our goal will be to identify
those that do: algebraic spaces and algebraic stacks.

Remark 6.1. Granting our post hoc reasoning for the definition of algebraic stacks,
it might have been more sensible to call them ‘geometric stacks’. This terminology
has caught on in some places | ], but we stick to the traditional nomenclature
here.

The essential idea in the definition of algebraic stacks is that a stack that re-
sembles geometric objects locally can itself be studied geometrically, provided that
the meaning of ‘local’ is sufficiently geometric. In the algebraic category, ‘locally’
is interpreted ‘over a smooth cover’ and the ‘geometric objects’ are taken to be
schemes.

Here a technicality arises: there are étale sheaves, known as algebraic spaces, that
resemble schemes étale-locally, but are not themselves schemes. More worryingly,
the class of algebraic stacks modelled locally by algebraic spaces is strictly larger
than the class of those modelled locally by schemes. In order to make the whole
theory satisfyingly formal, one takes the smallest class of stacks that includes affine
schemes and is stable under disjoint unions and groupoid quotients. Thankfully,
this turns out to be the same as the class of algebraic stacks with smooth covers
by algebraic spaces.

This section will be quite formal, and applies to essentially any presite. The main
idea is that of a P-adapted stack in Section 6.4 over a presite S, which is precisely
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a stack modelled locally, according to a suitable property P, on morphisms in S.
In Section 6.5, we iterate the construction to arrive at the class of algebraic stacks.

In fact, most stacks we encounter in practice (e.g., quasiseparated Deligne—
Mumford stacks) are adapted to the class of morphisms of schemes (or even to
affine schemes), and the iteration in Section 6.5 is useful only to have a category
with good formal properties. A reader interested in seeing stacks in geometric
action may prefer to skip Section 6.5.

The key point is an elementary notion of a cover, and to this end, we must first
discuss representable morphisms (§6.2). We also present Proposition 6.31, which
is a useful tool for bootstrapping from one adapted stack to another, analogous to
Corollary 4.13 for stacks.

6.1. Covers. We explain what it means for a morphism of stacks over a presite S
to be a cover:

Definition 6.2 (Covering morphism of CFGs). A morphism of CFGs X — ) on
a presite S is said to be covering if, for any morphism S — ), there is a cover
{S; — S} such that the induced maps S; — Y lift to X

//_Si
v ]
XXySg)S

xS !

X— ).

Remark 6.3. Note that a morphism of objects of S is covering according to Defini-
tion 6.2 if and only if it is covering in the topology associated to the pretopology
of S (Definition A.16).

Remark 6.4. The presentation P : U — M in Definition 5.2 is covering the sense
of Definition 6.2. Indeed, choose an S in S and a morphism S — M, and consider
the fibered product

U X pm S——S

| 1

Uv—L M.

In Definition 6.2 we require that there is a cover {S; — S} so that for each 4,
the map S; — S factors through U x4 S. Of course, since U xpg S — S is a

cover by Definition 5.2, this condition is automatically satisfied taking {S; — S} =
{U X M S — S}

Lemma 6.5. Coverings are stable under composition, base change, and fibered
products of morphisms.

Proof. We prove stability under composition: Suppose that X — Y — Z is a
composition of covering morphism and W is a scheme over Z. Since ) covers Z,
there is a cover {W; — W} such that the maps W; — Z lift to Y. Now, since X
covers ) there are covers {W;; — W} such that W;; — Y lifts to X. The family
{Wi; = W} is a cover of a cover, hence is covering.

We prove stability under base change: Suppose that X — ) is covering and
Z — Y is an arbitrary morphism. Let W be a scheme over Z. Then there is a
cover {W; — W} such that the maps W; — Y lift to X, as X covers ). But then
by definition of the fiber product, the maps W; — Z lift to Z xy X.
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Stability under fiber product now follows formally from the parts already demon-
strated (e.g., the proof of Lemma 6.8 can easily be adapted to this purpose). O

6.2. Representable morphisms. A representable morphism of stacks on S is
roughly one whose fibers are representable by some prescribed class of stacks:

Definition 6.6 (Representable morphism). Let C be a class of CFGs over a sub-
canonical presite S such that C is stable under isomorphism and fiber product and
every CFG over S can be covered (Defintion 6.2) by objects of C. We say that a
morphism X — ) of CFGs is representable by objects of C or C-representable (or
representable, when C is clear from context) if, for every Z € C, the fiber product
X xy Zisin C.

XxyZ— 2

! !

X— ).

When S is the category of schemes and C is also the category of schemes, i.e., the
collection of stacks on the étale site of schemes representable by schemes, we call a
C-representable morphism schematic (i.e., we recover Definition 5.1).

Remark 6.7. For obvious reasons, schematic morphisms are sometimes also called
representable morphisms, without qualification. However, it is also common to use
the term representable morphism for morphisms representable by algebraic spaces,
so for clarity we use ‘schematic’ to refer to morphisms representable by schemes.

Lemma 6.8. For C a class of CFGs over a category S that is stable under isomor-
phism and fiber product and such that every CFG over S can be covered (Defini-
tion 6.2) by objects of C:

(1) The composition of C-representable morphisms is C-representable.

(2) The base change of a C-representable morphism is C-representable.

(8) The fibered product of C-representable morphisms is C-representable.

(4) If f : X = Y and g : Y — Z are morphisms such that gf is C-representable
and the diagonal of g is C-representable then f is C-representable.

Proof. The verification is formal, so the proof in [ , Prop. 5.8, p.87] for
schematic morphisms applies here. Variants appear in | , Lem. 3.11 and 3.12],
[ , Tags 0300, 0301, 0302]. For completeness, we give a proof.

(1) Suppose X — Y and Y — Z are C-representable. To see that the composition
is C-representable, consider a W € C and a morphism W — Z. Then W xz X =
(W xz)Y) xy X is C-representable using first the C-representability of Y — Z, and
then the C-representability of X — ).

(2) If X — Y is a C-representable morphism, W — Z — ) are morphisms of
CFGs with W € C, then W x z(Z X3 X) = W x5 X, hence is in C.

(3) is essentially | , Rem. (1.3.9) p.33], which observes that the conclusion
follows from (1) and (2), together with the fact that given morphisms f : X — X’
and g : ) — )’ over a stack Z, the fibered product X xz Y M X' xz) is
given by the composition of morphisms obtained from fibered product diagrams:

f><id idy idX/ Xid= 9
XXZy—Z>X/XZy =2 X’ng/.
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(4) For any W — Y with W in C, we have a cartesian diagram

WxyX — Wxzg X
Uoa

Yy ———=Vxz ).

We know W xz X is in C since ¢f is representable, so W xy X is in C by repre-
sentability of the diagonal of g. O

Definition 6.9 (Locality to the target for representable morphisms). Let P be
a property of morphisms between CFGs in C that is stable under base change
(Definition 3.20). We say P is local to the target if, for any morphism X — Y and
any cover Z — ), the morphism X x z) — Z has property P if and only if ¥ — Y
does.

Now that we have these definitions, we can translate properties of morphisms in
S into properties of representable morphisms of stacks:

Definition 6.10 (P-representable morphism). Let C be a class of CFGs over a
subcanonical presite S such that C is stable under isomorphism and fiber product
and every CFG over S can be covered by objects of C. Let P be a property
of morphisms between CFGs in C that is stable under base change (Definition
3.20), stable under composition, and local on the target (Definition 6.9). A C-
representable morphism X — Y of stacks over S (Definition 6.6) is said to have
property P if for every Z in C and every Z2 — ), the morphism X xy Z — Z of
CFGs between objects of C has property P. We also call this a P-representable
morphism.

Example 6.11. Here are some examples of classes of morphisms of schemes that
are stable under base change and local to the target for the étale topology on
schemes:

quasiseparated | , Prop. (2.7.1) (ii)];

quasicompact | , Cor. (2.6.4) (v)];

flat | , Prop. (17.7.4) (iii)];

smooth | , Prop. (17.7.4) (v)];

étale | , Prop. (17.7.4) (vi)];

unramified | , Prop. (17.7.4) (iv)];

separated | , Prop. (2.7.1) (1)];

proper | , Prop. (2.7.1) (vii)];

finite type [ , Prop. (2.7.1) (v)];

locally of finite type [ , Prop. (2.7.1) (iii)];

finite presentation | , Prop. (2.7.1) (vi)];

locally of finite presentation | , Prop. (2.7.1) (iv)];

locally of finite type and pure relative dimension d | , Cor. (4.1.4)];
surjective [ , Props. (3.6.1) and (3.6.2) (i)] or | , Prop. (2.6.1)].

For more references, see | , (3.10)] or | , Prop. 5.5].

6.3. Locality to the source.

Definition 6.12 (Local to the source). Let P be a property of morphisms in S
that is local (on the target) and stable under base change and composition. We
call P local to the source if a morphism X — Y in S has the property P if and
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only if, for any covering family U; — X in the pretopology S, all of the composed
morphisms U; — Y have property P.

Example 6.13. Let P be the class of étale morphisms of schemes. Then P is local
to the source in the étale topology.

Example 6.14. Let P be the class of local isomorphisms of complex analytic
spaces. Then P is local to the source in the étale topology.

Example 6.15. Recall that smooth surjections are covering (in the sense of Defi-
nition 6.2) in the étale topology (Example A.22). The class of smooth morphisms
is local to the source in the étale topology [ , Tag 06F2]. We will prove a more
general version of this statement in Lemma 9.20.

Example 6.16. The same proof shows that smooth morphisms in the category
of complex analytic spaces, and submersions in the category of C'*°-manifolds, are
local to the source in the usual topologies.

6.4. Adapted stacks. Let C be a class of CFGs over a subcanonical presite S such
that C is stable under isomorphism and fiber product and every CFG over S can
be covered by objects of C. Let P be a property of morphisms between CFGs in C
that is stable under base change (Definition 3.20), stable under composition, local
to the source (Definition 6.12), and local to the target (Definition 6.9).

In this section we will introduce the class of stacks that admit P-representable
covers by objects of C, calling these (Definition 6.17) stacks P-adapted (to C), or
just adapted stacks, if the context is clear (in particular, if it will not be confused
with a stack adapted to the presite). In the next section, we will show that once
one has the class of P-adapted stacks, the property P can always be defined for
morphisms between P-adapted stacks, which will allow us to iterate this procedure
in the next section and arrive at the definition of an algebraic stack (with respect
to a class of morphisms P in S).

Perhaps remarkably, many of the algebraic stacks we consider in this paper are
smooth-adapted to schemes (the class C is taken to be S and the class of morphisms
P is taken to be the class of smooth morphisms), so the reader who so desires may
safely ignore the question of iteration and proceed after this section to Section 9.
In fact, for the purposes of this paper, we will only need to iterate once, to obtain
the class of algebraic spaces, and smooth morphisms between algebraic spaces, as
all of the stacks we will work with are smooth-adapted to algebraic spaces.

Definition 6.17 (Stacks P-adapted to C). Let C O S be a class of CFGs over a
subcanonical presite S such that C is stable under isomorphism and fiber product
and every CFG over S can be covered by objects of C. Let P be a property of
morphisms between CFGs in C that is stable under base change (Definition 3.20),
stable under composition, local to the source (Definition 6.12), and local to the
target (Definition 6.9). Then a stack on S is P-adapted to C if it admits a P-
representable (Definition 6.10) cover (Definition 6.2) by an object of C.
In other words, M is P-adapted to C if there exists a U in C and a morphism

p:U— M

such that for every Z in C and every Z — M, we have that U x Z is in C, and
the morphism U Xy Z — Z has property P, and is covering. Such a morphism p
is called a presentation of M.
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When P, S, and C are clear, we abbreviate the terminology to adapted stacks.
A morphism of adapted stacks is a morphism of stacks.

Remark 6.18. The presence of both S and C in the definition is for technical reasons.
We will later wish to iterate this construction, and we do not wish to undertake
a definition of Grothendieck topologies on 2-categories. Had we given such a defi-
nition, we would have simply taken C to be a 2-site and defined P-adapted stacks
to C without any reference to S. This would be similar to the approach taken in
§5; note that in that approach one can avoid 2-cagetories by simply working with
presites on the category of algebraic spaces (rather than with all the stacks that
arise from the adaption process to the presite).

Example 6.19. If C = S (as categories) and P is the class of coverings in the
presite (5,7 ), then then P-adapted stacks are the same as the S-adapted stacks of
Definition 5.2. In particular, if S is a scheme and S is the étale presite on schemes
over S (i.e., (5/5)et), we take C = S and P to be the class of étale covers, then
the P-adapted stacks are called adapted Deligne-Mumford (F DM) stacks. The
P-adapted stacks that are representable by sheaves are called algebraic spaces (see

§13).

Example 6.20. If S = Cis the presite of complex analytic spaces, and P is the class
of smooth morphisms, with the pretopology induced from usual open covers, then
one obtains a notion of an adapted complex analytic stack. Similarly, if S = C is the
presite of topological spaces with the presite induced from usual open covers, then
one obtains a notion of an adapted topological stack. There are other definitions
of complex analytic and topological stacks appearing in the literature; we do not
pursue the relationship among the definitions.

Lemma 6.21. Suppose that X — Z and Y — Z are morphisms of P-adapted
stacks. Then X Xz Y is a P-adapted stack.

Proof. Choose P covers Xg — X, Yy — ), and Zy — Z. Then the map
XO X2Y0 XZZO%XXZ:)}XZZ:XXZ:)}

is a composition of changes of base of representable P covers, hence is a represent-
able P cover. (]

6.5. Iterated adaptation. In order to iterate the definition of P-adapted stacks,
we must extend the property P to morphisms representable by adapted stacks.
The main content of this section is that there is a unique way to do this so that
P remains stable under base change and composition, and local to the source and
target.

Remark 6.22. Note that Lemma 9.20 gives a canonical way of extending the defini-
tion of smooth morphisms to all morphisms of CFGs over the category of schemes
in a way that is still stable under composition and base change and local to source
and target. This definition necessarily agrees with Definition 6.23, below, which
is valid for an arbitrary class of morphisms that is stable under composition to
base change and local to source and target. The reader should feel free to skip to
Definition 6.27 if he or she is only interested in algebraic stacks over schemes and
is willing to rely on Lemma 9.20.
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Definition 6.23 (Bootstrapping property P). Let C O S be a class of CFGs
over a subcanonical presite S such that C is stable under isomorphism and fiber
product and every CFG over S can be covered by objects of C. Let P be a property
of morphisms in C that is stable under base change (Definition 3.20), stable under
composition, local to the source (Definition 6.12), and local to the target (Definition
6.9). Suppose that X and Y are P-adapted stacks, so that there are presentations
Xo — & and Yy — Y; i.e., P-representable covers from objects in C. We say that
X — Y is in class P if the map X xy Yy — Yp is in class P.

For brevity in what follows, we will sometimes write X — ) is P if it is in class P.

Lemma 6.24. The definition of the class P of morphisms between P-adapted stacks
given above does not depend on the choices of presentations Xg — X and Yo — ).

Proof. Suppose that X, — X is a different presentation. Then let X}/ = X x x Xo.
The projection X/ — X{, is a P cover, since P covers are stable under base change,
and Xy — X is a P cover. Pulling back to Y, over ), we have a cartesian digaram:

XU xy Yo —2 X! xy Yo

X Xy Yy %YO

By assumption ¢ is P, and g is the base change of a P morphism, so it is P.
Therefore qg = pf is P. But P is local to the source, and f is the base change of
the P cover, X — X, so p is P, as required. This proves the independence of the
choice of Xj.

Now suppose that Yy — Y is another presentation. Again we form Yy’ = YjxyY)
and note that the two projections are P covers, as is the map Yy’ — Y. Now consider
the diagram with cartesian squares:

Xo Xy YOL)YO

I ]

Xo xy Y v

Xo Xy Y] —2—Y]

The map f is P, by assumption, so h is P as well. As ¢ is P, so is ¢h = gp. But p
is a P cover (being the base change of ¢), so it follows that g is P, as required. O

Lemma 6.25. The property P of morphisms of stacks admitting P-representable
covers is stable under composition, stable under base change, local to the target,
and local to the source.

Proof. Consider a composition X — Y — Z where Xg - X, Yy = Y, and Zy - Z
are all P-representable covering maps, where X — Y is P. Form the following
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diagram:
XO Xy Yb Xz Z()
/ N
Cov (Cov)
Xo Xy }/0 YO Xz ZO
P P Cov g
Cov (Cov) P
Xo Yo Zy
PlCov PJ{COV PlCOV
(Cov)
X Yy Z

Morphisms that are P or covering without any further assumptions are labelled with
a P or Cov. All of these morphisms are C-representable. If X — ) is covering
then the other arrows labelled (Cov) are covering as well.

To prove stability under composition, suppose that J — Z is P. Then g is P,
so gf is P.

On the other hand, we have a cartesian diagram:

p q
XoxyYoxzZo—=——F—XoXz2Zo——Z
0 Xy Yo Xz Zo—p Cov 0 Xz 4o —g 7 4o

! !

YE) P Cov y

Since Yy is P over ), we deduce that p is P and therefore that ¢p = gf is P. But
p is covering, so by locality to the source, ¢ is P. This means that X — Z is P, by
definition. This proves stability under composition.

To prove locality to the source, we use the same diagrams. Suppose that X — Z
is P. Then ¢ is P, so gp = gf is P. But then f is covering and P, so we deduce
that g is P, as required.

Now we prove stability under base change. Consider a cartesian diagram

X — X

1

y—Y

where X is P over ). Let X’ — X be the base change. Suppose that Xy — X and
Yo — Y are P covers. Then p : Xy xy Yy — Y is P, by assumption. Changing
base to V', we get P covers X — X and Yy — Y. The map ¢ : X xy Yy = Yj
is the base change of p. But both Xy xy ¥y and Yp in C, by assumption, and P
is stable under base change for morphisms in C. Therefore ¢ is P, from which it
follows that X’ — )’ is P, by definition.

Finally, we prove locality on the target. Suppose that we have a cartesian dia-
gram (6.1). Assume that )’ is a cover of J and that X’ is P over V. Let Xy — X
and Yy — Y be P covers. Assume that X’ is P over )'. Set Yj = Yy x3 V' and
Xy = Xo xx X'. Then X xy Yy — Y{ is the base change of Xy xy Yy. By
assumption Yy — Y} is a cover, so by locality to the target for morphisms between
objects of C, we deduce that Xy xy Yy is P over Yy. This means that X is P over
Y, by definition. O
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Lemma 6.26. Given a class of morphisms P’ of P-adapted stacks that extends the
class of morphisms P to the class of P-adapted stacks, and which is stable under
base change and composition, and local to the source and target, then P' = P.

Proof. We leave the proof to the reader. O

6.6. Algebraic stacks. The lemmas in the previous section imply that the prop-
erty P makes sense for stacks that are P-adapted to C. Replacing C with the
category of stacks on S that are P-adapted to C, we may iterate the procedure,
enlarging the class of stacks under consideration and ensuring that the property
P makes sense for them at each step. Taking the union of all of these classes, we
arrive at the class of algebraic stacks:

Definition 6.27 (Algebraic stack). Let P be a property of morphisms of S that is
stable under base change, stable under composition, local to the target, and local
to the source. An algebraic stack (with respect to the property P) is a member of
the smallest class C of stacks on S such that C O S, C has property P defined on it,
C is stable under base change and composition, and local to the source and target,
and the class of stacks on S that are P-adapted to C (Definition 6.17) is C.

Definition 6.28 (Deligne-Mumford stacks and algebraic spaces). A stack on the
category of schemes is called an algebraic stack if it is algebraic with respect to the
étale topology and the class of smooth maps. It is called a Deligne-Mumford stack
if it is algebraic with respect to the étale topology and the class of étale maps. It is
called a algebraic space if it is an algebraic stack and it is representable by a sheaf.

Remark 6.29. One can also use the usual topology on complex analytic spaces and
take P again to be smooth morphisms. Much of what we do here in the algebraic
category works analytically as well, but we will not address the analytic category
directly in what follows. Likewise, there is a class of ‘algebraic stacks’ on the
category of manifolds, obtained by taking the usual topology on the category of
manifolds and taking P to be the class of submersions.

6.7. Fiber products and bootstrapping.
Corollary 6.30. Fiber products of algebraic stacks are algebraic.

Proof. This is immediate by iteration of Lemma 6.21. O

It can often be useful to show that a stack is P-adapted to C using bootstrap
methods; in other words, it will often be the case that one can exhibit a morphism
from a stack of interest to a well-known adapted stack, so that it is easy to check
the P-adapted condition on the fibers. The following proposition states that in this
situation the stack is an P-adapted stack. We make this precise in the following
remark and proposition.

The class of S-adapted stacks is stable under isomorphism and fibered products
(Lemma 6.21). Therefore, from Definition 6.6, we have the notion of a morphism
of stacks representable by adapted stacks.

Proposition 6.31. Let f : X — Y be a morphism of stacks over a subcanonical
presite S. Assume that Y is a P-adapted stack and that f is representable by P-
adapted stacks. Then X is a P-adapted stack.
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Proof. Choose a P-representable cover Yy — ), with Yy € C. Then then set
Z =Yy xy X. The projection Z — X is a P-representable cover. Furthermore,
Z is P-adapted, by assumption, so there is a P-representable cover Xg — Z, with
Xo € C. Then Xy — X is a composition of P-representable covers, hence is a
P-representable cover, as required. ([l

Corollary 6.32. Suppose that Y is an algebraic stack and f : X — Y is a morphism
of stacks that is representable by algebraic stacks. Then X is an algebraic stack.

Proof. This is immediate by iteration of Proposition 6.31. (|

7. MODULI STACKS OF HIGGS BUNDLES

In this section we construct the moduli stack of Higgs bundles on an smooth com-
plex projective curve. We also construct several related moduli stacks of interest.
In what follows, the reader should always feel free to assume that the morphism
m: X — S is a projective morphism between schemes, and that all sheaves are
coherent (or even vector bundles). For instance, one case of special interest that
will always satisfy the given hypotheses will be the case where S = SpecC, X is a
smooth complex projective curve (or compact Riemann surface), and the sheaves
are taken to be the sheaves of sections of holomorphic vector bundles on X.

In order not to avoid repetition below when defining various categories fibered in
groupoids, we fix the following notation. Suppose that f : T" — S is an S-scheme.
If £ is an object of some CFG on S/S, we denote by {r a pullback of § to T.
For example, if X is an S-scheme, we denote by Xr a T-scheme making the the
following diagram cartesian:

Xr— X

|, |

T —8S.

If L is a line bundle on X, we denote by Lt = f*L a pullback of that line bundle
to Xr. Note that we have somewhat abusively used f to denote pullback of L via
the morphism X7 — X induced from f. We shall make this abuse repeatedly in
what follows.

When T is denoted by decorating S, we abbreviate our notation further and
denote X1 by decorating X the same way as S; i.e., if T = S’ then we allow
ourselves to write X’ instead of Xg.

7.1. The moduli space of curves. We will show that the stack of smooth curves
is algebraic using the representability of the Hilbert scheme. We give another proof
in Section 10, using Artin’s criteria (see Theorem 11.25).

The following is a useful criterion to check properties of the diagonal of an
algebraic moduli stack of schemes.

Theorem 7.1 (] , Thm. 5.23, p.133]). Let S be a noetherian scheme, let
X — S be a flat, projective scheme over S, and let Y — S be a quasi-projective
scheme over S. Then the functor Ssoms;s(X,Y) on schemes over S is represent-
able by a scheme.

Remark 7.2. In fact Ssoms;s(X,Y) is representable by an open subscheme of the
Hilbert scheme scheme Hilbx, v /s.
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Remark 7.3. A special case of a theorem of Olsson (| , Thm. 1.1]) allows one
to drop the noetherian and projective hypotheses, in exchange for requiring finite
presentation and settling for an algebraic space rather than scheme. Let S be a
scheme, let X be a flat, proper scheme of finite presentation over S, and let Y be
a separated scheme of finite presentation over S. Then the functor Ssoms;s(X,Y)
is representable by an algebraic space over S.

Theorem 7.4 (] , Prop. (5.1)]). For g > 2, the stack My — (S/C)et is a
Deligne—Mumford stack.

Proof. The previous theorem asserts that A : M, — M, x¢c M, is schematic.
More detailed analysis of the isomorphisms of algebraic curves establishes that the
the diagonal is unramified. Since we are in characterstic 0, this essentially follows
from the fact that the automorphism group of a smooth curve of genus g > 2 is
finite, and group schemes in characteristic 0 are smooth.

Now let H, be the open subset of the Hilbert scheme parameterizing smooth, v-
canonically embedded curves for v > 0. The universal family C; — H, determines
a morphism P : H, — M, that is schematic by virtue of the fact that the diagonal
is schematic (see Lemma B.12). One can check that P is smooth, and therefore
provides a presentation of the stack. Therefore M, is DM, since the diagonal is
unramified (see Lemma B.23). O

7.2. The Quot stack and the Quot scheme. Let 7 : X — S be a proper mor-
phism of finite presentation between schemes. Let E be a quasicoherent sheaf of
finite presentation on X. We define a category fibered in groupoids

QUOtE/X/S — S/S

as follows. For each S-scheme f :S" — S, we set the objects of Quotg,/x,s(S’) to
be surjections
B L 0

where, as was introduced at the beginning of Section 7, E’ denotes the pullback of
E to X' = X xg 5. The sheaf F’ is required to be an S’-flat quasicoherent sheaf
of finite presentation on X’. We will denote such an object by the pair (F”,¢’).

Given an S-morphism g : §” — S’ and object (F",¢") € Quoteg,x,5(S"), a
morphism over g from (F”,¢") to (F’,q’) is a commutative diagram of quasicoherent
sheaves on X"':

"

q

B F 0
*H , 9°d *lzl
g'E g F 0

(The equality on the left indicates the canonical isomorphism induced by pullback.)

As quotients of a coherent sheaf cannot have any nontrivial automorphisms re-
specting the quotient map, the Quotg,x/s CFG is equivalent to the CFG associated
to the presheaf

Quotgx/s : (S/9)°® — (Set)
wherein Quotg,xs(T') is defined to be the set of isomorphism classes of objects

of Quotg/x,s(T). Of course, Quotg,x/s is not literally equal to Quotg,x/s, since
one is a CFG and the other is a presheaf.
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Remark 7.5. By dualizing, one can check that the Grassmannian G(r,n) is a sub-
stack of Quot en ./ SpecC/ SpecC-

SpecC

The following is a special case of a result of Lieblich:

Theorem 7.6 (] , Prop. 2.7], | , Tag O8KA]). Let m : X — S be a
proper morphism of finite presentation between schemes. The CFG Quotg,x/s
is an algebraic space that is locally of finite presentation over S.

More can be said for projective morphisms 7 : X — S. Let L be a relatively
very ample line bundle on X/S. If S’ = Speck for a field k, and F’ is a coherent
sheaf on Xg/, then the Hilbert function of F’ with respect to L’ is defined to be

dim X
O(m) = x(X', F'(m)) = Y (—1)"dimy H'(X', F' ® (L')®™).
i=0
This is in fact a polynomial in Q[m] (see [ , §5.1.4] for more details). There

is a decomposition
L
QuotE/X/S = H QuotE/X/S
deQ[m]

where Quotqé’/LX/S(S’) is the set of equivalence classes (F’,q’) over S’ such that

for each s’ € S’, the Hilbert polynomial of F] with respect to L; is equal to ®.
Crucially, cohomology and base change implies that the inclusions of the subfunc-
tors Quotz’/LX/S C Quotg,x/s are representable by open and closed subfunctors
of Quotg,x,s. This reduces the study of Quotg,x/s to that of the subfunctors

®,L
QUOtE/X/S‘

The main theorem is due to Grothendieck [ ] (see also | ], and |
Thm. 5.14, p.127]).

Theorem 7.7 ([ D). Let S be a noetherian scheme, m: X — S a projective
morphism, and L a relatively very ample line bundle on X/S. Then for any coherent
sheaf E and any polynomial ® € Q[m], the CFG Quotqé’/LX/S is representable by a

projective S-scheme Quot%fxw .

Remark 7.8. By dualizing one can check that the Grassman CFG G(r,n) is isomor-

. TyOSpccC . . .
phic to the CFG Quoto@n SpecC/ SpecC’ and the Grassmannian G(r,n) is isomor-

Spec

phic to the Quot scheme Quot

7,0specc

OS?PZC ¢/ SpecC/ SpecC’
observation to construct the Grassmannian, as Grothendieck’s proof of Theorem 7.7
relies on the representability of the Grassmannian by a projective scheme.

Of course, one cannot use this

7.3. Stacks of quasicoherent sheaves. Let S be a scheme. Let 7 : X — S be
a proper morphism of finite presentation between schemes. We define a category
fibered in groupoids
QCOhx/S — S/S

in the following way. For an S-scheme f : S" — S in S/S, we take QCohx/s(S’)
to consist (in the notation introduced at the beginning of Section 7) of the S’-
flat quasicoherent sheaves [ , Tag 01BE] on Xg. Morphisms in QCohy,g
are defined by pullback; i.e., if ¢ : S” — S’ is a morphism, F” is an object of
QCohx/s(S5”) and F’ is an object of QCohy/5(S’), we define a morhpism F" — F”
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to be an isomorphism F” — ¢g*F’. Following [ ], we use Cohx/s to denote
the substack of QCohx /g consisting of quasicoherent sheaves of finite presentation
[ , Tag 01BN] (when the structure sheaf is coherent, finitely presented sheaves
coincide with coherent sheaves | , Tag 01BZ]). We similarly define Fibx,s and
Fib(r)x/s by restricting to locally free sheaves of finite rank and locally free sheaves
of rank r, respectively.

The first statement we want is descent for quasicoherent sheaves. This is | ,
VIII, Thm.1.1, Cor.1.2, p.196]. See also | , (3.4.4)], and | , Thm. 4.23,
p.82]. The same argument shows that the statements holds for coherent sheaves,
and for vector bundles.

Theorem 7.9 (| , Exp. VIII, Thm. 1.1, p.196]). Let S be a scheme, and let
X be a scheme over S. The CFG QCohx/s — S/S is a stack with respect to the
fpqc topology. The same is true for Cohx,s, Fibx/s and Fib(r)x/s.

Moreover, these are algebraic stacks. The following is a special case of a result
of Lieblich:

Theorem 7.10 (| , Thm. 2.1]). Let 7 : X — S be a proper morphism of
finite presentation between schemes, with S an excellent scheme (see e.g., |

Tag 07QS]; for instance S can be a scheme of finite type over a field). The staek
Cohx/s is an algebraic stack, locally of finite presentation over S. The same is true
for Fibx,s and Fib(r)x/s.

For a projective morphism of noetherian schemes, the Quot scheme can be used
to establish the presentation of the Artin stack (see Remark 7.13). For our purposes,
the benefit of this perspective will be in comparing the moduli stack of Higgs bundles
to the moduli scheme of semistable Higgs bundles constructed via GIT.

Theorem 7.11 (| , Thm. 4.6.2.1, p.29]). Let S be a noetherian scheme, and
let m: X — S be a projective morphism. Assume that m.0x = Og universally (i.e.,
T, Ox1 = O for all 8" — S). Then the S-stack Cohx,g is an algebraic S-stack
locally of finite type. The same is true for Fibx,s and Fib(r)x/s.

Remark 7.12. The hypothesis that 7,Ox = Og universally is satisfied whenever
X is projective and flat over S with reduced, connected geometric fibers | ,
Ex. 9.3.11, p.303].

Remark 7.13. For each coherent sheaf F on X, a universal quotient over the scheme
Quoty, /s induces a morphism Quoty, ;s — Cohx/s. Taking appropriate open
subsets of these Quot schemes gives a presentation of the algebraic stack (see
[ , p-30] for more details).

Remark 7.14. Suppose that S = Spec k for an algebraically closed field k, and that
X is a smooth projective curve. We can define the CFG Fibx,g(r,d) by restricting
to vector bundles of degree d. All of the statements above hold in this setting; i.e.,
the CFG Fiby,g(r, d) of vector bundles of rank r and degree d on X is an algebraic
stack, of finite type over k, that admits a presentation from open subsets of Quot
schemes.

7.4. The stack of Higgs bundles over a smooth projective curve. Let X
be a smooth, projective curve over C, of genus g. Fix r > 1 and d € Z. A Higgs
bundle on X of rank r and degree d consists of a pair

(E,9)
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where F is a vector bundle (locally free sheaf of finite rank) on X with rank F = r
and deg F = d, and

¢ € Homg, (E,E® Kx),
where Kx = Qﬁ( = wx is the canonical bundle on X. The aim of this section is to

construct an algebraic stack Hxspecc(r,d) of Higgs bundles on X of rank r and
degree d, over the étale site S/ SpecC.

7.4.1. Higgs bundles as a category fibered in groupoids. We begin by defining the
CFG underlying the stack Hx/specc(r,d). Given a C-scheme f : S’ — SpecC, we
start by defining H x/gpecc(r, d) to have objects consisting of pairs
(E",¢)
where E' € Fibx/specc(r, d)(S") is a relative vector bundle of rank 7 and degree d
on X'/S’, and
¢ € Homo ., (E',E' ® f*Kx).
Given a C-morphism g : " — 5, and (E',¢") in Hx/specc(r, d)(S’), we obtain a
pulled-back family
(E",¢") = g"(E',¢')

in Hx/specc(r,d)(S”), where (in the notation from the beginning of Section 7)

We now define the morphisms of Hx/gpecc(r,d) in the following way. Given
(EH7 ¢”) in 7-[X/ Spcc(C(F)(SH)7 and (El7 (b/) in HX/ SpccC(F)(S/)7 then a morphism
(E",¢") — (E',¢') over g : §” — S’ consists of an isomorphism

a:E"— g*E’

such that the following diagram commutes:

E'—"— B"® (f9) Kx

la@id
« g E @ (fg)"Kx
* / g*(b’ * / H *
gE —— g (F' ® f*Kx).
We now have a category fibered in groupoids:

HX/ SpecC(ra d) — S/ Spec C.

7.4.2. Higgs bundles as an algebraic stack. The key point is the following well-
known lemma;

Lemma 7.15. Let m : X — S be a flat, proper morphism of finite presentation
between schemes. Let G be an S-flat quasicoherent sheaf of Ox-modules that is of
finite presentation. There exists a quasicoherent Og-module M of finite presenta-
tion, such that the linear scheme V = Specg (Sym'ﬁs M) defined by M represents
the functor

(8" L §) s DX, @),

(see the beginning of Section 7 for notation). The formation of V' commutes with
all base changes S — S. This functor will be denoted by #omx,5(Ox,G).
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Lemma 7.15 is essentially contained in | , Cor. 7.7.8, Rem. 7.7.9, p.202-3].
This can also be found in | , p-28], [ , Lem. 3.5], and detailed proofs are
given in | , P-206-207] and | , Thm. 5.8, p.120].

Corollary 7.16. The forgetful morphism of CFGs
HX/ SpecC(rv d) - Fle/ SpecC(Tv d)

is schematic.

Proof. An S-morphism S” — Fibx/specc(r,d) corresponds to a vector bundle E’
over X'. Using the construction of the fibered product H x/specc(7, d) X Fibx s (r.d) S’
in Definition 4.2, one can establish that this is equivalent to the functor on S/S’

'%ﬂomX’/S’(ﬁX’y E/v ® E/ & f*Kx)
This is representable by a scheme, by virtue of the lemma above. O

Corollary 7.17. The CFG Hx/specc(r,d) = S/ SpecC is a stack.

Proof. We have seen in Theorem 7.9 that Fiby, specc(r,d) is a stack. Therefore,
the corollary follows from Corollary 7.16 and Corollary 4.13. O

Theorem 7.18. The CFG of Higgs bundles Hx/specc(r,d) — S/ SpecC is an
algebraic stack, locally of finite type over SpecC.

Proof. We have seen in Corollary 7.17, that Hx/specc(r;d) is a stack. Under
the hypotheses here, it follows from Theorem 7.11 (see also Remark 7.12) that
Fibx/gpecc(r,d) is an algebraic stack locally of finite type over C. Thus from
Corollary 7.16 and Corollary 6.32 we have that H x/ gpecc(r, d) is an algebraic stack,
locally of finite type over C. O

7.5. Meromorphic Higgs bundles, and the stack of sheaves and endomor-
phisms. There is also interest in considering so-called meromorphic Higgs bundles
on a smooth projective curve X; that is pairs (E, ¢) where E is a vector bundle
and ¢ : E — F ® Kx(D) is a morphism of sheaves, for some fixed divisor D on
X. The construction of such a stack can be made in essentially the same way as
for Higgs bundles. Since it is not much more work, we provide here a more general
construction.
In this setting, the input data are the following:

(1) m: X — S a proper morphism of finite presentation between schemes, such
that either
(a) S is excellent, or,
(b) S is noetherian, 7 is projective, and m.0x = Og universally.
(2) F an S-flat quasicoherent sheaf of &x-modules of finite presentation.
The output from this data will be an algebraic stack Ex;s(F) of endomorphisms
of coherent sheaves with values in F, over the site (S/S)et. Taking X/S to be a
smooth complex projective curve over S = SpecC, F = Kx (D), and restricting to
vector bundles, one obtains the stack of meromorphic Higgs bundles associated to
the divisor D.

Remark 7.19. While the construction above generalizes the construction of Higgs
bundles for curves, it seems that for many applications these stacks are not the
correct generalizations. First in higher dimension (even in the smooth case over S =
SpecC and with F' = Q%), one should at least include the integrability condition
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¢ A ¢ =0 (in End(F) ® Q%). Second, in any dimension, it is often better to put
derived structures on X and S so that the relative cotangent complex becomes
perfect, and then consider the moduli problem on the derived scheme X. The
result will be a derived stack (a notion which we will not introduce here). One case
where the generalized construction we take here does suffice is for families of stable
curves, where one can consider endomorphisms with values in the relative dualizing
sheaf wy/g. This will be discussed further below.

7.5.1. The CFG Ex;5(F). We begin by defining the category fibered in groupoids
underlying the stack £x,5(F). Given a morphism f : S — S, we start by defining
Ex/s(F)(S") to have objects those pairs

(E',¢")
where E’ is an S’-flat coherent sheaf on X’ and
¢' € Homo ., (E',E' @ F'),

where F/ = f*F and X' = X x5 .5’ (as always, we use the notation introduced at
the beginning of Section 7).

Given an S-morphism g : S” — S’ we again denote the composition fog = f,
and will use the notation introduced at the beginning of Section 7. Given (E’, ¢’)
in £x/g(F)(S"), we obtain a pulled-back family

g*(El,¢/) — (g*E/,g*¢/)
in Ex/5(F)(S"),

We now define morphisms in the following way. Given (E”,¢") in Ex,s(F)(S"),
and (E',¢") in Ex,s(F)(S'), a morphism (E”,¢") — (E',¢') over g : §” — &
consists of an isomorphism

a:E"— ¢g*F'
such that the diagram

El// ¢” El/ ® F/l

\L(x@id

a g*E’ Q F"

* o/

g*El g ¢ g*(E’@f*F’)
Now we have the category fibered in groupoids

5X/S(F) — S/S

7.5.2. Ex/g(F') is a stack. In this setting, we replace Lemma 7.15 with a special case
of a result due to Lieblich. Let X — S be a proper morphism of finite presentation
between schemes. Let E and G be finitely presented, quasicoherent sheaves on X
such that G is S-flat. We define a CFG

Homxs(E,G) —S/S
by assigning to each morphism f : S’ — S the set of homomorphisms
Homg , (Es,Gg).
Morphisms are defined by pullback.
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Proposition 7.20 (Leiblich | , Prop. 2.3]). Let X — S be a proper morphism
of finite presentation between schemes. Let E and G be finitely presented, quasico-
herent sheaves on X such that G is S-flat. The CFG Homx;s(E,G) — S/S is
representable by an algebraic space over S, locally of finite type.

Corollary 7.21. The forgetful morphism of CFGs
gX/S(F) — COhX/S
is representable by algebraic spaces, locally of finite type over S.

Proof. An S-morphism S’ — Cohx/g corresponds to £’ in Cohx/s(S”). Therefore
the fibered product Ex/5(F) Xcohy,s S is the CFG H#omx,s(E', E' @ F'), which
is representable by virtue of Lieblich’s result above. ([l

Corollary 7.22. The CFG Ex/5(F) is a stack.

Proof. We have seen in Theorem 7.9 that Cohx /s is a stack. Therefore, the corollary
follows from Corollary 7.21 and Corollary 4.13. O

7.5.3. Ex/s(F) is an algebraic stack.
Theorem 7.23. £x,4(F) is an algebraic stack, locally of finite presentation over S.

Proof. We have seen in Corollary 7.22, that £x/g(F) is a stack. Under the hypothe-
ses here, it follows from Theorem 7.10 that Cohx /g is an algebraic stack, locally of
finite presentation over S. Thus from Corollary 7.21 and Corollary 6.32 we have
that £x/s(F') is an algebraic stack, locally of finite presentation over S. O

7.6. The stack of Higgs bundles over the moduli of stable curves. We now
construct a moduli stack of Higgs bundles over the moduli stack of stable curves:

HShmg — M,.
We start by fixing a base S in S (for instance S = Spec C, or even S = SpecZ).

Definition 7.24 (Stable curve). A stable curve of genus g > 2 over an algebraically
closed field k is a connected curve of arithmetic genus g, with no singularities apart
from nodes, and with finite automorphism group (every component isomorphic to
P} meets the rest of the curve in at least 3 points).

For an S-scheme S’ — S, a relative stable curve of genus g over S’ is a surjective
morphism of schemes 7 : X’ — S’ that is flat, proper and whose every geometric
fiber is a stable curve of genus g.

We define the CFG M, over S/S. For every S-scheme S’ — S we take the
objects of My(S’) to be the relative stable curves over S’. The morphisms in M,
are given by pullback diagrams, exactly as in the definition of M,. Using the fact
that for every relative stable curve of genus g > 2 the relative dualizing sheaf wy g
is relatively ample, one can show that ﬂg is an algebraic stack (in fact DM) exactly
as was done for M . In fact M, is an open substack of Mg, since smoothness is
an open condition.

Now we define the CFG Cohﬂg/s. Over an S-scheme S’ — S, the objects of

Cohyy /5(8') are pairs (X'/S', E') where X’ — S’ is a relative stable curve, and

E’ is an S’-flat finitely, presented quasicoherent sheaf on X’. Morphism are defined
by pullback in both entries. There is a natural morphism of CFGs

COhﬂg/S — Mg
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given by forgetting the sheaf. For every S-scheme S’ — S, and every mor-
phism S” — M, induced by a relative stable curve X’ — S’, the fibered product
Cohﬂg/s XX, S’ is equivalent to Cohy,g,. Since this is a algebraic stack, we have
immediately from Corollary 4.13 and Corollary 6.32 that Cohmq /s is a algebraic
stack (this is also a special case of | , Thm. 2.1]). Similarly, we have stacks
Cohyy /(7. d) (vesp. Fibgg ,o(r,d)) where we restrict to sheaves (resp. bundles) of
relative rank r and degree d. Recall that the rank and degree for sheaves on a
reducible curve are defined via the Hilbert polynomial with respect to the relative
dualizing sheaf.

Finally we define the CFG HShﬁg/S. Over an S-scheme S’ — S, let the ob-
jects of HShmg/S(S’) be triples (X'/S’, E’,¢') where X' — S’ is a relative sta-
ble curve, and E’ is an S’-flat finitely, presented quasicoherent sheaf on X’ and
¢ € Homg,,(E', E’ ® wx/g). Morphism are defined by pullback in the first two
entries, and in the same way as in the definition of Higgs bundles in the last entry.
There is a natural morphism of CFGs

H‘Shﬂg/s — Cohﬂg/s

given by forgetting ¢'. For every S-scheme S’ — S, and every morphism S’ —
Cohyy /5 induced by a pair (X'/S’, E"), the fibered product HShxz, /s X Cohgr /s S’
is equivalent to Ex,g/(wx/g). Since this is an algebraic stack, we have immedi-
ately from Corollary 4.13 and Corollary B.26 that ’HShﬂg /s is an algebraic stack.
Similarly, we have stacks HShyz g (r,d) (resp. Hyg,, g(r,d)) where we restrict to
sheaves (resp. bundles) of relative rank r and degree d.

Remark 7.25. In the discussion above we omitted some noetherian hypotheses on
the test S-schemes S’. This is possible via the standard noetherian reduction
arguments of | , §8]. Similar arguments are made in §11.2, and we direct the
reader there for more details on these types of arguments.

7.7. Semi-stable Higgs bundles and the quotient stack. In | ] Nitsure
constructs a moduli scheme of semi-stable Higgs bundles on a smooth projective
curve taking values in a line bundle L. The construction of the moduli stack of Higgs
bundles on an algebraic curve above essentially follows Nitsure’s construction in the
setting of stacks. Here we introduce Nitsure’s space, and compare it to the moduli
stack. Nitsure’s construction uses geometric invariant theory, so our stack-oriented
perspective will rely on quotient stacks (Section C.1).

7.7.1. Nitsure’s construction. Recall that the slope of a bundle F on a smooth
curve X is defined to be u(E) := deg(E)/rank(E). We will say that (E’,¢') is a
sub-Higgs bundle of (F, ¢) if E’ <%s E and there is a commutative diagram

E— s EolL

L 1®idy,

-5 ESL
A Higgs bundle (F,¢) is said to be slope stable (resp. semi-stable) if for every
sub-Higgs bundle (E’,¢’) C (E, ¢), one has u(E’) < u(E) (resp. u(E") < u(E)).

Fix positive integers r and d. By [ , Prop. 2.3.1], semistability is an open
condition on a flat family of coherent sheaves. Therefore there is an open substack
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§§/ Spec(C(L)(r, d) € Hx/specc(r,d) of semi-stable Higgs bundles over X of rank
r and degree d, taking values in L. Here we aim to relate this stack to a quasi-
projective variety constructed by Nitsure. We review Nitsure’s construction briefly.

Let 0x (1) be an ample line bundle on X. Let N € Z be the minimal positive
integer such that

(r—1)?

d
+Ndegﬁx(1)>max{2g]—1, 29— 1+ degL}.
r

Set p = (d+rNdegOx(1)) +r(g —1). Let Q be the component of the Quot
scheme containing quotients Ox(—N)®? — E — 0 where F is a rank r, degree d
vector bundle on X. Let Q° be the locus in Q where F is locally free, the quotient
0% — E(N) — 0 obtained by twisting by ¢'x(N) induces an isomorphism on the
space of global sections, and H'(X, E(N)) = 0. It is known that @ is projective,
and that @Q° is reduced and open in @ (see | , p- 281]). Let & be the universal
bundle on X x Q° obtained from the universal quotient. Lemma 7.15 implies there
is a linear scheme F' — Q° parameterizing pairs (Ox (—N)®? — E — 0, ¢), where
¢o:E—-EQL. | , Cor. 3.4] implies that every slope semi-stable Higgs bundle
of rank r and degree d (together with a presentation as a quotient) shows up in
this family.

Let F*® be the locus of pairs where the bundle and the endomorphism form a
slope semi-stable Higgs bundle. The universal family over F' induces a morphism

P — H;?/ SpecC(L)(T’ d)

It is essentially the content of | , Prop. 3.6] that this morphism is smooth.
Moreover, the obvious action of P GL, on () given by changing coordinates for the
choice of generators of the bundle lifts to an action of PGL, on F | , D. 281].
The closed orbits in F*® are given by S-equivalence classes of slope semi-stable
Higgs bundles | , &4].

Nitsure constructs a quotient of F' in the following way. There is a quasi-
projective variety H equipped with a P GL,-linearized ample line bundle £, and
a P GL,-equivariant morphism 7 : F' — H such that slope (semi-)stability on
F corresponds to GIT (semi-)stability on H | , 85]. Via 7, the quasiprojec-
tive GIT quotient H/ ;P GL, induces a quasiprojective scheme structure on the
set F*°/PGL, of S-equivalence classes of slope semi-stable Higgs bundles | ,
p. 290], which we will denote by HY) specc(L)(r;d). (We expect one can also ob-
tain the quotient directly via GIT on F with respect to the semiample line bundle
obtained from £ by pullback via 7.) This is the moduli scheme of Higgs bundles con-
structed by Nitsure. It is shown in | , p-290, Thm. 5.10] that HY g .. c(L)(r,d)
is a good quotient for F*** by the action of P GL,, and is a categorical moduli scheme
for the associated moduli functor %7 . c(L)(r,d) of Higgs bundles (defined in

the obvious way). Consequently there is a diagram

}S/ SpecC(L) (T’, d) )?; SpecC(L)(r’ d)
Fss — l
\
[F**/PGL,] —— H}"’(S/ Spec c(L)(r,d).
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The composition HY, g ..c(L)(r,d) = H X specc(L)(r,d) is a categorical moduli
scheme for the stack HY g .. c(L)(r,d), as well, in the sense that it is initial among

all morphisms to schemes.

7.8. The stack of principal G-Higgs bundles. The focus of our presentation
has been on Higgs vector bundles. For completeness we include a brief section of
principal Higgs bundles on smooth complex projective curves. We direct the reader
to [ ] for more on the topic.We will give a deformation-theoretic perspective
on G-Higgs bundles in Section 10.2.7.

Let X be a smooth complex projective curve, and let G be a complex semisimple
Lie group. Let g be the complex Lie algebra associated to G, and let

Ad: G — Aut(g)

be the adjoint representation of G. Given an algebraic principal G-bundle P on X,
the adjoint bundle of P is the associated algebraic vector bundle

adP:= P xgg:=(Pxg)/G

where the action of G is the product action via the natural action of G on P and
the adjoint action of G on g.

Definition 7.26 (G-Higgs bundle). Let X be a smooth complex projective curve,
and let G be a complex semisimple Lie group. A G-Higgs bundle on X is a pair
(P, ®) where P is a principal G-bundle over X and ® € H%(X,ad P ® Kx).

Remark 7.27. If G — GL,,, then the data of a G-Higgs bundle (P, ®) gives rise to
a Higgs bundle (E, ¢), where F := P Xxg C", and ¢ : E — F ® K¢ is described as
follows. First observe that End(E) = P xg End(C™). The embedding G — GL,
induces on tangent spaces a G-equivariant map g — End(C"™), where by definition
G acts by the adjoint representation on g, and by conjugation on End(C™) via the
embedding G — GL,,. Thus we obtain a morphism

adP =P xg g — P xg End(C") = End(E).

Tensoring by Kx and taking global sections, one obtains the morphism ¢ induced
by ®.

Following the construction in §7.4, one can define the CFG Hg/ specc (s d) over
the étale site S/ SpecC consisting of principal G-Higgs bundles whose associated
vector bundle is of rank r and degree d.

Theorem 7.28. The category fibered in groupoids of principal G-Higgs bundles,
’Hg’g/ specc(r:d) = S/ SpecC, is an algebraic stack locally of finite type over Spec C.

Proof. The CFG Prin§ /specc(r;d), of principal G-bundles over X with associated
vector bundle of rank r and degree d, is an algebraic stack locally of finite type

over C (see e.g., | , Exa. (4.6)]). The forgetful functor H)G(/ specc(r:d) =

Pring/ specc (T, d) is schematic (this is similar to Corollary 7.16). It follows from
Corollary 6.32 that ’Hg’;/ Spccc(r, d) is an algebraic stack locally of finite type over C.
O

Remark 7.29. As in §7.5, one can easily generalize this construction to the case
of a proper morphism 7 : X — S of finite presentation between schemes over C,
and pairs (P, ®), where P is again a principal G-bundle, but ® is a global section
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of ad P ® F, where F' is some fixed S-flat quasicoherent sheaf of &'x-modules of
finite presentation. As in the case of Higgs bundles, for many applications this is
not the correct generalization. In the smooth case, the following is standard: Let
X be a smooth projective manifold. A G-Higgs bundle is a pair (P, ®) where P is
a principal G-bundle over X and ® € H°(X,ad P ® Q) is such that [®,®] =0 €
HY(X,ad P @ \*QL).

8. THE HITCHIN FIBRATION
In this section we describe the Hitchin fibration at the level of stacks.

8.1. Characteristic polynomials and the Hitchin morphism. In this section
we introduce characteristic polynomials and the Hitchin morphism.

8.1.1. Characteristic polynomials. Let X be a scheme, let E be a locally free sheaf
of rank n on X, let L be a a locally free sheaf of rank 1 on X, and let

¢ E—>E®L

be a morphism of sheaves. Let . = Specy (Sym® LV) be the geometric line bundle
associated to L, and let
p:L—- X

be the structure map. Let

(8.1) Oy —— p'L
be the tautological section (this is the section corresponding to the tautological map
of geometric line bundles L x y A}, — L x x L, given heuristically by “(vs, A\z) —
(Vg, Agvz) for v, € L, and A, € A}(,w”; see §8.1.3 below).

Tensoring by p*E, we obtain

p*E -, p*E®p*L
Consequently we obtain the endomorphism

p*E —)Tfp*(b p*E®p*L
Taking the determinant we obtain

p*det E Mdet(T=p"9), p*det E @ p*L®"

We can view this as a global section
O]L det(T—p~ ¢) p*L®n
Therefore we have
(82) det(T*p*d)) € F(L,p*L®n) = F(X7p*O]L®L®n) = @ TmF(X7 L®(nim))'

m>0
On the right, T is a formal variable, which we introduce to make the bookkeeping
and some local computations easier to follow.

We call det(T — p*¢) the characteristic polynomial of ¢ (it is an element of the
graded ring of global sections of tensor powers of L, which we formally view as a
polynomial by introducing the formal variable T').

The component of det(T — p*¢) in I'(X, L®%) can be obtained in the following
way. The morphism

0 FE—-EQL
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determines a global section of L via the composition
Ox — EY QFE — L,

where the first map takes 1 to idg and the second is induced by ¢. We de-
fine the trace Tr(¢) € H°(X,L) to be this global section. The component of
det(T —p*¢) in H(X, L®?) is given by (—1)! Tr(A%¢). In particular, det(T —p*¢) €
@, T" T'(X, L®"). Moreover, the component in I'(X, Ox) is always equal to 1,
and so we will drop this term in what follows.

8.1.2. The Hitchin morphism. From the discussion above we can define the Hitchin
morphism

hiHyys(L)n) = DT T(X, L)

(E,¢) — det(T —p" o).

Here we are denoting by Hx,s(L)(n) the sub-algebraic stack of £x,s(L)(n) con-
sisting of endomorphisms of locally free coherent sheaves of rank n with values in L,
over the site (5/5)e;. On the right, we suggestively indicate the functor that on an
S-scheme S” — S takes values @, T"‘I'(X’, L'®"), where X' = §'xgX and L' is
the pullback to X’. In other words it is the functor S#omx,s(Ox,@;_, T" "L*")
of Lemma 7.15. By virtue of Lemma 7.15, this functor is representable by a scheme
Ax/s(L)(n) over S, . We call Ay, g(L)(n) the Hitchin base for Hx,s(L)(n). We
obtain the Hitchin morphism

h:Hx/s(L)(n) — Axss(L)(n).

Remark 8.1. When X/S is a smooth projective curve over S = SpecC (and we
consider C-points of the moduli problem) the Hitchin map takes a rank n Higgs
bundle (F, ¢) on X with values in a line bundle L, and sends it to the corresponding
n-tuple of “coefficients” of the characteristic polynomial of ¢ in the complex vector
space @, I'(X, L®%).

8.1.3. The tautological section of p* L. The main goal of this subsection is to define
the tautological section (8.1), and give a local description of the map. There are
several equivalent ways to define it. One can use adjunction to identify the groups
Homp, (O, p*L) = Home, (LY, Sym® L) and then use the tautological morphism
of sheaves on the right (see Remark 8.2). Alternatively, one could consider the
global section of the geometric line bundle p*IL on IL given pointwise by assigning
to v € L the point v in the fiber of p*L over v (see Remark 8.3). Finally, one can
describe it from a morphism of geometric line bundles 7 : A} xx L — L xx L
over L; since this is the how we will use the tautological section, we consider this
approach in detail.
The Ox-module structure map for the rank 1, locally free sheaf L

OX x L — L
induces a multiplication map

A xxL —£— L,
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as is seen easily from the following diagram, where U is an open set, and the dashed
arrow indicates a section of Ox x L over U:

AL xx L5 1L
- |
UC— s X —— X.

This in turn induces a diagram

(8.3) AL xx L
~_T

/
/
(A
=

LxxL—L

pr2 J/ p
The map T is the geometric version of the tautological global section. More pre-
cisely, AL xx L is the pullback of the trivial geometric line bundle on X (i.e.,
p*AL), and is hence the trivial geometric line bundle on L (i.e., Al), and L x x L
is p*IL. The associated morphism of sheaves is a morphism

O]L L> p*L,
which corresponds to a global section T € HO(LL, p*L).

It can be useful to describe the tautological section locally. Let U = Spec R C X
be an affine open subset. Assume that L is trivialized over U, corresponding to the
trivial R-module R. We can identify the R-algebra Sym® LY (U) with R[T7], so that
p:L — X is identified over U as p: L|y = A}, = Spec R[T] — U = Spec R.

The multiplication map p : A} xy L|y — Ly is then identified with the R-
algebra map

R[T,T'] = R[T| ®g R[T"] +*— R[T"]
given by T' + TT’. The diagram (8.3) defining the geometric tautological section,
i.e., the map T : A}, xy L|ly — L|y xp Ly, is given at the level of R-algebras by
the daigram:

R[T] ®r R[T"] H
~ T

R[T') @ R[T"] «—R[T"]

J ]

R[T"] +—R

The tautological map T is given here by 7" — TT’ and T’ + T".

Now p~!(U) = L|y = Spec R[T]. We have that A}, xy L|y and L|y xy L|y are
geometric line bundles, which on L|;, where they are trivialized, correspond to the
trivial rank 1, locally free module R[T]. The tautological section T : O, — p*L is
given under these identifications by the multiplication map

(8.4) R[T] —X— RI[T).
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Remark 8.2. Alternatively, one can describe the tautological section as follows. We
have identifications

Home, (OL,p*L) = Homp, (p*Ox,p*L) = Home, (Ox,p«(OL ® p*L))

= Homp, (Ox, (Sym® LY) ® L) = Home, (LY, Sym® LV).

There is a natural inclusion LY < Ox ® LV @ (LV)®? @ - - onto the second factor,
and this corresponds to the tautological section. Locally, if we set U = Spec R C X
to be an open affine over which L is trivial, then Sym® LY is identified with R[T7,
and the natural map LY — Sym® LV is associated to the map R — R[T] by
multiplication by T

Remark 8.3. One can also describe the tautological section geometrically as follows.
The sheaf p* L is the sheaf of sections of the line bundle p*LL := L x x . — L, where
the structure morphism to LL is the first projection. There is a global section of the
structure morphism given by the diagonal map . — L x x L. This is the tautological
global section.

8.1.4. The characteristic polynomial locally. Let (E,$) be a Higgs bundle on X
with values in L. Let U = Spec R C X be an affine open subset. Assume that E is
trivial over U, corresponding to R™, and that L is also trivialized, corresponding to
R. Then ¢ : E — F®L can be identified as a map R™ — R", and thus with an nxn
matrix (¢;;) over R. We can also identify Sym® LY with R[T], so that p: L — X
is identified over U as p : A}, — U, and the tautological section T : Op, — p*L is
given under these identifications by the multiplication map

R[T] —X— RI[T).

The map (T —p*¢) : p*E — p*E ® L can then be identified over L|y with the map
R[T™ — R[T]™ given by the matrix

T—¢11 -+ —01n
T-p¢= : k& S
_¢n1 e T = ¢nn

We then have
(8.5) det(T — p*@)|y =T — Tr(p)T™ ' + - + (—1)"det ¢ € R[T].

Recall that globally we had det(T — p*¢) € T'(L,p*L®") = I'(X,p.OL ® L®") =
@mzo T™T(X, L®("=™); the coefficients of the powers of T'in this description and
in (8.5) agree.

8.2. Spectral covers and fibers of the Hitchin morphism. Here we describe
spectral covers, and the connection with the fibers of the Hitchin morphism. The
main point for Higgs bundles on smooth curves are the results of [ , ]
reviewed in Remark 8.9. We give a weaker statement that holds in more generality
in Proposition 8.4 and Lemma 8.6.
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8.2.1. Spectral covers. Every o : Ox — @, L®" (corresponding to a map o :
S — Ax,s(L)(n)) determines via (8.2) a global section o : O, — p*L®™ of the line
bundle p* L®™ on L, and consequently a zero set of the section:

X(0):= V(o) CL.

The map X (o) — X (obtained by composition from the map p : L — X) is called
the spectral cover associated to o. One can check (see the local computation below)
that the spectral cover is a finite morphism of degree n. For later reference, recall
that the section o (in the form o : Ox — @, L) induces a canonical inclusion
Sym® LY — (Sym® LY) ® L®™, and V(o) is then defined from the associated short
exact sequence of Ox-algebras

(8.6) 0— (Sym®*LY) @ L™ — Sym® LY — Oy () — 0.
We denote the corresponding ideal of Sym® LY by Z,,.

More generally, the computation shows that for any o’ : S" — Ax/g(L)(n), corre-
sponding to o’ : Ox = @, L?|x+, where X’ = X xg5’, there is a corresponding
spectral cover p’ : X'(¢') — X’. In particular, there is a universal spectral cover

X( ) = X x5 Ax,s(L)(n)

Tiday (L))

determined by the identity morphism on Ay,g(L)(n), from which all the spectral
covers are obtained by pullback.

8.2.2. Local description of the spectral cover. To describe )N((U), it can be useful to
consider the construction locally on X. Let U = Spec R C X be an affine open
subset. Assume that L is trivialized over U, corresponding to the R-module R.
Given 0 € @, T"'T'(X, L®"), with components o; € T'(X,L%"), then we can
write
O"U =T" — 0'1|UTn_1 —+ -4 (—1)”0’7,‘[].

Since L, and hence L®? is trivalized over U, we may view the o;|y as elements of
R. The short exact sequence (8.6) is then written locally as

0 —— R[T] —2% R[T] RIT)/Z, |y — 0.
In other words, Z, |y is given by (¢]y) € R[T], and X (o)|y = Spec R[T]/ (o).

8.2.3. Minimal ideals for endomorphisms. Let X be a scheme, L a rank 1 locally
free sheaf on X, and F a quasicoherent sheaf on X. A morphism of Ox-modules

¢: LY — End(E)
is equivalent to a morphism of O x-algebras
¢* : Sym® LY — End(E).
The mim'mal ideal of ¢, denoted Ly, is defined to be the kernel of ¢*. The minimal

cover X (¢) — X associated to ¢ is defined to be the subscheme of L defined by Z,.
Note that E induces a quasicoherent sheaf M on X (¢) such that the pushforward of
M to X is equal to E. If E is locally finitely generated, the support of M is exactly
X (¢) (i.e., locally, the support is the set of primes containing the annihilator of the
finitely generated module).

More generally, for any ideal sheaf Z C Sym® LV, a quasicoherent sheaf M on
the scheme V(Z) C L is equivalent to a quasicoherent sheaf E on X together with
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a morphism ¢ : LY — End(E) such that Z C Z,; the identification is made via
pushforward; i.e., E is the pushforward of M.

Locally on X, for locally free sheaves this is described as follows. Suppose that F
is locally free of rank n, and is trivial over U = Spec R C X. Then ¢ : LY — End(FE)
induces an evaluation morphism ¢°*|y : R[T] — Endg(R"™) sending T to ¢|y. The
kernel ker ¢®|y is the restriction of the minimal ideal Zy|y. We have that R™
is an R[T]/Zs|y-module, with support Spec R[T]/Zs|y. In addition, so long as
olu € Zyly, we can view R"™ as an R[T]/(o|y)-module, as well. In other words,
E is obtained by push forward from a sheaf on the spectral cover associated to o
(although it may only be supported on the possibly smaller minimal cover associated
to ).

This discussion allows us to identify Higgs bundles with given minimal ideal with
certain sheaves on the spectral cover.

Proposition 8.4 (| , Prop. 3.6]). Let X — S be a proper morphism of finite
presentation between schemes with S excellent, and let L be a locally free sheaf of
rank 1 on X. Given an S-morphism

o' 8" = Ax/s(L)(n),

to give a pair (E',¢") in Hx,s(L)(n)(S") such that ¢' has minimal ideal Ty equal
to I, it is equivalent to give a coherent sheaf M’ on X'(o") (where X' = X xg5')
such that the pushforward of M’ to X' is a rank n locally free sheaf and the support
of M" is X'(d”).

Proof. As we have seen above, (E', ¢") € Hx/g(L)(n)(S") corresponds to a quasico-
herent sheaf M" on L' (the total space of L’) whose support is X'(¢). But X'(¢)
coincides with X'(o’) if and only if Z,» = Ty . O

Remark 8.5. It is easy to see that every locally free sheaf M’ of rank 1 on X’(J)
satisfies the conditions in Proposition 8.4. Note that one can easily construct exam-
ples (even with X’(¢’) a union of smooth complex projective curves) where there
are sheaves M’ on X'(0’) that push forward to rank n locally free sheaves E' on X
such that the induced endomorphism ¢’ : E/ — E’® L’ does not have characteristic

polynomial equal to ¢’; this is the reason for the hypothesis on the support of M’.

8.2.4. Fibers of the Hitchin map. The following lemma asserts that the category of
sheaves in Proposition 8.4 above is contained in the fiber of the Hitchin map.

Lemma 8.6. A pair (E',¢') in Hx;s(L)(n)(X') such that the minimal ideal Ly is
equal to L, has characteristic polynomial given by o'. Moreover, if X' is integral
and the fiber of )Z"(U’) over the generic point of X is geometrically reduced (e.g.,
X' is a variety over C and X'(0") is reduced), then the converse holds.

In other words, under these hypotheses, Proposition 8./ describes the fiber of the
Hitchin morphism in terms of sheaves on the spectral cover.

Proof. Let (E',¢") be a Higgs bundle as in the statement of the lemma, and let
pe (T') be the characteristic polynomial of ¢'.

Assume first that Ty = Z,/. Viewing the characteristic polynomial as a global
section py (T) : Ox: — @i, L®|x: defines a locally principal ideal Z,, (1) of
Sym® LY (§8.2.1). The Cayley-Hamilton theorem says that Z,, , (1) C Zy. But we
are assuming that Z,» = Z,». So we have Ly, 1) € Lo, with both being locally
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principal generated by monic polynomials of degree n. So we have reduced to the
local statement: Given a ring R, and two principal ideals (f(7")) and (g(7)) in R[T]
with both f(T') and g(T") monic of degree n, if (f(T")) C (g(T")), then f(T) = g(T).
Thus the characteristic polynomial pg (T') is given by o.

Conversely, suppose X is integral, the fiber of X' (¢’) over the generic point of
X is geometrically reduced, and that the characteristic polynomial pg (T') is given
by o’. We want to show that Zy = Z,s. It is enough to do this locally. In other
words, we assume that R is an integral domain with field of fractions K contained
in an algebraic closure K, that o(T) € R[T] is a monic polynomial of degree n,
that K[T]/(c(T)) is reduced, and that ¢ : R* — R™ is an endomorphism with
characteristic polynomial o(T"). We want to show the containment Z, D (o(T)) is
an equality. So consider 0 # f(T') € Zs. The claim is that f(7') is divisible by o(T")
in R[T]. To see this, note that with ¢x : K™ — K" the induced morphism, we
have that f(¢x) = 0. Thus f(T) is divisible in K[T] by the minimal polynomial
for ¢ . Note also that from the local definition of the characteristic polynomial, it
is clear that the the characteristic polynomial of ¢k is the same as for ¢, namely
o(T). Our assumption that K[T]/(c(T)) is reduced, i.e., that the characteristic
polynomial of ¢x has distinct roots, implies that the characteristic polynomial for
oK agrees with the minimal polynomial. Thus f(T) is divisible by o(7T') in K[T].
But since o(7T') is monic, one can then conclude (see the remark below) that f(7)
is divisible by ¢(T) in R[T]. O

Remark 8.7. Let R be an integral domain and let K be its field of fractions. Suppose
that f(T),g(T) € R[T] with g(T) monic, and there exists h(T) € K[T] such that
f(T)=g(T)h(T) € K[T). Then h(T) € R[T]. Indeed, let us write

n+m

FT) =" T, o)=Y "bT', WT)=) cT"
=0 i=0 i=0
Then we have

Ap+m = bncm

Ap4tm—1 = bncmfl + bnflcm

ap = bpco +bp_1¢1 + - + bgey,.

(Here ¢; is taken to be 0 if j > m.) Since b, is assumed to be 1, the first equality
shows that ¢,, € R. The second then shows that ¢,,_1 € R, and so on until we
have established that ¢y € R.

Example 8.8. It can be instructive to consider Proposition 8.4 and Lemma 8.6
the case where X =S = SpecC and L = Ox.

Remark 8.9. In the case where m : X — S is a smooth relative curve; i.e., a smooth
proper morphism such that every geometric fiber is connected, and dimension 1,
more can be said. If o’ : §" = Spec(k) — Ax/s(L)(n) is a geometric point inducing
a reduced spectral curve X’(c’) over Spec k, then h~'(¢”) is the the compactified Pi-
card stack, parameterizing rank 1, torsion-free sheaves on X' (o) | , Prop. 5.1].
If X'(0") is assumed further to be an integral curve, which is the case considered in
[ , Prop. 3.6], then the key point is that in the notation of Proposition 8.4,
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for 7/ M to be locally free, and thus torsion-free, it must be that M is torsion-free.
Then, since X’ is a smooth curve over k, any torsion-free sheaf is locally free, and
thus for any torsion-free sheaf on X', the push-forward is locally free. The case of a
general spectral curve X’(o”) is considered in | ]; the connection between slope
stability of Higgs bundles on X " and slope stability of rank 1 torsion free sheaves
on X’(¢’) in the sense of Oda—Seshadri is also considered there. See also [ ,
Thm. 6.1].

9. MORPHISMS OF STACKS IN ALGEBRAIC GEOMETRY

As explained in Definition 6.10, many reasonable properties of morphisms in our
presite S may be extended to S-representable morphisms of stacks. However, not
every morphism of algebraic stacks that deserves to be called quasicompact or étale
or smooth (to name just a few) is necessarily schematic.

In Section 6.5, we saw how to extend the notion of smoothness to morphisms
between algebraic stacks, but this definition required the choice of a presentation of
the stack in question. Since stacks representing moduli problems rarely come with
an easily described presentation, it would be better to have an intrinsic definition
of smoothness.

To give such a definition, as well as definitions of other geometric properties or
morphisms between algebraic stacks, will be the purpose of this section.

Warning 9.1. We caution that although many of the definitions given here make
sense for arbitrary morphisms of CFGs, or for arbitrary morphisms of stacks, they
should not necessarily be regarded as reasonable generalizations from schemes with-
out a further algebraicity assumption.

The characterization of smoothness we give in Section 9.7, for example, is only
reasonable for morphisms of algebraic stacks (or at least morphisms representable
by algebraic stacks) and not necessarily for all stacks.

9.1. Injections, isomorphisms, and substacks. In Definition 4.7 we gave the
definition of an injection and of an isomorphism of stacks. We have not given a
special name to morphisms of algebraic stacks that are only faithful (rather than
being fully faithful or equivalences, respectively) when viewed as functors, because
we already have one:

Lemma 9.2. A morphism of algebraic stacks f : X — Y that is objectwise a
faithful functor is representable by algebraic spaces.

By saying f : X — )Y is objectwise a faithful functor we mean that for each
scheme S the induced functor of groupoids f(X) : X(S) — Y(S5) is faithful.

Proof. Suppose that Z is an algebraic space and Z — ) is a morphism. Let Xz be
the base change, which is algebraic by Corollary 6.32. The projection Xz — Z is
also faithful. But if Z is viewed as a stack then, for any scheme S, the fiber Z(S) is
equivalent to a set. Since Xz(.9) is equivalent to a subcategory of Z(S), this means
that Xz (S) is equivalent to a set, which means that Xy is an algebraic space. O

Definition 9.3 (Open and closed substacks). Let X be a stack over S. A substack
U C X (resp. Z C X) is called an open substack (resp. closed substack) if for every
scheme W, the fiber product U x y W (resp. Z X x W) is representable by an open
(resp. closed) subscheme of W.
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9.2. The underlying topological space.

Definition 9.4 (Topological space of a stack). Let X be a stack on the category
S of schemes. For each scheme S, write |S| for the underlying topological space of
S. The underlying topological space of X is the universal topological space |X| that
receives a continuous map |S| — |X| for each map S — X.

In other words, |X| = lim |S| is the colimit of the spaces |S|, taken over all

S—X
maps from schemes S to X.

Remark 9.5. In | , Tag 04XE], the underlying topological space was defined
only for algebraic stacks, but | , Tag 04XG] makes sense for arbitrary categories
fibered in groupoids and agrees with the definition given here because the underlying
set of a colimit of topological spaces is the colimit of the underlying sets.

The topology on the underlying set was only defined in | , Tag 04XL] for
algebraic stacks. However, the topology of loc. cit. agrees with Definition 9.4.
Recall that a subset of |X| is called open if its preimage under a fixed flat, finite
presentation, surjective map U — X" is open. This topology is clearly at least as
fine than the topology we have defined, so we verify that every subset of |X| that
is open in the sense of | , Tag 04XL)] is open in the sense of Definition 9.4.

Indeed, if U — X is flat and locally of finite presentation then for any V' — X,
the map U xx V — V is also flat and of finite presentation. The preimage in |V|
of the image of |U| in |X| is the same as the image of |[U xx V| in |V|. Since
U x x V is flat of finite presentation over V, its image in |V is open, so the image
of |U] in |X| pulls back to an open subset of |V|. This holds for any V' — X so the
image of |U| in |X| is open, by definition of the colimit topology. As the topology
in loc. cit. is uniquely characterized by this property, it must agree with |X|, as
defined in Definition 9.4.

9.3. Quasicompact and quasiseparated morphisms.

Definition 9.6 (Quasicompact morphisms). We call a stack X over S quasicompact
if every covering of X’ (Definition 6.2) by open substacks has a finite subcover. A
morphism of stacks & — Y is quasicompact if X xy Z is quasicompact for all
quasicompact schemes Z and all morphisms Z — ). A morphism of stacks X — )
is quasiseparated if the diagonal morphism & — & xy X' is quasicompact.

9.4. Separation and properness. We will not actually discuss the separatedness
or properness of morphisms of algebraic stacks in any examples in this survey, but
we include the definitions for the sake of completeness.

Since smooth morphisms of schemes are always locally of finite type, Section 6.5
shows that there is a unique way to make sense of locally finite type morphisms
of algebraic stacks that is stable under base change and composition and local to
the source and target. Technically, this breaks our promise to give only intrinsic
definitions in this section. However, in the noetherian situation, finite type coincides
with finite presentation, which is characterized intrinsically in Section 9.6.

Definition 9.7 (Proper and separated morphisms of algebraic stacks). A morphism
of algebraic stacks X — ) is said to be proper if it is an isomorphism or it is
separated, of finite type, and universally closed. It is said to be separated if its
diagonal X — X xy X is proper.
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Remark 9.8. Definition 9.7 is not as circular as it appears. The diagonal morphism
of a morphism of algebraic stacks is representable by algebraic spaces (Lemma B.15,
[ , Tag 04XS]), so the definition of separatedness for algebraic stacks depends
only on the definition of properness for algebraic spaces. Iterating Definition 9.7,
we see that definition of properness for algebraic spaces depends on separatedness
for morphisms of algebraic spaces, and therefore, by iterating again, the definition
depends on the definition of properness for diagonals of algebraic spaces. Continuing
further, we see that we must define separatedness for diagonals of algebraic spaces.
But the diagonal of a morphism of algebraic spaces is injective, so the definition
ultimately depends on the definition of separatedness for injections of algebraic
spaces. But the diagonal of an injection is an isomorphism, so is automatically
proper.

9.5. Formal infinitesimal properties.

Definition 9.9 (Infinitesimal extension [ , Def. (17.1.1)]). An infinitesimal
extension or nilpotent extension of a scheme S is a closed embedding S C S’ such
that the ideal of S in S’ is nilpotent.

Lemma 9.10. Suppose that S C S’ is an infinitesimal extension and that T — S
is étale. Then there is an infinitesimal extension T C T’ and étale map T! — S’
inducing T as the fiber product T’ xg S. Moreover, T' is unique up to unique
isomorphism.

Proof. Since T" will be unique when it is constructed, this is a local problem in the
Zariski topology on S’: if T” has been constructed over a suitable open cover, the
uniquenes will imply that the various T’s can be glued together. We can therefore
work Zariski-locally in S’, or equivalently in .S, since S and S’ have the same Zariski
topology.

The same reasoning shows that we can work Zariski-locally in 7" as well. This
permits us to assume that S, S’, and T are all affine. By the Jacobian criterion (e.g.,
[ , Tag 00TA, 00T6]), we can assume that S = Spec A and that T = Spec B
where B = Alzy,...,2,]/(f1,..., fn) and the determinant det 3 fl is a unit of B.

If S = Spec A’, we take T’ = Spec B’ where B’ = A'[zq, .. ]/(g17 .+, 0n) where
g; is an arbitrary lift of f; to a polynomial with coefﬁcients in A”. Then det gii_
8fz

reduces to det

in B. Since B’ is an infinitesimal extension of B, this means
J

that det ag‘ is a unit in B’, so by the Jacobian criterion, B’ is étale over A’.

This estabhshes that T" exists locally in the Zariski topology of S’. It remains
to prove the uniqueness of T7. Suppose that 7" and T" are two such extensions.
Then by the infinitesimal lifting criterion for étale maps, applied to the diagram

T4/>T’
-
R
T/// S/

and there are unique lifts v : 7" — T” and v : T” — T’. These must compose
to the identity maps, again by the infinitesimal criterion for étale maps, this time
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applied to the diagrams below:

T——T T——T
VU id

AV

T// S/ T// S/.

O

Corollary 9.11. Suppose that S C S’ is an infintisimal extension of schemes.
Then the étale sites of S and S’ are equivalent.

Definition 9.12. A morphism of CFGs f : X — ) is said, respectively, to be
formally unramified, formally étale, or formally smooth if every commutative dia-
gram (9.1) below, in which S C S’ is an infinitesimal extension of schemes, admits
at most one (up to unique isomorphism), exactly one (up to unique isomorphism),
or at least one lift étale-locally in S.

S ——X

]

S —— ).

We explicate a bit the meaning of ‘étale-locally’ in the definition. To say that
X — ) is formally smooth means that, given any lifting problem (9.1), there is an
étale cover {S, — S} such that, denoting by S/, the unique infintesimal extension
of S, lifting S (by Lemma 9.10), the diagram

So—— 8 ——3 X

]

SIS —Y

admits a lift for every a.

To say that X — ) is formally unramified means, first, that that given any two
lifts of (9.1), there is a cover of S by S, such that the induced lifts of (9.2) are
isomorphic, and, second, that any two isomorphisms between lifts of (9.1) agree
after passage to a suitable étale cover of S.

To be formally étale is the conjunction of these properties.

9.6. Local finite presentation. It was observed in | , Prop. 8.14.2] that a
scheme X is locally of finite presentation if and only if whenever A = li%mAi is a
filtered colimit of commutative rings, the natural map

(9.3) lim X (A;) > X(4)

is a bijection. The same formula characterizes algebraic stacks that are locally of
finite presentation, provided one interprets a filtered colimit of groupoids correctly.
It is therefore reasonable to use (9.3) as the definition of local finite presentation
for stacks that are not known to be algebraic.

To make sense of the filtered colimit of groupoids in equation (9.3), one can take

Objlim A'(4;) = |_J Objx(4))
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and, for any objects £ € X(A;) and n € X(4;),

Hom(gvn) = hgl HomX(Ak)(§k7 nk)
k>i,j
where & and 7, denote pullbacks of £ and 7, respectively, to X (Ag).

In order to formulate local finite presentation for morphisms of stacks, it is
useful to introduce the pro-object “lim” Spec A; associated to a filtered system
of commutative rings A;. By definition, ¢ yil” Spec A; is the covariant functor
on schemes (and stacks) obtained by taking the filtered colimit of the functors
represented by the Spec A;. What this actually means is that one should interpret
a morphism

“ @1” Spec A; - X
to a scheme (or stack) as an object of
lingom(Spec A, X) = ling(Ai);

i.e., as compatible systems of morphisms Spec 4; — X.

Remark 9.13. In more technical terms, the quotation marks indicate that one is
taking a colimit in the category of covariant functors valued in sets (or groupoids).
We absolve ourselves of responsibility for the notation | , p- 81].

Definition 9.14. A morphism X — ) of stacks in the étale topology on schemes
is said to be locally of finite presentation if whenever A = lim A; is a filtered colimit
of commutative rings, then every commutative diagram of solid lines (9.4) can be
completed uniquely by a dashed arrow.

SpecA ——— X

(9.4) l /// l

“ ]'gl” Spec A, —— Y

Remark 9.15. Observe the resemblance between the lifting diagram (9.4) and the
lifting diagram (9.1). This allows us to reason formally about étale maps and local
finite presentation maps at the same time.

Under this analogy, Lemma 9.16 below is the analogue of Lemma 9.10.

Lemma 9.16. Suppose that a ring A is the filtered colimit of rings Ay. Set S =
Spec A and S; = Spec A;. Then for any affine' étale map T — S there is for some
£ an affine scheme Ty admitting an étale map Ty — Sy, and this map is unique up
to unique isomorphism and enlargement of £.

Proof. Suppose that T' = Spec B is affine and étale over S. By the Jacobian
criterion, there is an open cover of T by finitely many subsets U = Spec C where
C = Alxy,...,z0]/(f1,. .., fn) and det 37’2 is a unit of C. Since we are proving
a uniqueness statement and only finitely many such subsets are involved, we may
treat the subsets individually. We may therefore assume that T'= U.

For k sufficiently large, the coefficients of the f; all appear in the image of A
in A, so that we may form the ring By = Alz1,...,2,]/(91,.-.,9n) for some lifts

G1y-+-y9n Of f1,..., fn to Ai. The determinant det ggf maps to the unit det gﬂ{’ﬂ
J J

I fact, quasicompact and quasiseparated would suffice.
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in B. Pick t € B inverse to det 27’3. As B = hﬂezk By, the element ¢ must be in

the image of some By with £ > k. Furthermore tg—i’;_ must equal 1 in all sufficiently
9gi
oz
unit. Thus By is étale over Ay for all sufficiently large ¢, and B, induces B over A.

We must still prove that By is unique up to enlargement of ¢. Suppose that Cj
were étale over Ay, also inducing B over A. Since By is of finite presentation over
Ay and CY is of finite presentation over Ay, the isomorphism @Bg ~ B~ limCy
must come from an isomorphism B,, ~ C,, defined over some m that is > k and
> (. This map is necessarily unique up to further enlargement of m (see [ ,
Thm. (8.8.2) (i)] for more details). O

is a

large By. This implies that by taking /¢ sufﬁciently large, the image of det

Definition 9.17. By an étale map “lim”U; — “lim” Spec A;, we mean a family of
maps U; — Spec A; that are étale for all sufficiently large i.

In terms of this definition, Lemma 9.16 says any étale map U — “lim” Spec A; is
induced from an étale map “lim”U; — “lim” Spec A;, and that this map is unique
up to a unique, suitably defined, isomorphism.

Remark 9.18. Lemma 9.16 says, in a sense that we do not attempt to make precise,
that the étale site of Spec A is the colimit of the étale sites of the Spec A;, whenever
A is the filtered colimit of the A4;. See | , Thm. 8.3.13].

9.7. Smooth, étale, and unramified morphisms.

Definition 9.19 (Unramified, étale, smooth]| , Def. (17.3.1)]). A morphism
of algebraic stacks f : X — ) is said, respectively, to be unramified, étale, or
smooth if it is locally of finite presentation and formally unramified, formally étale,
or formally smooth.

We have now defined smooth morphisms between algebraic stacks in two ways.
On one hand, we have defined smooth morphisms in Definition 6.23 as the unique
extension of smoothness from morphisms of schemes in a way that is stable under
composition and base change and local to the source and target. On the other
hand, we have defined smoothness intrinsically for morphisms of algebraic stacks
in Definition 9.19.

We are obliged to verify that they are equivalent. It is sufficient to show that
local finite presentation and smoothness are stable under composition and base
change and local to the source and target, as these definitions clearly agree with
the usual definitions in the category of schemes and the extension in Definition 6.23
was uniquely characterized by these properties.

Lemma 9.20. Let P be one of the following properties of morphisms of stacks in
the étale topology on schemes:

(i) formal smoothness,
(ii) formal unramifiedness,
(iii) formal étaleness, or
(iv) local finite presentation.
Then P is stable under composition and base change and is local to the source and
target.

Proof. We omit the verification for composition and base change, since these are
formal and straightforward.
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All of these properties may be phrased in terms of existence or uniqueness (or
both) of lifts of a diagram

(9.5) S—— X

|
/
Ve
7
S —)
In the case of formal unramifiedness, formal étaleness, or formal smoothness, S’ is
an infinitesimal extension of S. In the case of local finite presentation, we have a ring
A that is the filtered colimit of rings A;, and S = Spec A and S’ = “ @1” Spec A;.

The only fact we will use here is that if S — S’ is the left side of one of these
diagrams and 7' — S is an étale map, then there is a unique (up to unique iso-
morphism) extension of T' to an étale map 7" — S’. In the case where S — S’ is
an infinitesimal extension, this is Lemma 9.10; in the case where S = Spec A and
Sh=¢ 1'&1” Spec A; with the A; filtered and ligAi = A, this is Lemma 9.16.

We prove locality to the target. Consider a lifting problem (9.5), and assume
that ) — Y is a covering map such that the base change X’ — )’ is P. We may
freely replace S by an étale cover, so we may assume that the map S’ — ) factors
through ). This induces a factorization of S — X through X’. Property P for X’
over )’ gives a lift f in diagram (9.6), which yields g by composition.

S%X’ﬂ/’\’

7
09 Lo |
/S -
Sy —Y
Now we prove locality to the source. Again, consider a lifting problem (9.5)
and suppose that Xg — X is a cover that is formally smooth over ). Since we
can replace S by an étale cover, we can assume that S — X factors through Xj.

Formal smoothness of Xy over ) gives a lift f in diagram (9.7), which gives us g
by composition.

S‘)X@

S
dl
fr

(9.7) /X

//7‘
//g
/s

S —y

10. INFINITESIMAL DEFORMATION THEORY

In this section we introduce some deformation theory, with a view towards Artin’s
criterion for a stack to be algebraic. Roughly speaking, deformation theory is the
study of families of objects over Artin rings. To get a concrete idea, consider the
Kodaira—Spencer approach to deforming a complex manifold X over the unit disk by
extending the given transition functions 7;; of the manifold to transition functions

1) (2) 42

Tij = Tij + 7't + 7, t° 4 -+, where ¢ is the parameter on the disk (for each

fixed ¢, one obtains a manifold with the given transition functions). Deformation
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theory would then be the problem of iteratively accomplishing this formally, by first
extending up to t (e.g., 7 —1—7'1-(]41)15 mod #?), and then extending up to t2, and so on.
In the process, one would observe that the first order deformations are governed by
H'(X,Tx) (called the tangent space), and that once one has extended to first order,
the ability to extend to second order would be goverened by H?(X,Tx) (called an
obstruction space).

In general, deformation theory aims to abstract this to the setting of any stack
over schemes (and to deforming over bases other than the unit disk). The heart of
the matter turns out to be defining the tangent space to a stack, and an obstruction
theory to a stack. We take an abstract point of view and identify precisely the
condition, homogeneity, on a CFG that gives it a well-behaved tangent space. The
advantage of this abstraction is that the existence of a well-behaved tangent space,
and obstruction theory, can be used to prove that a stack is algebraic, as we will
discuss in Section 11.

10.1. Homogeneous categories fibered in groupoids. After introducing ho-
mogeneity and demonstrating its basic properties, our goal will be to show that the
stack of Higgs bundles is homogeneous, without relying on its algebraicity. In this
first section we stick to the abstract setting, and also introduce the tangent space
to a stack. We discuss the pertinent deformation theory in the following section,
§10.2, where we establish that the stack of Higgs bundles in homogeneous.

10.1.1. The tangent bundle of a stack. The following definition reprises Defini-
tion 9.9:

Definition 10.1 (Square-zero extension). An infinitesimal extension of schemes
is a closed embedding S C S’ such that the ideal Ig/s/ is nilpotent. A square-zero
extension is an infinitesimal extension S C S’ such that Ig s = 0.

The utility of square-zero extensions is twofold: every infinitesimal extension
can be factored as a sequence of square-zero extensions, and square-zero extensions
behave ‘linearly’, in the sense that deformations and obstructions over square-zero
extensions are classified by linear-algebraic data. These observations may be viewed
as a functorial perspective on Taylor series.

The most important examples of infinitesimal extensions are the trivial ones:

Definition 10.2 (Dual numbers). The ring of dual numbers is D = Z[e]/(€?).

For any scheme S, we write S[e] = S Xgpecz SpecD. More generally, if V is a

quasicoherent sheaf of Og-modules, we write D(V) for the sheaf of Og-algebras,
Og + €V = Sym®(eV)/(€* Sym? V),

whose underlying sheaf of abelian groups consists locally of symbols f + ev with
f € Og and v € V and has multiplication law

(f +ev)(g + ew) = fg + e(fw + gv).
We write S[eV] for the scheme whose underlying topological space is S and whose
sheaf of rings is D(V'); i.e., S[eV] = Spec D(V).
There is a canonical morphism S[eV] — S corresponding to the following homo-
morphism of sheaves of rings:

Ogs = Og + €V
f— f+0e
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Unless otherwise specified, when it is necessary to equip S[eV] with the structure
of a scheme over S, we do so with this morphism.

Remark 10.3. The construction of S[eV] — S commutes with base change in S. Tt
can therefore be extended to apply to any CFG, as follows. If X is a CFG and V is
a quasicoherent sheaf on X, then we define X'[eV](S) to the category of pairs (&, )
where £ € X(S) and 4 is a section of S[e£*V] over S. When V = Oy, we write X|e]
rather than X[eOy]; in this case

X[e] = X Xgpecz SpecD.

Definition 10.4 (Tangent bundle). Let X be a CFG over S/S. We give R[e] the
structure of an S-scheme via the canonical projection R[¢] - R — S, and the
relative tangent bundle of X over S is the category fibered in groupoids Ty /5 Over
S/S with

Tx/s(R) = X (R[e])
for each S-scheme R.

Remark 10.5. If X is a presheaf, then Ty ,s is also a presheaf. In the case of
S = SpecZ we write Ty = Tx/3pecz-

The idea to study the tangent space this way, and to think of the spectrum of
the ring of dual numbers as a pair of infinitesimally nearby points, goes back at
least to Weil | , 82].

Proposition 10.6. For any morphism of schemes X — S, we have
Tx;s = Spec, (Sym® Qx/s)
Proof. This reduces to the affine situation, where it comes down to the following
identities: given a ring k and algebras k — A R B, then
Homy,_a1g,¢ (A, Ble]) = Dery (A, B) = Hom 4 moa (4 /x, B)
= Hom _a1g (Sym*® Q4 1, B),

where the first group of homomorphisms consists of the k-algebra homomorphisms
that reduce to ¢ modulo e. O

Corollary 10.7. When X is a smooth scheme over C, then Tx/specc 15 a vector
bundle over X and coincides with any familiar definition of the tangent bundle.

Corollary 10.8. When X is an algebraic stack over S, so is Txs.

Proof. Tt is almost immediate that Ty /g is a stack in the étale topology: If we have

an étale cover of R by U; then the U;[¢] form an étale cover of Rle]. Etale descent for
the maps Us[e] — & to R[e] — & yields étale descent for U; — Tx/g to R — T/g.
To see that Ty /g is an algebraic stack, note that if Xo — & is a smooth cover of
X by a scheme then then T /s — T'x /5 is also a smooth cover. ([l

Warning 10.9. We will see in a moment (item (i) on p. 72) that there is a pro-
jection Ty s — X, as one expects, but that it is not necessarily representable by
algebraic spaces! This is because the objects parameterized by X may possess in-
fintisimal automorphisms. Nevertheless we will see that the fibers of Ty /g over X
behave like ‘groupoids with vector space structure’. This is why we insist on calling
Tx /s the tangent bundle: it has all the features of a vector bundle except for being
a set!
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10.1.2. Homogeneity.

Theorem 10.10 (| , Prop. 2.1]). Let S be a scheme. Suppose that Q C Q' is
an infinitesimal extension of S-schemes and f : Q — R is an affine S-morphism.
Then there is a universal (initial) S-scheme R’ completing diagram (10.1):

inf.

Q—— Q'

|

(10'1) aﬁineJ{f I
+
R---R

Furthermore, R’ is also universal (initial) among algebraic S-stacks completing the
diagram. The underlying topological space of R’ is the same as that of R and viewing
Og' and Og/ as sheaves on () and R respectively,

OR/:OR X f*OQ/.
£.00

In particular, if R = Spec A (hence Q and Q' are also affine, say Q = Spec B and
Q' = Spec B’) then
R’ = Spec(A x B').
B

The universality here means that for any algebraic stack X the natural map
displayed in equation (10.2) is an equivalence of groupoids:

(10.2) X(R) = X(R) x X(Q)
xX(Q)

Proof. We will prove this in the case where R is also an infinitesimal extension
of @, which implies that the étale sites of @), @', R, and R’ are all equivalent
(Corollary 9.11).

First, note that schemes are homogeneous. Indeed, suppose we have a commu-
tative diagram

Q—— Q'

| |

R——X

where X is a scheme. All of ), @', and R have the same underlying topological
space, so we denote by f the continuous map from that space to the underlying
topological space of X. The maps of schemes give homomorphisms of sheaves of
rings:

[71Ox —— O

|

Op —— O

By the universal property of Or = Ogr X0, O, there is a unique factorization
f~'Ox — Og/, which gives the desired, uniquely determined, map R’ — X.

To extend this to algebraic stacks, it is sufficient by Definition 6.27 to show that
whenever X is a stack admitting a smooth cover by a homogeneous stack, X is
homogeneous.
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Suppose that we have a commutative diagram

Q—— Q'

| |

R—— X

where X has a smooth cover Xy — X and X is homogeneous. Since we are trying
to prove a uniqueness assertion, it is sufficient to work étale-locally on ). Replace
@ by an étale cover such that the map Q — X factors through Xg. Since X is
formally smooth over X', we can assume, after refining the cover further, that the
maps Q' — X and R — X also lift to Xy, extending the lift already constructed
over Q. By the homogeneity of Xg, there is a unique map R’ — Xy compatible
with the maps from @, @', and R. Composing with the projection to X gives the
desired map R’ — X. ]

Definition 10.11 (Pushout). Suppose that @ C @' is an infinitesimal extension
of S-schemes and f : Q — R is an affine S-morphism. We refer to the scheme R’
in Theorem 10.10 as the pushout of Q C Q' along the map f: Q — R.

A CFG is said to be homogeneous if it behaves like an algebraic stack with
respect to (10.2):

Definition 10.12 (Homogeneous CFG). A CFG (not necessarily an algebraic
stack) is said to be homogeneous if for every pushout as in Definition 10.11, we
have (10.2) is an equivalence of categories.

Remark 10.13. This definition is a natural extension of | , Def. VI.2.5], which
was stated only in the context of artinian algebras. For much of what we have to
say, we will only be interested in homogeneity with respect to morphisms Q — R
that are isomorphisms on topological spaces. However, in practice, it is little more
difficult to verify homogeneity in the generality we have formulated it.

As we have seen in Theorem 10.10, homogeneity is a necessary condition for
a stack over schemes to be algebraic. It is not sufficient, but in the presence of
a reasonable finiteness condition, it does guarantee formal representability by an
algebraic stack (see Theorem 11.10).

The following theorem is very helpful for checking homogeneity. It was asserted

by Schlessinger in | , Lem. 3.4] but proved there only for free modules; Milnor
gave a proof for projective modules | , Thms. 2.1-2.3]; a proof in the general
case can be found in | , Thm. 2.2].

Theorem 10.14 (Schlessinger, Milnor, Ferrand). Let Q be the CFG whose fiber
over a scheme S is the category of flat, quasicoherent Og-modules. Then Q ‘s
homogeneous.

In language closer to the original statements, this says that if one has a cartesian
diagram of commutative rings
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in which B — B (and therefore also A" — A) is a nilpotent extension then it is
equivalent to specify either of the following data:

(i) a flat A’-module M’, or

(ii) a flat A-module M, a flat B’-module N’, a flat B-module N, and an A-
module map M — N and a B’-module map N’ — N inducing by adjunction
isomorphisms M ®4 B — N and N’ ® g B — N of B-modules.

One direction of the correspondence sends M’ to M = M’ @4 A, N' = M' @ 4+ B/,
N = M'® 4 B with the canonical maps M’ ®4 A — M'® 4 B and M' @ 4+ B —
M’ ® 4 B. The other direction has M’ = M xny N'.

10.1.3. Tangent bundle to a homogeneous stack. To begin to appreciate the signif-
icance of homogeneity, consider that in general, the tangent bundle of a stack, and
even the tangent bundle of a presheaf, need not be a very well behaved object: it
might not even be a vector space. However, the tangent space of a homogeneous
stack has all of the familiar structure one expects:

(i) (projection to base) The map Z[e]/(€?) — Z sending € to 0 induces closed
embeddings R — R]e] for all schemes R. For any S-scheme R, we use this
to obtain a morphism Tx,s(R) = X(R[e]) — A(R), whence a projection
Tx/s — X. (This does not require homogeneity. )

(ii) (zero section) The map Z — Ze]/(e?) induces R[] — R. This gives a map
X(R) — X(R[e]) = Tx/s(R), whence a section X — T ,g of the aforemen-
tioned projection. This is the zero section in the vector bundle when Ty s is
a vector bundle. (This does not require homogeneity.)

(iii) (addition law) We have Z[ey, 2]/ (€2, €1€2, €3) — D x7 D given by

x4 yer + zeg — (T + yer, x + z€a).

In addition to the two projections D xz D — D), there is a third map sending
both €; and €3 to e. We obtain a commutative diagram whose outer square is
cartesian (in fact the upper right and lower left are cartesian as well):

Z \ Ze,]
Z[e] ear—0
W—)E
Zler, €]/ (€1, €2)?
Applying this to any S-scheme R, we obtain a pushout diagram with an extra

morphism o : R[e] = Rley, 2], where R[e1, ea] = R x Spec(D xz D) (it is also
the vanishing locus of €1€e2 in Rleq][ea]):

e1—0

Zles)]

R Rleq]
\ R[]
\

Rles] Rley, €3]

Now consider maps from the diagram above into our homogeneous stack X’;
the map X'(Rler,e2]) — X (Rle1]) X x(r) X(R[e2]) is an equivalence of cate-
gories.
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Combining these facts, and abbreviating Ty ;s to T', we have a diagram:

T(R) x T(R) = X(Rle]) x X(Rlea)) < X(Rler, e2]) = X(Rle]) = T(R)
X(R) X(R)

This gives the fibers of Ty/g(R) — X(R) an addition law; i.e., given an

R-point R — X, the collection of all extensions R[e] — X has an induced

addition law. This coincides with the addition law of the vector space structure

in the familiar situation where X" is a smooth scheme and R is the spectrum

of a field.

(scalar multiplication) If A € T'(R, Or), there is an induced map:

Or+eOr —— Or + €Opr
fHev—— f+ el

giving a map R[e] — Rle]. Applying X, this induces a map
Tx/s(R) — Tx/s(R)

commuting with the projection to X'(R). This is the action of scalars in the
vector space structure when R is a point and X" is smooth.

(vector space structure) The axioms of a vector space can be verified in similar
ways, occasionally making use of D xz D x7 D = Z[ey, €2, €3]/ (€1, €2, €3)%. We
leave these verifications to the reader.

(Lie bracket) The Lie bracket will not be used in the rest of the paper, and
may be skipped. There is a map

DeD= Z[el,eg]/(ef,eg) — Z[El,ég]/(ﬁl,ﬁg)Q =DxD
Z Z

sending €je5 to 0. There is also an isomorphism
(DeD) X (DeD) = (DRD) x Zlee]/ (e1€62)?
VA Zle1,€2]/(€1,€2)? Z Z VA

sending (a, b) on the left to (a, (e mod (€1, €2)) +b—a) on the right (this choice
of isomorphism will give rise to the choice of a sign for the Lie bracket). This
all leads to a commutative diagram, in which both the small square and the
outer rectangle are cartesian:

(103) Z[Gl,GQ] (7Z[61][62] Z[Eleg]

T r ]

Zler][e2] +—— Zlea][e2] Xz[e, o) Zle1][€2] Zlei][e2] Xz Zler€a]

Suppose v, w € Ty (X) are vector fields on X'. We view them as maps (see
Definition 10.2 and Remark 10.3 for notation):

v:Xe| - X
w: Xea) = X.
‘We obtain two morphisms
id xv : X[e1] xx Xea] = Xea]
w x id : X[e1] xx X]ea] = Xler];
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note that the fibered product is over the standard projections on both factors.
Note that X[e;] x ¥ X[ea] = X[e1][ea] = X x Spec(DRD) = X x Spec Z[eq, €3].

The two compositions v(id X w), w(v x id) : X[e1] xx X[ea] — X are
retractions (they agree with the identity when restricted to the canonical
inclusion of X in X[e1] X x X[ez]) that agree with one another when restricted
to X[e1, e2] C Xe1] xx Xea]. In other words, they give us a commutative
diagram, dual to (10.3):

Xler, €3] ————— Xle][e]

J J

(10.4) lerlles] — Alelea] e o) Ve[

All of the morphisms restrict to the identity on X'. Now we restrict under the
inclusion X[ejea] C Xler][ea] X x[e,e5) X€1][€2] to get

[v,w] : X[ere2] C Xle][e2] Hx Xerea] = Xer][e2] e, ep) Xer][e2] = X

The point is that the homogeneity of X ensures the existence of the dashed
arrow above, and the composition of the dashed arrow with the canonical
inclusion of X[e;eq].

For the reader’s convenience, we include a verification that this does indeed
compute the Lie bracket when X is representable by an affine scheme Spec A.
In that case, v and w correspond to derivations ; and d2 from A to itself. We
consider these as ring homomorphisms:

id+e€6; : A— A+ ¢A
The map v(id x w) is dual to the composition

AMA—I—G A M}A+61A+€2A+6162A
sending f € A to f+€101(f)+€202(f)+€1€202001(f). To be clear, the second
map is obtained from id+ €285 by application of Ale;|®4 (=) = Zle1]|®z(—) =
(—)[e1] and carries fo + €1 f1 to (fo + €202(fo)) + €1(f1 + €202(f1)). The map
w(vxid) sends f to f+e€101(f)+e2da(f)+€1€201002(f). Taking the difference
of these recovers the derivation d2d; — d102.

Suppose ¢ is a k-point of X'. The discussion above shows that T (€) has all the
trappings of a k-vector space structure, except that T (£) is a groupoid that may
not be equivalent to a set. Nevertheless, it is useful to think of Ty (§) as a ‘2-vector
space’. In fact, given a scheme R and a morphism £ : R — X, we can extract two
important invariants from this groupoid:

T3 (€) == Auty, (£)(0)

TR () := Tx () /isom
Here 0, the zero section 0 : R — Ty (&), corresponds to an object of the groupoid
Tx(§), and Autr,¢)(0) is the automorphism group of that object. Likewise,

T~ (€)/isom is the set of isomorphism classes of objects of the groupoid. The fol-
lowing lemma is a formal consequence of the discussion above:
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Lemma 10.15. When k is a field and € : Speck — X, the sets Ty (&) and TY(€)
are k-vector spaces.

It will be important to have a relative variant of the tangent bundle:

Definition 10.16 (Relative tangent bundle). Let f : X — Y be a morphism of
CFGs over S. We define the relative tangent bundle Ty = Tx sy to be the kernel of
the morphism of stacks Tx ;s — Ty /5. In other words, the relative tangent bundle
is the fiber product of stacks
Tyy=Txs x Y=Txs x X
/ / Ty;s / f1Ty,s

where the morphisms YV — Ty,5 and X — fflTy/S are the zero sections. In
slightly more concrete terms, a section of T,y is a section of Ty /g, together with
an isomorphism between its image in 73 and the zero section.

10.1.4. Relative homogeneity.

Definition 10.17 (Relative homogeneity). Let f : X — Y be a morphism of CFGs
over S. We say that f is homogeneous, or that X is homogeneous over ), if for any
scheme S and any morphism S — Y, the CFG Xs = X xy S is homogeneous.

Another way of formulating the definition is that for any cocartesian diagram
(10.1) and any compatible objects (we leave it to the reader to formulate compati-
bility precisely)

7EeVR) neX(R) ecX@Q) £cX(Q)

there is a n € X(R') inducing all of them, and this 5 is unique up to unique
isomorphism.
The following lemma is proved by a standard formal argument:

Lemma 10.18. (i) Let f : X = Y and g : Y — Z be morphisms of CFGs over
S. If g is homogeneous then f is homogeneous if and only if gf is.
(i) The base change of a homogeneous morphism of CFGs is homogeneous.

10.2. Deformation theory. When we speak of the deformation theory of a stack
X we mean extending morphisms R — X to morphisms R’ — X, where R’ is an
infinitesimal extension of R. The definition of the tangent space of a stack in §10.1.1
connects the tangent space of a stack X to the deformation theory of the objects it
parameterizes. Indeed, if £ € X (k) then Ty (£) over £ is precisely the groupoid of
extensions of £ to ¢’ € X (k[€]/(€?)).

We now work out several examples that will be used in the construction of the
moduli of Higgs bundles. Our main focus is on using the deformation theory to
show that various stacks are homogeneous.

10.2.1. Deformations of morphisms of vector bundles. Here we discuss the defor-
mation theory for morphisms of vector bundles. From our perspective, the main
point is Lemma 10.20 (see also Remark 10.21) on homogeneity.

Let m : X — S be a flat family of schemes over S and let F and F' be two vector
bundles on X. Let J# = #omx,s(E, F) be the S-sheaf of morphisms from E to
F (see §7.5.2).

We compute the tangent space Ty /g (&) of S over S at an R-point £ : Er — Fg,
where R — S is an S-scheme, and Er and Fg are the pullbacks of £ and F' to R.
An element of Ty /g(€) is an extension of the S-map R — . to Rle] such that the
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composition R[e] — 5 — S is the same as the composition R[e] — R — S of the
canonical retraction R[e] — R and the fixed map R — S. In other words, it is a
morphism of vector bundles Egj — Fg|q that reduces to u modulo e.

The vector bundle Egj is identified with Er + €Eg, and similarly for Fpi.
Notice that &(eo + €e1) = &(eo) + €€(e1) gives one such morphism Egrq — Fpq
that reduces to & modulo e. If £ is any other then the difference £ — £ is a
map Er — eFp = Fg, so we get an identification Ty g(§) ~ H#(R). As this
identification is natural, we get

T%/SZ%E%.

Of course, it is no surprise that the tangent space of 7% is J7 itself, since S already
has a linear structure. We have

T;fl/s(g) =0
TS s(€) = Hom(ER, Fr)

This gives the tangent space to 5 over S, but does not explain the higher order
infinitesimal structure. For that we must pose a more general lifting problem: given
¢ € #°(R) and an arbitrary square-zero extension R’ of R as an S-scheme, can £ be
lifted to £ € S (R')? To answer this question, we consider it locally in Xg, that
is, we cover X by open subsets U with corresponding extensions U’ over R’ and ask
for extensions of ER|U — FR‘U to Eg v Fr U We make two observations:

(i) there is a cover of X g/ by open sets U’ such that £|XRHU’ extends to a mor-
phlSl’Il Eyr — Fyr.

(i) if & and £ are any two extensions, then £’ —¢&” may be viewed as a morphism
Er — Fr ® 7*J where J is the ideal of R in R’ and, by abuse of notation,
7w : Xp — R is the morphism obtained from 7 : X — S by pullback.

These observations combine to imply that there is a Hom(Eg, Fr ® 7*J)-torsor P
on X (in the Zariski topology) whose sections are in bijection with the lifts of &
to H(R') (those who would rather avoid the language of torsors may obtain the
following lemma by a Cech cohomology calculation). This yields a deformation-
obstruction theory:

Lemma 10.19 (cf. | , Thm. 8.5.3 (a)]). Let X be an S-scheme, let E and
F be vector bundles on X, and let R C R’ be a square-zero extension of S-schemes
with ideal J. Associated to any homomorphism & : Er — Fg there is an obstruction
w € HY(Xg,Hom(ER, Fr @ 7*J)) whose vanishing is equivalent to the existence of
an extension of £ to some &' : Eg — Fri. If there is at least one extension then the

set of all extensions possesses a simply transitive action of HY(Xg, Hom(ER, Fr ®
7T*J)) = HOHl(ER,FR ® 71'*J)

Beyond its finite dimensionality, the particular deformation-obstruction theory
is not actually necessary for the proof of algebraicity. What is important is homo-
geneity:

Lemma 10.20. The functor #omx,s(E, F) is homogeneous.
Proof. If f : @ — R is an affine morphism of S-schemes and Q C @’ is a square-
zero extension of S-schemes, let R’ be the pushout (as in Theorem 10.10), with

f'+ @ — R’ denoting the tautological morphism. (Since @ and @’ have the
same underlying topological space, we do not bother to introduce notation for the
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inclusion @ C Q'.) Since @ and @', as well as R and R’ have the same underlying
topological space, and we have a natural morphism Fo» — Fy, we can push forward
to obtain a morphism f;Fg — f.Fg. Using adjunction we have have that the
identity f*Fr = Fg induces a morphism Fr — f.Fg. Thus we obtain a fibered
product fiFq: Xy, r, Fr.

Assume we have v € H(R) and «' € H(Q'), both extending u = f*v. Then '
gives us

fEr = By % Fo = /" Fr,
whence Er/ — fLf'" Fr = f.Fg by adjunction. We also have a map Er/ — Er —
Fr. These induce the same map Er — f.Fg so we get a map
77/ : Fr — fiFQ' x Fgr
Fo
by the universal property of the fiber product.

On the other hand, the canonical map v : Fr — fiFg Xf r, Fr is an iso-
morphism, by Theorem 10.14, or directly: 7 is an isomorphism modulo J, since
it reduces to the identity Fr = fiFq X, ry Fr, and the kernel of reduction is the
fiber product of the kernels, namely (f.Fo @ 7m*J) x¢0 = Fgr@n*J. Therefore v is
an isomorphism by the 5-lemma. To conclude we can view 1’ as a map Eg — Fr/
by composition with y~1. ([l

Remark 10.21. As was pointed out above (see Proposition 7.20), under mild hy-
potheses, a result of Lieblich implies that J#om x,s(E, F') is an algebraic space over
S, locally of finite type. In particular, this also shows that J#omx s(E, F') is ho-
mogeneous. However, Lieblich’s proof relies on the homogeneity, so this reasoning
is actually circular.

10.2.2. Deformations of vector bundles. Here we discuss the deformation theory for
vector bundles; see also | , Prop. 6.5.1]. The main points are Corollary 10.23
and Lemma 10.25 (see also Remark 10.26).
Let w: X — S be a family of schemes over S. Suppose that R is an S-scheme
and E € Fibx/g(R) is a vector bundle over Xr. Let R’ be a square-zero S-scheme
extension with ideal J. We ask whether E' can be extended to E’ € Fibx/g(R'),
and if so, in how many ways. Again we make several observations:
(i) there is a cover of X/ by open subsets U’ such that E| Xy Can be extended
in at least one way to a vector bundle on U’; ‘

(i) if E’ and E” are two extensions of E| xpnu 10 U’ then there is a cover of U’
by open subsets V'’ such that E’|V/ ~ E”‘V, v

(iii) if w,v: E'|,,, = E"[,,

are two isomorphisms of extensions of E ‘ XnAV’ then
. . N
u and v differ by a homomorphism E‘XRmV' — E|XRnV’ Qm*J.

as extensions of E’ <
R

Choosing a suitable cover, we therefore obtain a Cech 2-cocycle for the sheaf of
groups Hom(E, E®7*.J). This is a coboundary if and only if a deformation exists.
A more careful analysis shows that the isomorphism classes of all deformations then
correspond to 1-cocycles modulo coboundaries. Here is the statement in its usual
form:

Lemma 10.22 (cf. | , Thm. 8.5.3 (b)]). Fiz a flat family of schemes m :
X — S and a square-zero S-extension R C R’ with ideal J. A wvector bundle E
on Xp induces an obstruction w € H? (XR,Hom(E,E ® ’/T*J)) whose vanishing



78 CASALAINA-MARTIN AND WISE

is equivalent to the existence of an extension of E to Xgr/. If w = 0, the set of
isomorphism classes of extensions is a principal homogeneous set under a natural
action of H'(Xr,Hom(E, E@7*J)). The automorphisms (as an extension) of any
given extension are canonically H° (XR,Hoim(E, E® W*J)),

In particular, this lemma gives the tangent space of Fibx/g:

Corollary 10.23. Suppose that R is an S-scheme and E is a vector bundle over
Xr. We have Tkipy,s(E) = BHom(E, E)(Xg) where E is the universal vector
bundle on Fibx /s and the prefiv B denotes the classifying stack (Section C.1). In
particular,

Tr, o (E) = Hom(E, E)

Ty, s (E) = Ext'(E, E).

Proof. We have just seen that sections of Tk, correspond to 1-cocycles for
Hom(FE, E) modulo coboundaries. But 1-cocycles modulo coboundaries also classify
torsors. g

The Cech calculations can be abstracted into the observation that properties (i)
— (iii) above imply there is a gerbe ¥ over Xp (see e.g., | , (3.15), p.22]
for the definition of a gerbe) whose sections correspond to extensions of E to
E' € Fibx/r(R'), and that this gerbe is banded by the sheaf of abelian groups
Hom(ER, Er ® n*J). Giraud classifies banded gerbes cohomologically:

Theorem 10.24 (| , Thm. IV.3.4.2]). Let 4 be a gerbe on X, banded by an
abelian group A. There is an obstruction w € H?(X, A) to the existence of a global
section of &. Should this obstruction vanish, global sections up to isomorphism
form a principal homogeneous set under the action of H*(X, A). Automorphisms
of any given section are in canonical bijection with HY(X, A).

We also record the homogeneity of Fiby g:
Lemma 10.25. For any scheme X, the CFG Fibx,g is homogeneous.

Proof. Since S is representable, it is homogeneous by Theorem 10.10. Therefore by
Lemma 10.18, it is sufficient to show that Fiby s is homogeneous over S. We will
content ourselves to sketch the construction of the inverse to the functor

(10.5) Fibx/s(R') — Fibx,s(Q")  x  Fibx/s(R)
Fibx,s(Q)
associated to a cocartesian diagram
Q—
R—— R

of S-schemes, where () — R is affine and Q < Q' is an infinitesimal extension. An
object of the right side of (10.5) consists of vector bundles E’ on X¢/, F' on Xg,
and £ on X, along with identifications E” Xo = E=F Xo By applying [ ,
Thm. 2.2] to a cover of X/ by open affines and then to covers of the intersections
by open affines, we obtain a vector bundle F’ on Xp restricting to E/ on X¢, to
E on Xq, and to F' on Xg, as required. [
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Remark 10.26. This also follows from the fact that Fibx,s is an algebraic stack,
but, as in Remark 10.21, this reasoning is circular.

Corollary 10.27. Let F be the stack of triples (E, F,o) where E and F are vec-
tor bundles on X and o : E — F is a morphism of vector bundles. Then F is
homogeneous.

Proof. We have a morphism F — Fibx/g XgFibx,s. We have just seen that
Fibx,s is homogeneous, so by two applications of Lemma 10.18, it follows that
Fibx/s X g Fibx,s is homogeneous. Lemma 10.20 says that F is relatively ho-
mogeneous over Fibx,g x s Fibx/g, so we may conclude by another application of
Lemma 10.18. U

10.2.3. Deformations of nodal curves. We now discuss the deformation theory of
nodal curves.

Definition 10.28 (Nodal curve). Let S be a scheme. A nodal curve over S is an
algebraic space C and a projection 7 : C' — S that is étale-locally isomorphic to
Spec Oglx, y]/(xy —t) for a local section ¢ of Og. That is, there is an étale cover of
S by affines U = Spec A and an étale cover of 71U by schemes V', each of which
admits an étale map to Spec A[z,y]/(zy —t) for some t € A.

We shall write N for the stack over schemes whose S-points are the families of
nodal curves over S.

Remark 10.29. A more conventional definition of a nodal curve over S is as a flat
family 7 : C — S whose fibers are 1-dimensional, reduced schemes whose only
singularities are ordinary double points. It follows from [ , Prop. II1.2.8] that
the two notions are equivalent.

We will show that nodal curves form a homogeneous stack (Lemma 10.31), com-
pute the tangent space of this stack (Lemmma 10.30), and show that it is formally
smooth (Corollary 10.32). This whole section could easily be adapted to curves
with locally planar singularities (or to more general schemes of finite type with
hypersurface singularities), but for concreteness, we stick to nodal curves.

The method used in the last section to study deformations of vector bundles
works quite well for deformations of smooth curves, and even families of smooth
schemes m : X — S. If S’ is a square-zero extension of S with ideal J, one
discovers that extensions of X to S’ always exist locally, that any two deformations
are locally isomorphic, and that any two deformations are related by a section of
Tx;s @ n*J, from which it follows by a Cech calculation (as in the last section)
that (see [ , Thm. 8.5.9 (b)]):

(i) there is obstruction to the existence of a flat extension X’ over S extending
X lying in H*(X,Tx/s @ 7*J);
(ii) should a deformation exist, the isomorphism classes of flat extensions form a
torsor under H'(X, Tx)s @1 J);
(ili) automorphisms of a fixed flat extension are canonically H°(X,Tx /s @m*J).

The deformation theory of nodal curves introduces a new complication: It is still
the case that deformations exist locally, and one can easily compute that automor-
phisms of deformations can be identified with sections of Tx,s ® J. However, it
is no longer the case any two deformations are locally isomorphic, since the node
xy = 0 has a l-parameter family of first order deformations zy = Ae. A naive Cech
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calculation will therefore not suffice, but with a little more effort, we will see that
the deformations and obstructions for nodal curves can be classified in much the
same way as for smooth curves.

Suppose that C'is an S-point of . An S-point of T lying above C is a cartesian
diagram (10.6), in which C” is an S[e]-point (see Definition 10.2 for notation) of A/

C——C

C
(10.6) { J

S —— Sle].

We consider the more general problem of extending an S-point C' of N to a S[eJ]-
point:

C——C

|

S5 Sle).

Here J is a quasicoherent sheaf on S and C” is an S[e.J]-point of N. Since there
is a canonical retraction S[eJ] — S, we can consider C’ as an S-scheme. As C is
the closed sub-scheme of C’ determined by 7*.J (with 7*J? = 0), we may form the
exact sequence (10.7):

(107) O‘)’/T*J*)OCO@) Qc//s%Qc/Sﬁo
c’

The right exactness of this sequence follows from general principles and does not
depend on the fact that C'is a nodal curve. To see the left exactness, we may work
étale-locally and assume:

S = Spec A S’ = Spec A’

C = Spec B ¢’ = Spec B’
B = Alz,y]/I B = Az, y]/T’
I=(zy—1) I'= (zy —t')

In fact, the local structure of nodes implies we can arrange for C' and C’ to be étale
over Alx,y]/I and A’'[x,y]/I’, respectively. Then the sequence (10.7) on C' is pulled
back via the étale (and in particular flat) map C' — Spec B from the corresponding
sequence over Spec B. For the sake of proving (10.7) is exact, we can therefore
replace C with Spec B and C’ with Spec B’ without loss of generality.

Our diagram of rings is

B = Alz,yl/(vy —t) «—— B’ = Az, y]/(vy — ')

[

—

A% A = AleJ].

We are trying to show the exactness of

(10.8) 02 B®4J = B@Qp 4 —0pa—0.
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The left exactness of (10.8) is equivalent to showing that, for every injective * B-
module M, the map Homp (B ®p' Qp/ja, M) — Homp(B ®a J, M) is surjective;
i.e., every B-module homomorphism B®4 J — M extends to a morphism B ®p-
Qprya — M. Using tensor-hom adjunction, and the universal property of the
module of Kéhler differentials, this translates into the statement that, every A-
module homomorphism J — M should extend to an A-derivation B’ — M:

, _ Aledlizy]
B =

~
< 0

€ 2

J\ ~
@ >

J ———— M.
First we will extend ¢ to a derivation
§ ¢ AleJ][z,y] — M.
To do this, we will invoke the identifications
Hom4 (J, M) = Hom4 -aig,1d , (A[eJ], AleM]) = Ders(AleJ], M).

On the left, we take a homomorphism ¢ : J — M and send it to the ring homo-
morphism Idy @y : A@eJ - A®eM. The group in the middle consists of the
A-algebra homomorphisms that are the identity on the first term. On the right, we
just project to get a derivation. Similarly, we have indentifications

Homy _aig 10, (AleJ][z, y], AleM]) = Der 4 (AleJ][z, y], M).

In summary, the homomorphism ¢ : J — M induces a ring homomorphism ¢ :
AleJ] — AleM]. We can extend this to ¢ : AleJ][z,y] — AleM] by sending z and
y to any element of M. This then gives a derivation ¢’ as desired.

The choices of such extensions ¢’ are a torsor under Der 4 (A[z,y], M), and we
will adjust &’ by such a derivation so that it descends to a derivation B’ — M.
The obstruction to descending ¢’ to B’ is the homomorphism ¢'|,,, so we want to
find a derivation ¢ € Der(A[z,y], M) such that the restriction of § to I’ (via the
composition I’ C A'[x,y] — Alx,y]) agrees with §’.

To execute this, let us take a fixed extension ¢§’. Then ¢'(I'J) C I'6(J)+J6(I') =
0 because M is a B-module, and therefore I'M = JM = 0. This implies 5|1,

descends to I'/JI’ = I. We also have 8'(I'*) = I'§'(I') = 0, for the same reason,
so ¢ gives us a homomorphism u : I/I? — M.
Now, we have an exact sequence

0—1/1*— BA[® ]QA[g;7y]/A — Qg4 — 0,
z,Y

either by | , Thm. D.2.7, p. 310] or a direct verification. Since M is injective,
the homomorphism v : I/I? — M extends to a derivation § : A[z,y] — M (again
we are using tensor-hom adjunction and the universal property of the sheaf of
Kahler differentials). Trivially extending § to A'[z, y] we obtain a derivation ¢’ — §
on A'[x,y]. We have that 6’ —d = 0 on I’ essentially by construction. Moreover,
0" — 0 agrees with ¢’ ’ ; = ¢ on J because ¢ vanishes there. Thus ¢’ — ¢ descends

2Recall that a morphism M’ — M of modules over a ring A is injective if and only if for every
injective A-module I , Hom 4 (M, I) — Hom 4 (M’,I) is surjective. To see this, choose an inclusion
M’ < I for some injective module I. Then we get a map M — I extending the inclusion M’ C I,
so M’ — M must be injective.
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to a derivation in Der4 (B, M) that agrees with ¢ on J, as required. We conclude
that (10.7) is exact.

Conversely, given any extension of O¢-modules
0= J—=Q = Qc/s =0

we can define an extension of C'/S to S[eJ]. Namely, one may define

!
Oc' = Oc Xqg,s ¥,

where the map from O¢ to Q¢/g is the universal differential, d. This is clearly
an Oc¢-module, but it is not a priori obvious that Q¢ is equipped with a ring
structure. The ring structure can be constructed easily by factoring d as

OC M) OC+GQC/S — Qc/s
and recognizing that

Ocr ~ Oc¢ XOcHeQe) 5 (Oc—FGQ/).
Here the map on the right is

Oc + eQ — Oc + EQC/S

at+w —=a+d
where we are using the given map ' — Q¢/g, w’' +— @'; this is the standard map
taking
Homoc (Q/, QC/S) — Homoc_alg,ld(Oc [EQ/L OC [Egc/s]).
This above description of Q¢ is as a fiber product of rings, hence is naturally

equipped with a ring structure.
The map

C" — SleJ]
is given topologically by C' — S, and at the level of sheaves by a map
Osiq = 0s ® eJ = Ocr = O¢ Xocaxae, s (Oc ).

We are given maps Og — O¢, and J — . The map Og ® eJ — O¢ is defined by
the given map on the first term, plus the zero map on the second term. The map
OgleJ] = O¢lefY'] is given by the map OgleJ] — Oc¢len*J], and then the natural
map O¢[er*J] — Oc[e€]. These maps agree on composition to Oc[eQc 5], and
so define a morphism to the fibered product.

One can check that these processes are inverses of one another, and so this
yields an equivalence of categories between the tangent space of A" at C/S and the
category of extensions of Q¢ by 7*J.

Lemma 10.30. Let m: C — S be an S-point of the stack N of all nodal curves.
Then

Tn(C/S) = Ext(Qcys, Oc),
where we write Ext(A, B) for the groupoid of extensions of B by A. In particular,
T (C/S) = Homo,. (Qcys, Oc) = T(C, Teys)
TR (C/S) = Exto, (Qcys, Oc).-
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Observe that the discussion above never made use of the assumption that C' be
proper over S. Thus Ext! (Q¢/s,0c) may be interpreted as the associated sheaf
of the presheaf of isomorphism classes of local deformations of C'. This allows us
to interpret the 5-term exact sequence of the local-to-global spectral sequence for
Ext(Q¢/s, Oc) deformation theoretically:

0— Hl(C, Tc/s) — Eth(QC/S7OC) — F(C, Eth(QC/S7OC)) — H2(C, TC/S)‘

If S is affine then H?(C, Teys) = 0 because C has relative dimension 1 over S. The

first term of the sequence may be interpreted, via a Cech calculation, as the set of
isomorphism classes of locally trivial deformations of C'. Somewhat imprecisely, we
have:

0 — (loc. triv. defs. of C') — (defs. of C') — (defs. of nodes of C) — 0.

When S is not affine, the final term H?(C, Tcys) may be interpreted as the ob-
struction to finding a deformation of the curve realizing specified deformations of
the nodes.

Now we turn to the more general problem of extending a curve over a general
square-zero extension S C S’ with ideal J:

C---C

|

(10.9) 7{ |
1

S—9

We will make use of homogeneity:

Lemma 10.31. The CFG of all nodal curves (not necessarily proper!) is homoge-
neous, as are the substack of all proper nodal curves, the substack of curves of fixed
genus, and the substack of canonically polarized curves.

Proof. Let Q@ C @' be an infinitesimal extension of schemes and Q — R an affine
morphism. Form the pushout R’ of Q" and R under @Q using Theorem 10.10. Letting
N denote the stack of all nodal curves, we construct the inverse to the map (10.10).

(10.10) NER) = N@Q) x N(R)
N(@)

Suppose that C is a nodal curve over @), that C’ is an extension of C to @', and that
C = D x g @ for nodal curve D over R and observe that C' C C’ is an infinitesimal
extension and C — D is affine, so we can also form the pushout D’ of C’ and D
under C (Theorem 10.10).

By Theorem 10.14, D’ is flat over R’ and D' xpr R = D, D' xp/ Q' = C’, and
D' xp Q = C. We argue that D’ is a nodal curve over R’. Since the fibers of D’
over R’ are the same as the fibers of D over R, the fibers of D’ over R’ are nodal
curves. We have already seen that D’ is flat over R/, so we therefore only need to
check that D’ is locally of finite presentation over R’'.

One can verify easily that local generators and relations for Op as an algebra over
Og lift to local generators and relations for Op/ as an algebra over Og/, implying
it is locally of finite presentation as well.

This proves the homogeneity of the stack of all nodal curves. For the remaining
statements, note that they are stable under infinitesimal deformation. ([l

Now we return to the problem of completing (10.9):
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(i)

(iii)

(iv)
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The problem of completing (10.9) can be solved locally in C'. Indeed, one may
find a cover of S by affine open subschemes U = Spec A and elements ¢ € A
such that 7~'U has a cover by open affines V, each of which is étale over
Spec B, with B = Alz,y]/(xy —t). If U’ = Spec A’ is the open subset of S’
whose preimage in S is U then one may form B’ = A'[z,y]/(zy —t') where ¢/
is any lift of ¢ to A’. Then Spec B’ is a deformation of Spec B to Spec A’ and
this lifts uniquely to a deformation of V' by | , Thm. (18.1.2)].

We may thus select local deformations V' for each V' in an open cover of
C and attempt to glue.
Observe that

Og x Ogr ~ Ogr + €,
Os

via the map (f,g) — f+e(g—f), so that S"I1g S’ ~ S'I1g S[eJ] and therefore
by homogeneity, we have
N(S") x N(S)=N(S'I1S) ~N(S'TIS[e]]) =N(S") x N(S[eJ]).
N(8) s s N(9)
In other words, any two extensions of an open subset of C' to a nodal curve
over S’ differ by a uniquely determined element of N(S[e.J]).
We have already seen that N(S[eJ]) may be identified with the category of
extensions Ext(Qc¢/g,7*J). Thus the first obstruction to gluing the defor-
mations U’ comes from making sure that the isomorphism classes of the de-
formations U’ agree on overlaps. Since the isomorphism classes form a torsor
under Ext'(Qc,gs, 7*J), this obstruction lies in H'(C, Ext' (Qc/s, 7J)).
One can arrange very easily for this obstruction to vanish by working locally
in S. Indeed, Ext! (¢, m*J) is quasicoherent and is supported on the nodes
of C, which is finite (and in particular affine) over S. Therefore when S is
affine the first obstruction vanishes.
Now assuming that the first obstruction vanishes we can fix a compatible sys-
tem of isomorphism classes of local deformations. We must determine whether
one can find genuine local deformations within those isomorphism classes in
a compatible way. For each open U C C' in a suitable cover we select a defor-
mation U’ in the specified isomorphism class. If U; and U; are two such open
sets then write U/, for the restriction of U] to U;NU;. Because we have chosen
the isomorphism classes compatibly, U/, ~ UJ;, and we may select such an
isomorphism ¢;;. Over triple overlaps the cocycle condition ¢p;0¢ 0p; = id
obstructs the gluing. As the element ¢y; o ;i © ;5 lies in the automorphism
group of Z.’jk, which is canonically identified with F(Uijk,@(QC/S,W*J))
we obtain a Cech 2-cocycle in H?(C, Hom(Q¢,s,7*J)). Once again, this ob-
struction vanishes when S is affine, this time because C' has relative dimension
1 over S and the coefficients are taken in a quasicoherent sheaf.

Corollary 10.32. The stack of all nodal curves satisfies the formal criterion for
smoothness.

Proof. We have just seen that all obstructions to infinitesimal deformation vanish

over

an affine base, which is precisely the formal criterion for smoothness. O

Corollary 10.33. Any algebraic substack of the stack of all nodal curves that is
locally of finite presentation and stable under infinitesimal extensions is smooth. In
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particular, the stack of all proper nodal curves is smooth and the open substack of
all canonically polarized nodal curves is smooth.

Remark 10.34. An observant reader will have noticed that the obstructions to (10.9)
constructed above lie in the graded pieces of Ext? (Q¢/g,7*J) induced by the local-
to-global spectral sequence. This is not an accident: There is a single obstruction
in ExtQ(QC/ s, 7™ J) whose vanishing is equivalent to the existence of a solution
to (10.9). We will discuss one way to obtain this obstruction in §10.3.

In fact, one can dispense with the assumption that C' be a curve over S and
obtain an obstruction to deformation in Eth(Lc/S,T(*J) where L, g is the rel-
ative cotangent complex of C' over S, constructed by Illusie | , Cor. 2.1.3.3,
Thm. 2.1.7]. For a nodal curve, one has Lo, g = ¢/g. In general, L¢ g is concen-
trated in nonpositive degrees and {2¢/g is the 0-th homology group.

10.2.4. Simultaneous deformation of curves and vector bundles. Let S be a scheme,
C a curve over S, and E a vector bundle on C'. We consider the problem of extending
C and E to the scheme S[eJ] where J is a quasicoherent sheaf of Og-modules. We
begin by defining a sheaf of modules Y (F) on C to play a role analogous to the
one played by the module of differentials when we studied deformations of curves.

For each O¢-module F, define ®(F) to be the set of pairs (J, ¢) where 6 : Oc —
F is an Og-derivation and ¢ : E — F ® E is what we will call a d-connection. That
is, for any local sections f € O¢ and = € E, we have

o(fr) =6(f)@x+ fo(z).

Then ®(F) is naturally a covariant functor of F. There is a natural I'(C, O¢)-
module structure on ®(F), in which A € T'(C, O¢) acts by

A (0,0) = (A0, Ap).
There is also an evident exact sequence (10.11).
(10.11) 0 — Hom(E, F ® E) = ®(F) — Derp,(Oc¢, F)

Here the map Hom(E,F ® E) — ®(F) sends ¢ to (0,¢) and the map ®(F) —
Derp, (O¢, F) sends (6, ¢) to 4.
For each open set U C C, setting ®(F)(U) := (U, &(F)) = <I>(F|U)7 we obtain
a covariant functor
P : (Oc-mod) — (Oc-mod)
with ®(F) = &(F)(C), and an exact sequence
0 — Homy, (EY ® E, —) = ®(~) = Derog(Oc, —) = Homo, (Qc/s, ),

in the sense that it is exact when applied to any Oc-module. In fact, we claim
that this is surjective on the right, and that ® (and hence ®) is representable; i.e.,
there is a sheaf of Oc-modules T/ g(E) such that ®(—) = Homy (Te/s(E), —),
and ®(—) = Homo (Y¢/s(E), —).

Lemma 10.35. The functors ® and ® defined above are both representable by
the same sheaf of Oc-modules Y¢/s(E) fitting into a short exact sequence (10.12)
inducing (10.11):
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Proof. For the representability we give an explicit construction, although it is pos-
sible to obtain the same result more quickly by an application of the adjoint functor
theorem. As mentioned above, to prove that ® is representable it is equivalent to
prove that ® is representable, for which we can work locally in C'. We can therefore
assume F = (’)g". But then if 6 : Oc — F is any derivation, it itself gives a
d-connection by §*™(xz1,...,z,) = (6(z1) @ 1,...,6(x,) ® 1). This gives a natu-
ral bijection between ®(F') and Derpg (O¢, F') x Hom(E, F ® E) sending (4, ) to
(0,0 = 6*"). But Derpg(Oc, —) is representable by Q¢/s and Hom(E, (—) ® E)
is representable by E ® EV. Thus ® is representable. To check that the sequence
(10.12) in the lemma is exact, it is enough to check locally, which we have just
done. (]

Remark 10.36. We can view Derpg(Oc,n*J) = Hom(Q¢ /s, 7*J) as the group of
automorphisms of Cler*J]| that act as the identity on C' and on 7*J (the group
of ‘infinitesimal automorphisms’). Similarly, we can view the group ®(x*J) =
Hom(Y¢/s(E),n*J) as the group of automorphisms of the pair (Clen*J], £ +¢eJ ®
7*E), the trivial square-zero extension of (C, E) by J, that act trivially on C, J,
and E.

In many deformation problems, deformations and obstructions are classified by
analyzing the ways to glue, and the obstruction to gluing, deformations along infin-
itesimal automorphisms. Thus computing the infinitesimal automorphism group of
the objects under consideration goes a long way toward understand how the object
can deform. Indeed, it was by calculating the infinitesimal automorphisms of a
deformation of (C, E) that we arrived at the definition of ® in the first place.

Now consider an extension (C',E’) of (C,E) to S[eJ]. Let w : C — S be the
projection. We have a canonical projection

(1013) TC’/S<E/) — Tc/s(E)
and it is easy to see that this is surjective. This induces an exact sequence

(10.14) 0— 7m*J = Oc¢ 2 Yeorys(E') = Yeoys(E) =0,
c/

where the morphism 7*J — O¢ ®o,, Tcr/s(E') is the composition

(1015) ™J = Oc ® QC’/S = 0c ® TC’/S(E/>‘
Oc/ Ocl

As in the proof of the exactness of (10.7), the right exactness and exactness in
the middle of (10.14) is formal using the universal properties. The left exactness
follows easily from the exactness of (10.7) and (10.12). Indeed, End(E’) is a flat
Oc¢r-module, so tensoring the short exact sequence (10.12) for E’ on C'/S with
Oc ®or, (=), we obtain the short exact sequence

0— OC 9 QC’/S — OC X TC’/S(E/) — OC ® EHd(E/) — 0.
OC’ Oc/ OC’

Therefore using also the exactness of (10.7), the morphisms in (10.15) are both
injections. The discussion shows that each extension (C’, E’) of (C, E) induces an
extension of Y, g(E) by 7*J.

Conversely, given such an extension,

(10.16) 0—=7"J =T = Te/s(E) =0
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we can recover O¢r as d 'Y = Oy XY, where § : Oc — Y /g(E) is the universal
derivation; i.e., derivation ¢ in the universal pair (d, ) obtained from the identity
map under the identification Hom(Y¢/s(E), Yo/s(F)) = ®(Y¢,5(FE)). Likewise,
we can recover E’ by first tensoring (10.16) by E and then pulling back via the
universal d-connection ¢:

0O— " JRF-—-->FE — — - — — +E——m0
\
H g l"
00— 1" JRE—TQFE——T¢c/s(E)® E——0
Summarizing the discussion above:

Lemma 10.37. Let G be the stack of pairs (C, E) where C is a nodal curve and E
is a vector bundle on C. Suppose that (C, E) is an S-point of F. Then

Tr(C,E) = Ext (TC/S(E), Oc).
In particular,
T7'(C,E) = Hom(Y¢,s(E), Oc)
T9(C,B) = Ext' (Yc/s(E), Oc).
Note that for a nodal curve C/S (or more generally a curve with locally planar

singularities), applying Hom(—, O¢) to Lemma 10.35, and utilizing Lemmas 10.37,
10.30, and Corollary 10.23, we obtain a long exact sequence

0—— TF‘H}C/S (B) ————— T (C,E) ———— T/ (C/S) >

T,gbc/s(E) ———— > TYUC,E) ————— T (C/9) >

Ext*(End(E), Oc) — Ext*(Yc/s(E), Oc) — Ext*(Qc)s,0c) — -
Note that if S is affine, then the last row above is 0.

Remark 10.38. There is an explicit treatment of infinitesimal deformations of pairs
(C, E) where C is a curve and E is a line bundle in | , Thms. 3.1, 4.6], with
infinitesimal automorphisms, deformations, and obstructions lying respectively in
Exti(e@)l(/s(ELE), i = 0,1,2, where 2!(E) is the sheaf of principal parts of E,
and fits in an exact sequence 0 — Q¢/g(£) — @}(/S(E) — E — 0. The same
formulas do not give a deformation—obstruction theory for the pair (C, F) when

the rank of F is larger than 1.

Remark 10.39. Ilusie provides a 2-step obstruction theory for deformations of the
pair (C, E). The primary obstruction is to deforming C, which lies in this case
in Extl(QC/S,W*J), and in general in EXtQ(Lc/S,ﬂ'*J), as we have discussed (see
Remark 10.34). A secondary obstruction in Ext?(Z22'(E), E) obstructs the existence
of a deformation of E that is compatible with a fixed deformation C’ of C | ,
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Prop. IV.3.1.5]. This latter obstruction may be constructed as the cup product of
the class [C’] € Ext'(Lgs, 7*J) and the Atiyah class [11171, §§IV.2.3.6-7].

One can arrive at this 2-step obstruction theory® from the extension (10.12),
which induces an exact sequence:

Ext?(End(E), 7*J) — Ext2(TC/S(E),7T*J) — EXt2(Qc/S,7T*J)

The first term may of course be identified canonically with Ext? (E,E®n*J) since
E is flat.

For the sake of completeness, we also observe homogeneity:

Lemma 10.40. The stack of pairs (C, E) where C is a curve and E is a vector
bundle on E is homogeneous.

Proof. Let X denote the stack of pairs (C, E) as in the statement of the lemma
and let N be the stack of nodal curves. The forgetful map X — N is relatively
homogeneous by Lemma 10.25 and N is homogeneous by Lemma 10.31 so X is
homogeneous by Lemma 10.18. O

10.2.5. Simultaneous deformation of curves, vector bundles, and morphisms of vec-
tor bundles. We will consider a curve C' over S, vector bundles £ and F on C,
and a homomorphism ¢ : F — F. We ask in how many ways these data can be
extended to C’; ', F', and ¢’ over S[eJ] where J is a quasicoherent sheaf on S.
This time, deformations will be controlled by a complex rather than by a module.

Imitating the last section we can construct a quasicoherent sheaf Y¢/g(E, F)
controlling simultaneous deformations of the two vector bundles E and F'. This will
be the universal example of a quasicoherent Oc-module, equipped with a derivation

0: OC — Tc/s(E7F)

and d-connections,
¢p:E—=Yos(E,F)®E
(o) nl F— Tc/s(E7F) ® F.

As it would be similar to the proof of Lemma 10.35, we will omit an explicit
verification of the existence of such a universal object, as well as the construction
of the natural exact sequence:

0— Qc/s = Yeys(E,F) — End(E) x End(F) — 0

Before studying the question of deforming a homomorphism o : E — F, we
analyze how we can recover the deformation Hom(E’, F') of Hom(FE, F') from de-
formations of E/ and F, encoded as an extension of Y¢/g(E, F') by m*.J.

If 0 : E — F is an homomorphism of vector bundles we obtain an element

[0'790] € TC/S(EaF) ®I‘IC)7H1(E,F)
[0, ] := (idTC/S(EJ:) ®o)opp —proo:E = Yo/g(E,F)®F.
As [0, ¢] depends linearly on o, this induces a homomorphism of O¢-modules:

CHom(E,F) - Hom(E, F) = Y¢/g(E, F) ® Hom(E, F)

3We have only verified the obstruction groups coincide, not the obstruction classes.
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Lemma 10.41. Suppose that Y’ € Ext(Tc/S(E,F),Tr*J) corresponds to exten-
sions C' of C, E' of E, and F' of F. Then there is a cartesian square of sheaves
of abelian groups:

Hom(E', F') ———— Hom(E, F)

WIM(EGF’)J/ JV’Hom(E,F)

T @ Hom(E, F) —— T ® Hom(FE, F)
Proof. For the sake of readability, we will write
Y =7Y¢/s(E,F) H=Homy (E,F) H =Homy (E'F') ¢=¢u

We also observe that we can identify Y' = Oc ®o,., T¢r/s(E', F') by Lemma 10.37
(which allows us to identify the exact sequences (10.14) and (10.16)) and then write
¢ for the composition of ¢r and reduction modulo 7*.J:

QO/ CH m} TC//S(EI,F/) ®OC, H =Y RoOe H

Consider the following commutative squares:

Ocy —— O¢ H' H
p+65/J J’idjteé p+€gol lid«#ecp
Oc+ €Y —— O¢ + €T H+ec(YY®@H)—— H+¢Y®H)

We have written p for reduction modulo 7*J and ¢’ for the composition
OC’ — TC//S(E/7F/) — OC ®Oc/ TC'/S(E/7F/) =7

We have already seen that the square on the left is cartesian in the discussion of
(10.16) and Lemma 10.37. The square on the right is cartesian as well, since its
horizontal arrows are surjective and we can identify the kernels of both horizontal
arrows with 7*.JJ ® H: on the top we have applied ®o_, H' to the exact sequence

OHW*J%OC/*}Ocﬁo

noting that H’ is flat over O¢r, and on the bottom we have applied ®o, H to the
exact sequence (10.16), this time noting that H is flat over O¢. Each entry in the
square on the right is a module under the ring in the corresponding entry of the
square on the left and the arrows in the square on the right are homomorphisms
with respect to the arrows in the square on the left. It follows that the module
structure on H' is induced from the fiber product. The lemma now follows, since
the square

H+eY®@H)——H+e(Y®H)

| |

TToH— 5 TQH

is cartesian. O

If we fix 0 : E — F, then ¢gom(p,r)(0) € Teoys(E, F) @ Hom(E, F) induces a
linear map:

(10.17) Hom(E, F)" — To/s(E, F) L T8, 5(E, F,o)
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via evaluation against Hom(E, F). As indicated write T¢, o(E, F,0) for the com-
plex (10.17), concentrated in degrees [—1, 0].

Remark 10.42. As with T¢/g(E), one may arrive at the definition of TB/S (E,F,0)

by contemplating, with a bit of care, the automorphism group of the trivial exten-
sion of (C, E, F, o) to S[eJ] (cf. Remark 10.36).

In order to state the next lemma, we recall the category Ext(K*®, L) of exten-
sions of a complex K~! — K° by a module L is, by definition, the category of
commutative diagrams

Kfl
0 L M KY 0
in which the bottom row is exact [ , §VIL3].

Lemma 10.43. Let F be the stack of quadruples (C,E, F,o) where C is a nodal
curve, E and F are vector bundles on C, and o : E — F is a morphism of vector
bundles. At an S-point (C, E, F,0), we have

Tr(C,E, F,0) = Ext(Y¢ (B, F,0),0c)
and therefore

Tz'(C,E,F,0) = Ext’( ¢/s(E,F,0),0c)

T(C,E, F,0) = Ext' (Y% 5(E, F,0),00).

Proof. As in the previous sections we will actually prove the analogous state-
ment about extensions to S[eJ]. Suppose that (C’, E’, F’,0’) is an extension of
(C,E,F,0) to S[eJ]. We have a commutative diagram:

Oc ®o,, Hom(E', F')Y —— Hom(E, F)V

J |

04)7T*J4)OC ®OC, Tc//s(E/,F/) 4)T0/3(E,F) —0

The bottom row is exact, as in the last section. As the upper horizontal arrow is
an isomorphism, we obtain an element of Ext(Ta/S(E7 F,o),7* J).
Conversely, suppose we are given an extension:

Hom(E, F)V

(10.18) / J

0 ™ J T’ Tc/s(E7F)*>0

We may construct
Ocr =671 =Oc xy Y’
E =¢,'(Y®E)=FE xygp (Y ® E)
Fl=p ' (Y®F)=F xygr (T®F)
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To get o/ € Hom(E', F'), regard 8 as an element of Y ® Hom(F, F'). Then the
image of #in Y¢/g(E, F') ® Hom(E, F) is [0, @], by the commutativity of (10.18).
Therefore o’ = (o, 8) defines an element of

Hom(E', F') = Hom(F, F) X Y ® Hom(E, F).
Y®Hom(E,F)

We leave the verification that these constructions are mutually inverse to the reader.
O

Lemma 10.44. Let F be the stack of quadruples (C,E, F,o) where C is a nodal
curve, E and F are vector bundles on C, and o : E — F is a homomorphism of
vector bundles. Then F is homogeneous.

Proof. Let N be the stack of nodal curves. The forgetful map F — N is relatively
homogeneous by Corollary 10.27 and N is homogeneous by Lemma 10.31. Therefore
F is homogeneous by Lemma 10.18. (Il

10.2.6. Deformations of Higgs bundles. We may apply the method of the previous
section to study deformations of a Higgs bundle ¢ : £ — F ® wc/s on a nodal
curve C over S. We find that the deformation theory of (C, E, ¢) is controlled by
the complex Y¢/g(E,0), in degrees [—1,0]:

Hom(E,E ® weys)” — Yeoys(E)

Lemma 10.45. Let (C,E, ¢) be a nodal curve of genus g over S equipped with a
Higgs bundle. Then

THShﬁg (C,E,¢) =Ext(Yc/s(E,0),00)
and

Tﬁéhﬁg (C,E,¢) = Ext’(Yeys(B,0),0c)

T%Shﬁg (C,E,¢) = Ext' (Y¢/s(E,0),0c)

Lemma 10.46. The stack of Higgs bundles on nodal (resp. stable) curves is ho-
mogeneous.

Proof. Let F be the stack of quadruples (C, E, F, o) where C' is a nodal curve over a
tacit base S, F and F are vector bundles on C, and ¢ : E — F' is a homomorphism.
Let € be the stack of pairs (C, E') where C is a nodal curve and F is a vector bundle
on C. Let H be the stack of Higgs bundles on nodal curves.

We have seen in Lemma 10.40 that £ is homogeneous and in Lemma 10.44 that
F is homogeneous. Then we have two projections F — &, one sending (C, E, F, o)
to I" and the latter sending (C, E, F,0) to wc/g ® E. We can identify H with the
equalizer of these two maps, that is, with the fiber product F xg¢x¢ &, hence is
homogeneous by Lemma 10.18.

Again by Lemma 10.18, we deduce that H — N is relatively homogeneous,
where N denotes the stack of nodal curves. By base change, the stack HShﬂq

of Higgs bundles on stable curves of genus g is homogeneous over M, (again bj/

Lemma 10.18). But we know M, is homogeneous (Lemma 10.31) so we deduce
that HS hﬂg is homogeneous as well. O
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10.2.7. Deformations of principal bundles. Suppose that X C X’ is a square-zero
extension of schemes by the ideal J and G’ is a smooth algebraic group over X'.
Denote by G the preimage of X in G’. Let P be an étale G-torsor over X, meaning
that the map G xx P — P X x P is an isomorphism, and that P covers X in the
étale topology (Definition A.16). We would like to classify the extensions of P to
G'-torsors over X'.

Remark 10.47. An algebraic group can have étale torsors that are not torsors in the
Zariski topology (see | 1), so it is important that we have specified étale torsors
here. Since G is smooth, working in the fppf or fpqc topology would not yield any
more torsors: flat descent implies that any G-torsor would be representable by a
smooth algebraic space over X, hence would have a section étale-locally.

Remark 10.48. This discussion of G-torsors generalizes the discussion of §10.2.2:
given a vector bundle E over X, we may take G = GL,, and let P to be the G-torsor
of isomorphisms between ' and O%.

Before analyzing the deformation problem, we introduce the (underlying vector
bundle of the) Lie algebra of G. Let e : X — G and ¢ : X’ — G’ denote the
identity sections. We set

g=c"Tg/x
to be the Lie algebra of G. We will also be interested in a closely related ob-
ject. To introduce it, note that the small étale sites of X and X’ are equivalent
(Lemma 9.10), and that if U is an étale scheme over X we denote by U’ the unique
(up to unique isomorphism) extension of U to an étale scheme over X'.

We write G%; and G for the restrictions of G’ and G to this common étale site,
and we introduce g’ for the kernel of the projection from G, to Ge:

0—g =Gy = G — 0
In general g’ does not coincide with g, but the following lemma relates them:

Lemma 10.49. Let g and g’ be as above. Then g’ ~ g® J as sheaves of groups on
the étale site of X. In particular, g’ is a sheaf of commutative groups.

Proof. We observe that g’ is canonically a torsor under g ® J. Indeed, for an open
subset U C X, denoting by G (U) the morphisms U’ — G’ whose restriction to U
are the identity section, then we have:

g'(U) x g'(U) = G.(U") x Ge(U')
=GL(U 1y U") by homogeneity of G
= G’( Uy Uledu])  Our xo, Our =~ Oy xo, Oulel], p. 84
Ge(U') x Ge(UleJ]) by homogeneity again
Ge(U') x (g® J)(U)

since g is the tangent space to G at the origin. But g’ also has a canonical section
over X coming from e’. Therefore g’ ~ g® J as a g ® J-torsor. In particular, g’
inherits a group structure from g ® J.

There is another group structure on g’ by virtue of its construction as a kernel.
These two group structures commute with one another, in the sense that the mul-
tiplication map of either group structure is a homomorphism with respect to the
other, and the identity elements are the same. By a standard argument, this means
the two group structures coincide (and that both are commutative). ]
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As in the earlier sections, we make some observations about the local triviality
of this problem:

(i) There is an étale cover of X’ by maps U’ — X' such that, setting U =
U’ xx+ X, each Gy-torsor Py extends to a G-torsor on U'.
(ii) Any two extensions of P to X’ are isomorphic on a suitable étale cover of X'.
(iii) If P" and P are two extensions of P and u,v : P’ — P" are two isomorphisms
between them, then there is a unique map h : P’ — G’ over X’ such that
h.u = v (we are denoting the group action map for the torsors with a dot,
and the map h.u is the composition of h x u : P/ x P/ — G’ x P” with the
action map G’ x P — P").
As u and v both reduce to the identity map on P, the map h must reduce
to the constant map P — e. Therefore h factors uniquely through g':

p " L

\N /
g/

Furthermore, the induced map h : P’ — g’ is equivariant with respect to
the natural action of G’ on P’ and on g’ (by conjugation). Indeed, we have

h(g.x).u(g.x) = v(g.x)
hg-x)g.u(z) = g.v(zx) = gh(z).u(x)

for all x in P’. Tt follows that h(g.z) = gh(z)g~! for all g € G.
Finally, h : P’ — ¢ factors through the projection P — P = P'/g’.
This is because g’ is commutative, so h(g.z) = gh(z)g~! = h(x) whenever
g € g’. Therefore h factors through P’/g’ = P. Thus h factors uniquely as a
G-equivariant map
P—g¢g=gaJ
Putting all of this together using the same Cech or gerbe argument from Sec-
tion 10.2.2, we obtain a theory of deformations and obstructions:

Theorem 10.50. Suppose that G is a smooth algebraic group over a scheme X,
that X’ is a square-zero extension of X, and that G' is an extension of G to X'
by the ideal J. Let P be a G-torsor on X. There is an obstruction to extending
P to a G'-torsor on X' lying in H?*(X,Homg(P,g ® J)). Should this obstruction
vanish, deformations are canonically a torsor on X under H* (X,MG(P,Q ®
J)), and automorphisms of any given deformation are canonically isomorphic to

H°(X,Hom(P,g® J)).

In the case of the trivial extension XJe], so that J = Ox,and g=g® J = ¢/,
the bundle

p = MG(Pa g)

is known as the adjoint bundle of P.

Remark 10.51. The adjoint bundle can also be constructed as the quotient of P x g
by the diagonal action of GG. To see that these are equivalent, note that a section
of P X g corresponds to a G-orbit in P X g, which is the graph of an equivariant
map P — g. Thus the definition of the adjoint bundle given above is equivalent to
the one given in Section 7.8.
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Lemma 10.52. The adjoint bundle p of a G-torsor P over X is isomorphic to the
space of G-invariant vector fields on the fibers of P over X.

Proof. Recall that a vector field on the fibers of P over X is an X-morphism
V' : Ple] — P that lifts the identity on P C Ple]. To be invariant means that the
diagram

Gx Pl Y axp

”j{e] v Jj

commutes, o being the action map and ps the second projection. Now, the zero
vector field also gives a map Ple] — P, and the pair (0,V') gives an X-morphism

(10.19) Pl 9% Pxx P Gxx P
The first map is equivariant with respect to the diagonal G-action on P xx P.
Since the map G xx P — P xx P sends (g,y) to (gy,y), the second arrow is also
equivariant, provided we let G act by conjugation on itself. The original condition
that Ple] — P restrict to the identity on P C P[e] means that P C Ple] - P xx P
factors through the diagonal, and therefore that P C Ple] = G xx P — G factors
through the identity section of G.

Now composing (10.19) with the projection G x x P — G, we get an equivariant
map

Ple] = P x Xe] — G,

that factors through the identity section of G when restricted to P. This is the
same as to give an equivariant map

P — Homy (X[e], G) Xpom, (x,6) {e} = T x X {e} =g,

which, by definition is the same as to give a section of the adjoint bundle of P. O

Corollary 10.53. The adjoint bundle p of a G-torsor P has the structure of a sheaf
of Lie algebras. If G is semisimple then the Killing form furnishes an isomorphism
between p and its dual.

Proof. The point is to verify that the bracket of equivariant vector fields on P is
equivariant. This can be done with a diagram chase, using the definition of the Lie
bracket in Section 10.1.3, but we omit it. Then P is locally isomorphic to G so p
is locally isomorphic to g, and this isomorphism preserves the Killing form. If G is
semisimple then g is self dual with respect to the Killing form. [

For the next statement, let X be an S-scheme and let G be a smooth group
scheme over X. Let Fib§ /s denote the S-stack whose sections over T' are the
G-torsors on Xr.

Theorem 10.54. We have TFibg;(/S(P) = BHom (P, g) = Bp where g denotes the
Lie algebra of G. In particular,

T )= H°(X,Hom(P,g)) = H(X,p)

Fib§

0
TF

el
'bX/s

(P) = H'(X,Homg(P,g)) = H'(X,p).
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Proof. Let X’ = XJe]. Let P’ be the trivial extension of P to X’. Suppose that
P" is another extension. Then Isom%, (P”, P') (isomorphisms respecting the G'-
action and the maps to P) is a torsor on X’ under Hom, (P, g) as explained in
(iii) above (X’ has the same étale site as X). The same argument shows that
Mg/(P’) = p, so that, given any torsor ) under p = Hom (P, g), we can form
the sheaf of p-equivariant maps from Q to P’

P" = Hom, (Q, P").
These constructions are inverse isomorphisms between TFibg/S (P) and the stack of

torsors under p = Homq (P, g). O

Now suppose that X is a reduced (and therefore Cohen-Macaulay) projective
curve over a field k (i.e., S = Speck). Then by Serre duality, we have
v
Tewe (P) = H'(X,p) ~ H°(X, Hom(p,wx)) -

Generalizing Definition 7.26:

Definition 10.55 (G-Higgs bundle). Let X be a reduced projective curve over
a field k, and let G be a smooth algebraic group over k. A G-Higgs bundle on
X is a pair (P,®) where P is a G-torsor over X and ® € Hom(p,wx), where
pi= MG (Pa g)

Remark 10.56. If G is semisimple then p is self-dual (Corollary 10.53), so a G-Higgs
bundle on X can also be viewed as an element of H°(X,p ® wx), or, in another
popular notation, of H°(X,ad P® Kx). In other words, Definition 7.26 agrees with
Definition 10.55.

In the case where P is the GL,-torsor associated to a vector bundle E, we have
p = End(FE), so that

M(p,wX) :HO7H1(E,E®wX)7
and Tgibi/k(P) = H'(X,p) ~ Hom(p,wx)" = Hom(E,E ® wx)". More gener-

ally, extending the definition of G-Higgs bundles to families of curves, and using
Grothendieck duality, the discussion above proves the following corollary:

Corollary 10.57. Let X be a family of smooth curves over S. Higgs bundles on
X/S correspond to isomorphism classes of relative cotangent vectors for Fibx,g
over S. Likewise, G-Higgs bundles on X/S correspond to relative cotangent vectors
over S for the stack Fib)G(/S of principal G-bundles on X.

10.3. Obstruction theory. In this section, we will consider a stack F (not a priori
algebraic) and a lifting problem

(10.20) St F

J b
7
Ve
7
Sl
in which S’ is a square-zero extension of S’ with ideal J. We are looking for an
obstruction theory that can detect whether this lifting problem has a solution. The

obstruction theory will be an Og-module TH(&,J) that depends only on J and
& € F(S), not on the particular extension S’. The above lifting problem will then
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produce a natural obstruction w € Tx(¢,.J) whose vanishing is equivalent to the
existence of a lift.

We will see that for moduli problems that are locally unobstructed in a suitable
sense (that includes all of the examples considered here) there is a natural choice
for T}-({ ,J) arising from the infinitesimal deformation theory. This phenomenon
could be better explained in the language of torsors under abelian group stacks,
but to introduce such objects would take us too far afield. We will rely instead on
injective resolutions and Cech methods.

Various definitions of obstruction theories have appeared in the literature | ,
§2.6], | , Def. 4.4], | , Def. 1.2], | , Tag 07TYG], | , Def. 6.6],
[ , Def. 3.2]. From the perspective of derived algebraic geometry, an obstruc-
tion theory arises from the promotion of a moduli problem to a derived moduli
problem [ ]. The definition we adopt here is closest to | .

Definition 10.58. Let F be a stack on the étale site of schemes. An obstruction
theory for F is a system of abelian groups T (¢, J) depending contravariantly on a
scheme S and an element £ € F(S), and covariantly on a quasicoherent Og-module
J, together with an obstruction map

w : Exal(Og, J) — TY(&, J)

that is natural in S and J and has the following property: w(S’) = 0 if and only if
diagram (10.20) admits a lift.

Above we use the notation Exal(Og, J) for the Og-module of algebras that are
extensions of Og by J with J2 =0 (see e.g., | , §1.1] for more details).

We spell out precisely the meaning of naturality in Definition 10.58. Suppose
there is a commutative (not necessarily cartesian) diagram of square-zero exten-
sions (10.21) where R C R’ has ideal I and S C S’ has ideal J.

R—— R

(10.21) fl l

S— 9
Then we get a homomorphism f*J — I and therefore a morphism:
(10.22) THE, ) = THf*E f*T) = THSE D).

We also have obstructions w(S’) € TY(¢,J) and w(R') € T(f*¢,I). The natu-
rality alluded to in Definition 10.58 requires that w(S’) is carried under the mor-
phism (10.22) to w(R').

Our goal in this section will be to illustrate a technique for constructing an
obstruction theory for a stack. For concreteness, we will consider the case where F
is the stack of quadruples (C, E, F, o) in which 7 : C — S is a nodal curve, F and F
are vector bundles on C, and o : E — F is a morphism of vector bundles. However,
apart from the following observations, analogues of which frequently hold for other
stacks, the particular choice of F will not enter into the rest of the discussion:

(1) Fix a scheme S, an S-point £ = (C, E, F,0) of F, and a square-zero extension
S C S’ with ideal J. We obtain a square-zero extension of sheaves of com-
mutative rings on the Zariski site, 7 !Qg — 7 1OQg, with ideal 771J. Our
problem can be phrased as the search for a square-zero extension O¢r of O¢ by
7*.J compatible with the extension 77 'Og — 77 'Og and the homomorphism
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7 1J — 7*J, together with locally free Oc,-modules E’ and F’ extending E
and F and a morphism ¢’ : B/ — F' extending o.

We could replace 77 !Qg by the extension .27 of 7~'Og by 7*.J obtained by
pushout:

0 1J 7 10¢ —— 77 10g ——0
0 a*J o 7 10g ——0

To find an extension of O¢ by 7*J compatible with o/ is the same as to
find a 7~ 1Ogs-algebra extension compatible with the homomorphism 7=1J —
7*J. Indeed, an o7-algebra extension induces a 7~ 'Og -algebra extension by
composition with 771Og — &7; conversely, if Z is a 71 Og -algebra extension
of Oc by 7*J then the map 7~ 'J — £ factors through 7*J so the map
7 t0g — A factors through 7.

Moreover, we may consider an arbitrary square-zero extension </ of 7= 10g
by an Oc-module ¢ and define F¢(4/) to be the category of quadruples
(O¢, E', F',0") where O¢ is an extension of O¢ by _#, compatible with 7;
both E' and F’ are locally free O¢/-modules extending E and F, respectively;
and ¢’ : B/ — F’ is a morphism of O¢c/-modules extending o.

We observe that F¢ is a homogeneous functor. This allows us to define
TF'(¢, 7) and TR(€, 7).

There is a complex T*® of Oc-modules with quasicoherent cohomology such
that

Tr(& ) = Bxt(T*, 7).

In other words, the infinitesimal deformations and automorphisms of £ should
be representable by a complex. In the case of interest, Y* is the complex
TE,/S(E,F,U), constructed in §10.2.5.

For the representability of the obstruction theory by a complex on S, we

will also need the observation that Y* is perfect as an object of the derived
category. That is, locally in C' it can be represented by a bounded complex of
locally free modules. This is even true globally for T¢/s(E, F, o).
Whenever ¢ is an injective Oc-module and &/ is a square-zero extension of
7 1Og by Z, there is some & € F¢(<7). In our situation of interest, we can
see that this is the case by considering the successive obstructions introduced
in earlier sections. There is no local obstruction to deforming curves (Corol-
lary 10.32). The first global obstruction (gluing isomorphism classes of local
deformations) lies in

H'(C,Ext' (Qcys, #)) = 0.

The obstruction to finding a global deformation inside compatible local isomor-
phism classes lies in

H*(C,Hom(Qcys, 7)) = 0.
Therefore we can find O¢s. Now the obstructions to extending F and F lie in
Ext?(End(E)Y, #) =0
Ext’(End(F)", #) = 0.
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Finally, the obstruction to extending o, once O¢-, E’, and F’ have been chosen,
lies in

Ext'(Hom(E, F)", #) = 0.
One could also verify the existence of £ directly by choosing local deformations
arbitrarily and using the fact that ¢ is a flasque sheaf to assemble them into
a global deformation. Thus, if one wants to axiomatize the discussion of this

section, one should require that F¢(2/) be locally nonempty, when regarded as
a CFG over the Zariski site of C.

Now we will build a global obstruction to the existence of & € F(S’) lifting
¢ € F(S). The obstruction will lie in Ext?(T®,7*.J), which we will take as the
definition of T%(¢, J).

We begin by choosing a resolution

0—=71J— 7%= 71 50

where #% and #! are sheaves of Oc-modules and _#° is injective. We leave
it to the reader to verify that the construction of the obstruction given here is
independent of the choice of resolution.

We can push out the extension:

0 7 tJ 7 '0g —— 171 0g —— 0
0 /0 4 7 10g——0
0 /1 B 7 10g——0

Note 4 is canonically isomorphic to 771Og +€_#! because the map 7='J — #!
is zero.
The commutative diagram above induces a map:

(10.23) Fe(ol) = Fe(B) =Tr(& 7).
The identification with T(¢, #1) comes by virtue of the canonical isomorphism
Br~1 05 +€ 7.

Note that F¢ () contains a canonical zero element (corresponding to the zero
element of T#(¢, #')), namely the image of £ under the map F¢(77'Og) — F¢(%)
induced from the homomorphism 7 'Og — 77 'Og +€_#! = %, so we can speak
of the kernel of (10.23). By definition, this is the fiber product of groupoids
0 X}—E(‘/@) ]‘—5(.52/)

Lemma 10.59. There is a canonical identification between Fe(n~'Og/) and the
kernel of (10.23).

Proof. The diagram
7'&'_1(/)5/ ——

|

Wﬁlos — A
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is cartesain (the bottom arrow is the canonical splitting of the projection & —
7 1Og). Therefore the homogeneity of F¢ implies that

Fe(n™ ' O0g1) —— Fe()

L]

Fe(m10s) —— Fe(#)

is also cartesian. But F¢(77'Og) = 0, by definition, so this identifies F¢(7~1Og/)
with the kernel of (10.23). O

As 79 is injective, F¢ (/) # @ (observation 3 on p. 97), so that Ext'(T*, #°)
acts simply transitively on the set |F¢(#)| of isomorphism classes in F¢(«) (by
observation (2) on p. 97). As £ is a (canonically) split extension of 7=1Qg, we
have a (canonical) identification Ext'(Y*, #') = | Fe(#)|. Now we have an exact
sequence in the top row below, with compatible actions illustrated in the bottom
row:

Ext!'(Y*, 77 ) —— Ext'(T*, #°) —— Ext'(T*, #!) —— Ext*(T*,7~'J)

@ |

| Fe(n ' O0g1)| ——— | Fe( )| ———— | Fe(D)]

Note that F¢(7~1Og/) may be empty. As the action of Ext'(T*®, #°) on |F¢(o/)|is
faithful and transitive, we have that the image of | F¢(&/)| is an Ext'(T*, _#°) coset

in Ext'(T*, #'). In other words, it gives a well-defined element of Ext*(Y*, 7~ 1.)
obstructing the existence of an element of F¢(7~'0s/). We therefore define

Tx(S,J) := Ext*(T*, 7 1J).

By construction, T4(5,J) is functorial with respect to S (contravariant) and .J
(covariant) and the obstruction class is natural.

Definition 10.60 (Representable deformation-obstruction theory). Let F be a
stack in the étale topology on schemes. We will say that a deformation-obstruction
theory T%, i = —1,0,1, is representable at an S-point ¢ if there is a complex of
locally free sheaves E® on S, such that for any f : T — S and any quasicoherent
sheaf J on T, we have a natural (in 7" and in J) identification

Tz(f7¢,J) = Ext'(f*E®, J)
for : = —1,0,1. We will say it is finitely presentable if the vector bundles in the
complex E® may be chosen to have finite rank.
We say that the deformation theory is locally representable if it is representable

at all points valued in affine schemes. We say it is locally finitely presentable if it is
finitely presentable at all points valued in affine schemes.

Lemma 10.61. Let F be the stack of quadruples (C,E, F,o) where C is a nodal
curve, E and F are vector bundles over C, and o : E — F is a morphism of
vector bundles. Then the obstruction theory for F introduced above is locally finitely
presentable.

Proof. Let A be a commutative ring and let £ = (C, E, F,0) be an A-point of F.
We want to show that there is a complex of locally free A-modules E® representing
Ti(&,J) fori = —1,0,1 and all A-modules J. We assume first that A is noetherian.
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Let =° be a bounded above complex of locally free sheaves on C' that is dual to
Y*. Then
TL(E,J) = Ext! (Y, n*J) = H(C,Z* @ ©*J).
Therefore, by [ , 111.12.2], there is a complex L® of finite rank vector bundles
on S such that* ‘ ‘
TL(E,J) = hi(L* @4 J).
But now we may take E® to be a complex dual to L*® and obtain
Ext'(E®,J) = h'(L* ®4 J)
as required.

Now we pass to the general case. We can always write A as a filtered colimit of
commutative rings of finite type A = ligAi. As F is locally of finite presentation
(Corollary 11.15) there is some index j and some &; = (C;, E;, F;,0;) € F(A))
inducing (C, E, F, ). Now, T%(&,J) = T%(&;, J), with J regarded as an A;-module
via the map A; — A. Therefore

TH&J) = T5(&, J) = Bxtly (B7,.J) = Exty(4 @ B, )
J

so T'r is locally representable at &. O

Lemma 10.62. Suppose that X is a stack with a locally finitely presentable ob-
struction theory. Then, for any field-valued point & of X, the vector spaces T;l(g),
T%.(£), and T (€) are finite dimensional.

Proof. This is immediate, because the vector spaces in question may be identified
with cohomology groups of the dual complex of a complex of finite rank vector
bundles. O

11. ARTIN’S CRITERION FOR ALGEBRAICITY

Intuition from analytic moduli spaces suggests that moduli spaces should locally
be embedded as closed subspaces of their tangent spaces. For this to apply in an
algebraic context, locally must be interpreted to mean étale-locally for schemes and
algebraic spaces, and smooth-locally for algebraic stacks.

Artin gives criteria under which a stack is locally cut out by polynomial equations
inside its tangent space, thereby ensuring the stack is algebraic. Since Artin’s
original formulation, there have been a number of improvements | , ,

, , ]. The statement we give here is close to the form given by
Hall | ], but with some hypotheses strengthened for the sake of transparency:

Theorem 11.1 (Artin’s criterion | , Thm. A]). Let S be an excellent scheme
and let X be a CFG over the category S/S of S-schemes. Then X is an algebraic
stack over (S/S)et that is locally of finite presentation over S if and only if it has
the following properties:

(1) X is a stack in the étale topology (Definition 3.31).

(2) X is homogeneous (Definition 10.12).

(8) X has finite dimensional tangent and automorphism spaces (Section 10.1).
(4) X is integrable (Definition 11.17).

(5) X is locally of finite presentation (Sections 9.6 and 11.2).

4Loc. cit. requires that Z°® be a quasicoherent sheaf, but the proof works for a complex as long
as one takes the total complex of the Cech double complex at the bottom of p. 182.
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(6) X has a locally finitely presentable obstruction theory (Definition 10.60).

Remark 11.2. The assumption (3) actually follows from (5) (see Lemma 10.62);
however, we include the hypothesis (3) since it is useful from an expository per-
spective. In particular, a theorem of Schlessinger-Rim (see Theorem 11.10) uses
the hypotheses (2) and (3) on a CFG.

Remark 11.3. Hall only requires the existence of a multistep obstruction theory,
which is an a priori weaker hypothesis than (6). A posteriori, every algebraic
stack has a cotangent complex, whence a single step obstruction theory. In our
case, we actually constructed the obstruction theory for Higgs bundles in pieces in
Section 10.2, but we were able to assemble it into a single-step obstruction theory
in Section 10.3.

Remark 11.4. Property (5) is sometimes phrased, ‘X is limit preserving’.

Remark 11.5. For Property (4), some would say ‘X is effective’ or ‘formal objects of
X may be effectivized’ or ‘formal objects of X' can be algebraized’ (in the literature,
the term ‘algebraized’ is sometimes reserved for algebraization over a scheme of
finite type; see Definition 11.22). We picked up the term ‘integrable’ from | I,
the intuition being that infinitesimal arcs can be integrated into formal arcs, in the
manner that tangent vectors are integrated to curves on smooth manifolds.

The rest of this section will be devoted to explaining these properties and veri-
fying them for the stack of Higgs bundles and related moduli problems; at the end,
we give a brief explanation of how these properties combine to imply a stack is
algebraic.

11.1. The Schlessinger—Rim criterion. We have seen that homogeneity is a
necessary condition for representability by an algebraic stack. The Schlessinger—
Rim criterion implies that it is sufficient for prorepresentability.

By abstract nonsense, a covariant functor is prorepresentable if and only if it
preserves finite limits. Generally, it is not very practical to check that functors on
Artin rings preserve arbitrary finite limits, ultimately due to the restrictions on
descent for flat modules along non-flat morphisms in Theorem 10.14. Fortunately,
Schlessinger was able to prove that homogeneity, that is, respect for a restricted
class of limits, along with a finite dimensional tangent space, are sufficient to im-
ply a functor is prorepresentable [ ]. In this section, we will discuss Rim’s
generalization of Schlessinger’s result to groupoids | , Exp. VIJ.

Suppose that X is a CFG on A-schemes, where A is a complete noetherian local
ring with residue field k, and £ : Speck — X is a k-point. Let @ be the category
of local artinian A-algebras with residue field k. One may interpret €,° as the
category of infinitesimal extensions of Speck. Let A be the fibered category on
%" whose fiber over a ring A in 6" consists of all € X'(A) whose image via the
projection A — k is &. Th CFG &; gives a formal picture of X near the point &.

Remark 11.6. Note that the restriction of the étale topology to €’ is trivial, as
every morphism in €," has a section over the residue field, and sections of étale
maps extend infintisimally. Therefore all covers in €;" have sections, every presheaf
is a sheaf, and every CFG is a stack. Therefore we can use the terms ‘stack’ and
‘CFG’ interchangeably over €;°.
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Remark 11.7. Typically, we will start with a CFG X over S. This induces a CFG
X%pxp over 6" by restricting to the full subcategory obtained by taking objects over
the spectrum of such a ring. Given an object £ € X' (Speck), the category X over
)" has objects the pairs (1, ¢) where ¢ : £ — 1 is a morphism of X (necessarily
cartesian) lying above an infintiesimal extension Spec k — Spec A, with A4 in €3":

§—

L]

Speck — Spec A

Morphisms in X are defined in the obvious way.

We write %Z;\ for the category of complete local A-algebras with residue field k
that are formally of finite type over A; i.e., completions of rings of finite type over
A.

Recall the notion of a groupoid object of €,° from Definition C.2 and its asso-
ciated CFG C.6. Note that this coincides with the associated stack from Defini-
tion C.12, since the topology of €," is trivial.

Definition 11.8 (] , Def. VI.2.11]). We say a category fibered in groupoids
over 6" is prorepresentable if it is representable by (i.e., equivalent to) the CFG
associated to a groupoid object Uj :j% Up in ‘g}ip (Example C.16). The groupoid is
said to be smooth if the morphisms s and ¢ satisfy the formal criterion for smooth-
ness (Definition 9.12).

Remark 11.9. In the above discussion, it is important to note that we are consid-
ering stacks over €,", not €,". In particular, if X' is representable by a groupoid
object Uj :} Up in ‘KAX", the morphism Uy — X (Example C.16) is not in gen-
eral defined by an object over Uy (as Up is not in general in €,°). However, if
m is the maximal ideal of Uy, and V}, is the vanishing locus of m’ in Uy, we can
write Uy = lim Vj, with each Vj in €}" and there is a family of compatible mor-
phisms in V;, — X defined by objects of X over V3—in other words, an element

of Jim, X (Up/m?). Such an element is called a formal element of X over Uy (see
Definition 11.17). We will return to this topic again in §11.3. Note finally that if

Uy :jk Up is a smooth groupoid object, then the morphism Uy — X is formally
smooth (Proposition C.18).

The following theorem says, essentially, that a stack looks like an algebraic stack
in a formal neighborhood of a point if and only if it is homogeneous:

Theorem 11.10 (Schlessinger | , Thm. 2.11], Rim | , Thm. VI1.2.17]).
Let X be a fibered category over €5° such that X (k) is a single point. Then X is

prorepresentable by a smooth groupoid object of%?}\)p if and only if X is homogeneous
and T);l and TS are finite dimensional k-vector spaces.
One direction of the implications in the theorem is clear: it is quite easy to

see that the stack associated to a a smooth groupoid object Uj :} Uy of ‘ékp is
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homogeneous, since the stacks associated to the U; are homogeneous. The finite
dimensionality of Ty'(¢) and T%(¢) follows from the finite dimensionality of the
tangent spaces of stacks represented by objects of CKAXP, which consists of objects
formally of finite type.

11.2. Local finite presentation. The definition of morphisms locally of finite
presentation was given in §9.6. The proof of the following lemma is formal:

Lemma 11.11. (i) Suppose that g : Y — Z s locally of finite presentation.
Then f: X — Y is locally of finite presentation if and only if gf : X — Z is
locally of finite presentation.

(ii) The base change of a morphism that is locally of finite presentation is also
locally of finite presentation.

There is a repertoire of techniques for proving moduli problems are locally of
finite presentation to be found in | ]. We combine these with Lemma 11.11 to
prove that the stack of Higgs bundles is locally of finite presentation.

Lemma 11.12. The stack of proper nodal curves is locally of finite presentation.

Proof. Let N denote the stack of proper nodal curves. Suppose that a commutative
ring A is the filtered colimit of commutative rings A;. Put S = Spec A and S; =
Spec A;. Let C be an element of N (A). That is, C is a flat family of nodal curves
over A. We want to show that C is induced by base change from a nodal curve C;
over A; for some 4, and that (up to increasing the index ¢) this curve is unique up
unique isomorphism.

First of all, C' is of finite presentation over S. By | , Thm. (8.8.2) (ii)], there
is an index ¢ and a scheme C; of finite presentation over A; such that C' = Cj; xg, S.
It follows from | , Thm. (8.8.2) (i)] that C' is unique up to unique isomorphism
and increase of the index i. By | , Thm. (8.10.5) (xii)], we can arrange for C;
to be proper over S; by replacing i with a larger index.

Now C' has a cover by open subsets U, each of which admits an étale map
U — V, where V = Spec Az, y]/(xy — ty) for some ty € A. Refining the cover, we
can assume that the open subsets U are affine, and hence of finite presentation over
A. As C is quasicompact, this cover can be assumed finite, so by increasing i, we can
assume that ¢ty appears in A; for all 7. By increasing ¢ still further, we can assume
each U is the preimage in C of an open subset U; C C; | , Prop. (8.6.3)] and
that these open subsets cover C; | , Thm. (8.10.5) (vi)]. Now V =V, xg, S
so by [ , Thm. (8.8.2) (i)], the map U — V is induced from a map U; — V;
over S;, at least after increasing i still further. By | , Prop. (17.7.8) (ii)], we
can ensure that the map U; — V; is étale, at least after increasing i. Then C; is a
family of nodal curves over 5;, and the proof is complete. (]

Lemma 11.13. Let & be the stack of pairs (C, E) where C is a proper nodal curve
and E is a vector bundle on C and let N be the stack of proper nodal curves. The
projection € — N is locally of finite presentation.

Proof. As before, A is the filtered colimit of commutative rings A;. We suppose
that (C, F) is an A-point of £ and that C' is induced from a nodal curve C; over
A;. We want to show that, up to increasing i, the vector bundle E is induced from
a unique (up to unique isomorphism) vector bundle F; over C;. As F is of finite
presentation, we may increase i to obtain a quasicoherent sheaf of finite presentation
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E; over C; inducing E by pullback | , Thm. (8.5.2) (ii)]. The uniqueness of
E; follows from | , Thm. (8.5.2) (i)]. Increasing 4 still further, we can ensure
that E; is a vector bundle | , Prop. (8.5.5)]. O

Lemma 11.14. Let F be the stack of tuples (C, E, F, o) where C is a nodal curve,
E and F are vector bundles on C, and o : E — F is a morphism of vector bundles.
Let G be the stack of triples (C, E, F) as above, and F — G the projection forgetting
o. Then F is locally of finite presentation over G.

Proof. We assume A = lim A; is a filtered colimit of commutative rings and that
(C,E,F,0) € F(A) and (C;, E;, F;) € G(4;) induces (C,E,F) € G(A). By an

immediate application of | , Thm. (8.5.2) (i)], we discover that, after increas-
ing i, we can find o; : E; — F; inducing ¢ and that o; is unique up to further
increasing <. (|

Combining Lemmas 11.11, 11.12, 11.13, and 11.14, we obtain

Corollary 11.15. The stack of tuples (C,E, F,o) where C is a nodal curve, E
and F are vector bundles on C, and o : E — F is a morphism of vector bundles is
locally of finite presentation.

Corollary 11.16. The stack of Higgs bundles is locally of finite presentation.

Proof. This is deduced from the previous corollary by the same argument as in
Lemma 10.46. (]

11.3. Integration of formal objects. Let A be a complete noetherian local ring
with maximal ideal m. A formal A-point of X is an object of the inverse limit
lim X (A/m7). Tt can be checked easily that for any scheme X, the function

(11.1) X(A) — @X(A/mj)

is a bijection. It is only slightly more difficult to verify this gives an equivalence
when X is an algebraic stack, provided that one interprets the limit of groupoids
correctly. One efficient way of describing the limit is as the category of sections of
X over the subcategory

Spec(A/m) — Spec(A/m?) — Spec(A/m?) — - -

of €3".

Lifting a formal A-point of X to an A-point of X may be seen as an analogue of
integrating a tangent vector to a curve. We must require a formal point, as opposed
to merely a tangent vector, because not every tangent vector can be integrated on
a singular space.”

Definition 11.17 (Integrating formal points). Let X be a fibered category over
the category of schemes and let A be a complete noetherian local ring with maximal
ideal m. By a formal A-point of X we mean an object of the category

@X(A/mj).

SMany formulations of Artin’s criterion only require (11.1), when applied to a stack X, to
have dense image. This strengthens the analogy to integrating tangent vectors, since there is
not a unique curve with a given tangent vector. However, it is generally no more difficult to
prove (11.1) is an equivalence than it is to prove it has dense image.
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We say that a formal A-point of X' can be algebraized, or that it can be effectivized,
or that it is integrable if it lies in the essential image of the functor

X(A) — @X(A/mf).

If every formal A-point of X' can be algebraized, for every complete noetherian local
ring A, then we say formal objects of X can be algebraized, or can be effectivized,
or are integrable.

For a long time, the main algebraization theorem was Grothendieck’s existence
theorem, which asserts that formal objects of the stack of coherent sheaves on a
proper scheme can be algebraized:

Theorem 11.18 (Groth. existence | , Thm. 8.4.2], | , Thm. (5.1.4)]).
Let X be a proper scheme over S = Spec A with A a complete noetherian local ring
with mazimal ideal m. For each j, let S; = Spec A/m? and let X; = X xgS;. Then
Coh(X) — &irfnCoh(Xﬂ
J
is an equivalence of categories.

Very recently, Bhatt | ] and Hall and Rydh | ] have proved strong
new integration theorems extending Grothendieck’s. Since Grothendieck’s existence
theorem will suffice for the stack of Higgs bundles on curves, we will not need to
state these new results.

Lemma 11.19. Formal families of proper nodal curves can be algebraized.

Proof. Let N denote the stack of proper nodal curves. Let A be a complete noe-
therian local ring with maximal ideal m. Set 4; = A/m7*! and S; = Spec 4; and
suppose that C; € N(S;) are the components of a formal A-point of N'. Then
Cp is a curve over the field Ag. Pick a very ample line bundle Ly on Cy with
H'(Cy, Lo) = 0. Extend Ly inductively to a compatible system of line bundles L;
on each C;: By Lemma 10.22, the obstruction to extending L; to L4 lies in

H?(C,n* (m /m/ 1)) = wm? /m/ ™ @ H?(Co, Oc,) = 0.

Then V; = m.L; is a (trivial) vector bundle on S;. Moreover, by Lemma 10.19, the
obstruction to extending a section of L; to a section of L4, lies in
H'(C,7*(m/ /m’™) @ Ly) = m/ /m’ ™' @ H'(Co, Ly) =0

so Vj| g, = Ve for £ < k. There is therefore a (trivial) vector bundle V' on S
whose restriction to S; is V; for all k. The complete linear series of the L; give a
system of closed embeddings C; — P(V;). We may regard the structure sheaves
Oc; as a compatible system of quotients of the structure sheaf of P 4,(V}), so by
Grothendieck’s existence theorem they can be algebraized to a quotient O¢ of the
structure sheaf of P 4(V'). Let C be the corresponding closed subscheme of P 4 (V).

By construction C' is proper over Spec A. It is also flat by the infinitesimal

criterion for flatness | , Ex. 6.5]. Therefore it is a family of nodal curves (see
Rem. 10.29). O

Remark 11.20. The above argument can be used more generally to show that formal
families of proper schemes can integrated if the central fiber X has H?(X,Ox) = 0.
See | , Thm. 2.5.13] or | , Thm.4] for different ways of organizing the
ideas.
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Lemma 11.21. Let F be the stack of quadruples (C,E, F,c) where C is a nodal
curve, E and F' are vector bundles on C, and o : E — F' is a morphism of vector
bundles. Then formal objects of F can be integrated.

Proof. Suppose A is a complete noetherian local ring with maximal ideal m, set
Aj = A/miTL. Given a formal family (Cj, E;, Fj,0;) € F(A;), we seek an element
(C,E,F,0) € F(A) inducing it. We may find C by the Lemma 11.19. Note that C is
projective over A and the E; and F}; are each formal families of coherent sheaves over
C, so by Grothendieck’s existence theorem (Theorem 11.18) they can be algebraized
to coherent sheaves E and F' over C. Moreover, both F and F' are flat, by the
infinitesimal criterion for flatness, so they are vector bundles. One more application
of Grothendieck’s existence theorem algebraizes the family of homomorphisms of
coherent sheaves o; : E; — F; to a homomorphism ¢ : £ — F' and the lemma is
complete. O

11.4. Artin’s theorems on algebraization and approximation. The question
of integrability concerns objects of a stack X lying over the spectrum of a complete
local algebra over a field. With the Schlessinger—Rim theorem and integration, we
can factor any morphism Speck — X through a map Spec A — X such that A is a
complete noetherian local ring and is formally smooth over X. This is tantalizingly
close to showing X is an algebraic stack: we need too find a factorization that is
genuinely smooth over X.

The distinction between smoothness and formal smoothness is finiteness of pre-
sentation, so we need to find a finite type ring B that is still formally smooth over
X at the k-point, and induces A by completion at a point (this will give smoothness
of the map B — X" at the given k-point of B; to extend to smoothness on an open
neighborhood of the k-point, see §11.6).

This may be the subtlest part of the proof of Artin’s criterion. It is resolved

by Artin’s approzimation theorem, proved originally by Artin | , Thm. 1.12]
with some technical hypotheses, and in its current form by B. Conrad and J. de
Jong | , Thm. 1.5] using a spectacular theorem of Popescu | , Thm. 1.3].

The algebraization theorem (Theorem 11.23) asserts that under our assumption
that X is locally of finite presentation (Theorem 11.1(5)), given £ € X(A) in an
appropriate complete local ring with residue field k, one can find a finite type k-
algebra B with a marked point (maximal ideal n), whose completion at the marked
point is A, and an element n € X'(B) that agrees to a specifiable finite order with &.
That is one may select j beforehand and then find 7 such that the restriction of ) to
B/nJ ~ A/mJ agrees with the restriction &; of £. Even though 1 € X(B) does not
necessarily restrict to & € X(A), it will differ from £ only up to an automorphism
of A that is the identity modulo m7. In particular, it will still be formally smooth
at the closed point (see the proof of Theorem 11.23).

We begin by introducing notation. Let k& be a field and let A be a complete
noetherian local ring with residue field k. Recall, we denote by @ the category of
local artinian A-algebras with residue field k, and by %, the category of complete
local A-algebras with residue field k that are formally of finite type over A.

Definition 11.22 (Algebraization over a scheme of finite type). Let X be a CFG
over S and let (4,m) € €5. We say a formal element 7 of X over Spec A, i.e.,



STACKS AND HIGGS BUNDLES 107

an object of ]'glj X(A/mI), can be algebraized over a scheme of finite type if there
exist:
e a finitely generated A-algebra B,
e a k-point s : Speck — Spec B corresponding to a maximal ideal n C B,
and,
e an object § € X(B),
such that

(1) A= En, the completion of B at n, and,
(2) the formal element 7 is isomorphic to the image of § under the map

X(B) — lim X(A/m7)

J
induced by the morphism B — B, — B,/n/ = A/m/.
Artin’s algebraization theorem asserts the following:

Theorem 11.23 (Artin’s algebraization theorem). Let X be a CFG that is locally
of finite presentation over an excellent DVR or field A. Let (A,m) be a complete
local A-algebra with residue field k that is formally of finite type over A. Ifij € X(A)
then there is a finite type A-algebra B with a maximal ideal n at whose completion
B is isomorphic to A, along with n € X (B) inducing 7] € X (A).

The proof is almost an immediate consequence of Artin’s approximation theorem:

Theorem 11.24 (Artin’s approx. | , Thm. 1.12], [ , Thm. 1.5]). Let X
be a CFG that is locally of finite presentation over an excellent DVR or field A. Let
(A,m) be a complete local A-algebra with residue field k that is formally of finite
type over A. Given 71 € X(A), there is a finitely generated A-algebra B with k-point
s : Speck — Spec B corresponding to a mazimal ideal n and En = A, such that for
any positive integer j there is an element n € X(B) (depending on j) such that the
images of n and 7} are isomorphic in X (A/m7).

Proof of Theorem 11.23 from Theorem 11.2/. Take B and 7 as in the Approxima-
tion theorem, with j = 2. In other words, 72 and 7, are isomorphic in X'(A/m?).
Now, inductively, using formal smoothness, we can use diagram (11.2)

Spec A/m7 wj;l> Spec A

2
-
e
-
J{ // ’Lp]

(11.2) Spec A/mJ*1 7
Spec B — 7 x

to construct for all j morphisms t; : Spec A/m/™! — Spec A so that 7j¢; = n;. This
induces a morphism v : Spec A — Spec A so that i = 7. But ¢ is an isomorphism
modulo m?, so it must be surjective, and a surjective endomorphism of a noetherian
ring is an isomorphism (e.g., | , Lem. C.5]). O
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11.5. Algebraicity of the stack of Higgs bundles. In Lemma 10.44, Lemma
10.43, Lemma 11.21, Corollary 11.15, and Lemma 10.61, we have verified the con-
ditions of Theorem 11.1 for the stack F that parameterizes proper nodal curves
equipped with a homomorphism of vector bundles:

Theorem 11.25. Let F be the stack of quadruples (C, E, F,c) where C is a nodal
curve, E and F are vector bundles, and o : E — F is a morphism of vector bundles.
Then F is an algebraic stack.

Analogous arguments show that the stack of Higgs bundles satisfies the axioms,
hence is algebraic. Alternately, one may consider the stacks &; of pairs (C, E') where
C'is anodal curve and F is a vector bundle on C' and & of triples (C, E, F') where C
is a nodal curve and F and F are vector bundles on C. (Note that £ = & X &1.)
Then we can construct the stack of Higgs bundles as the fiber product & xg, F
where the map & — & sends (C, E) to (C, E, E ® wc). We therefore have

Corollary 11.26. The stack of Higgs bundles on proper nodal curves is an algebraic
stack.

11.6. Outline of the proof of Artin’s criterion. We will briefly summarize the
proof of Theorem 11.1. Since assumption Theorem 11.1(1) is that X is a stack,
the key point is to establish the existence of a smooth representable covering of
X by a scheme. The basic idea of the proof is to begin with an arbitrary point
& € X(k), valued in a field k, and find a smooth neighborhood U — X of this point
by enlarging Spec k until it is smooth over X'. In more concrete terms, U will be a
versal deformation of £;. Repeating this for every point of X and taking a disjoint
union of the different U gives a smooth cover of X by a scheme.

We now explain in more detail how the arguments in the previous sections imply
the existence of the schemes U.

Versality at a point

By the Schlessinger—Rim theorem (see Theorem 11.10), the homogeneity of X
(Theorem 11.1(2)) and the finite dimensionality of Ty'(&) and T9(&) (Theo-
rem 11. 1(3)) guarantee that X is prorepresentable at £. That is, there is a formal
groupoid V1 = VO7 with V = Spec R for complete noetherian local rings RZ, whose
associated CFG (Definition C.13) agrees with X on infinitesimal extensions of &.

This gives a formal morphism Vo — X that is formally smooth (Example C.16).
In other words, we have compatible elements &; € X' (Spec Ro/mi*1), where m is the
maximal ideal of }ABO. The assumption that formal objects of X integrate uniquely
(Theorem 11.1(4)) guarantees that this formal morphism comes from a genuine
morphism % — X, i.e., from an element of & € X (Spec ﬁo).

Now the map 170 — X is formally smooth at &y, but it is not of finite type. To
remedy this we can use the local finite presentation of X (Theorem 11.1(5)), which
ensures that Y70 — X must factor through some scheme V' of finite type. Unfortu-
nately, it is not clear we can exert any control over V', even formally, to guarantee
it is formally smooth over X. Fortunately, we may rely on Artin’s algebraization
theorem (Theorem 11.23) to ensure that V is still formally smooth over X at the
central point.
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This does not yet guarantee that the map V' — X is smooth: we only have
formal smoothness at one point. The next step will be to show formal smoothness
at a point implies formal smoothness nearby.

Versality in a neighborhood

Write V' = Spec R. We know that R is of finite type and we now have a map
1n:V — & that we know to be formally smooth at a point lifting £. All that is left
is to find an open neighborhood of this point at which the map is actually smooth.
For this we use the obstruction theory T4 (Theorem 11.1(6)).

Hall shows that the existence of a locally presentable obstruction theory repre-
senting the automorphisms, deformations, and obstructions of X' implies that there
is a relative obstruction theory T‘l,/ y for V over & and that T‘l,/ v is a coherent
functor.

As V is formally smooth over X at &;, we know that T‘l//x(n, J) = 0 for
any quasicoherent sheaf J on V supported at &. By a theorem of Ogus and
Bergman | , Thm. 2.1], coherent functors over noetherian rings satisfy an ana-
logue of Nakayama’s lemma, which guarantees that 77, / X(n|W, J) =0 for all qua-
sicoherent sheaves on W, where W is the localization of V' at the point &;. Making
use of the local finite presentation of X (Theorem 11.1(5)), Hall shows that this
implies Té / X(77|U’ J) = 0 for all quasicoherent J on an open subset U C V con-
taining W. Then U — X is locally of finite presentation and satisfies the formal
criterion for smoothness.

Bootstrapping to representability

To conclude that U — X is smooth, we only need to show that it is representable
by algebraic spaces. This is proved by observing that the hypotheses of Theorem
11.1 on X imply relative versions of themselves for the map U — X (cf. Lemma
10.18, Lemma 11.11, and the relative obstruction theory T& /X mentioned above).
The same hypotheses then hold for any base change Uz — Z via any map Z — X.
Taking Z to be a scheme and viewing U as a sheaf in the étale topology on schemes
over Z, this reduces the problem to showing that Uy is an algebraic space. Now
we can try to prove the theorem for X = Uy: In effect, Theorem 11.1 is reduced to
the case where X is a sheaf as opposed to a stack.

Now we have a scheme U and a map U — X that is formally smooth and locally
of finite presentation, and we are faced with the same problem: to show U — X is
representable by algebraic spaces. But this time, the relative diagonal of U over X
is injective, so that if we iterate the process one more time, we discover once again
that our task is to prove Uy is an algebraic space. But Uz = U X y Z is a subsheaf
of U x Z, since the diagonal of X is injective. Therefore taking U x Z to be the
new base scheme and replacing X with U x Z, we discover we may assume further
that X is even a subsheaf of the base scheme S.

But now, if W — X is any map, we have

WxxU=W xgU

since X is a subsheaf of S. Since U — S is schematic—it is a morphism of schemes,
after all—so must be U — X.
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A. SHEAVES, TOPOLOGIES, AND DESCENT

We collect a few more technical topics surrounding the subject of descent. In
particular, we show that the presence of nontrivial automorphisms always prevents
an algebraic stack from having a representable sheaf of isomorphism classes (Corol-
lary A.7), we give a few more technically efficient ways of thinking about descent
(§A.2), we discuss a bit more about saturations of pretopologies (§A.3) and we
recollect and example of Raynaud showing that genus 1 curves do not form a stack
unless one admits algebraic spaces into the moduli problem (§A.4).

A.1. Torsors and twists. The point of this section is to explain how nontrivial
automorphisms give rise to nontrivial families, and prevent a stack from having a
representable sheaf of isomorphism classes. In other words, moduli functors param-
eterizing isomorphism classes of objects with nontrivial automorphism groups are
never representable.

A.1.1. Locally trivial families and cohomology. In general, one can build a locally
trivial family with fiber X over a base S from cohomology classes in H! (S, Aut(X ))
(I , Tag 02FQ]). If one represents the cohomology class with a Cech cocycle
then it is a recipe for assembling the family from trivialized families on open subsets.
The cocycle condition is precisely the one necessary to ensure that the family can be
glued together, while the coboundaries act via isomorphisms. The cocyle condition
appears in the definition of the gluing condition for a stack in §3.3 for precisely this
reason.

A.1.2. Locally trivial families from torsors over the base. Example 1.6 describes
a special case of a standard method for constructing locally trivial families is via
automorphisms, and covers of the base. Namely, given schemes X; and S, and an
étale principal I'-bundle S — § for some discrete group I'; then for each

¢ ' — Aut(Xl)

one can construct a (étale) locally trivial family X/S with fibers isomorphic to X
by setting X = (X; x S)/T, where the quotient is via the (free) diagonal action
induced by ¢. Alternately, this can be constructed as the space of equivariant
morphisms from Sto X 1. Using the previous remark, this defines a map

Hom(T, Aut(X;)) — H*(S, Aut(X,))

(of course, the cohomology should be taken in a topology in which Sisa torsor).

When S — S is a universal cover, we obtain a map Hom(m(5), Aut(X;)) —
H(S, Aut(X,)).

Remark A.1. In the discussion above (§A.1.2), it is possible for the isotrivial family
X to be trivial, even if the homomorphism ¢ is nontrivial. We will highlight one

situation in which the family X can be assured to be nontrivial. Let X; and S — S
be as in the discussion above (§A.1.2). Let G = Aut(X;), and let G’ < G be a
discrete subgroup. From §A.1.1 and A.1.2 above, we obtain a commutative diagram

Hom(m1(95), G')“—— Hom(71(S), G) —— Hom(m1(S), mo(G))

|

HY(S,G") ——— 3 H'(S,G) —— HY(S, m(G))

(A1)




STACKS AND HIGGS BUNDLES 111

where the horizontal maps are the natural maps, and the vertical equalities on
the left and right come from the fact that G’ and mo(G) are totally disconnected.
In summary, we can conclude that a locally trivial family X/S obtained from a
homomorphism ¢ : m1(S) — G’ will be a nontrivial family so long as the image
of ¢ in Hom(m(S),m0(G)) is nontrivial. Note that the kernel of the natural map
HY(S,G") — H'(S,Q) corresponds to principal G’ bundles that can be equivari-
antly embedded in G x S i.e., the kernel is given by sections over S of the coset

space (G/G') x S.

Example A.2 (Disconnected automorphism groups). If Aut(X;) is disconnected,
then there exist nontrivial locally trivial families X /S with fibers isomorphic to X;.
This follows immediately from the previous remark, so long as one can find a space
S with 71 (S) = Z, or at least that has a nontrivial principal Z-bundle. Indeed, for
any @ € Aut(X;) not in the connected component of the identity, one would take
G’ = () and set X/S to be the locally trivial family corresponding to the map
Z — {a) by 1 — «. In the complex analytic setting, we can simply take S = C*.
However, we can arrange for this even in the category of schemes by joining a pair
of rational curves at two points; this has fundamental group Z in the sense that it
has a simply connected covering space (even in the Zariski topology!) with a simply
transitive action action of Z.

Example A.3 (Finite automorphism groups). If Aut(X;) is finite and nontrivial
(or more generally, has a finite subgroup not contained in the connected component
of the identity), one can easily construct similar examples using finite covers. In-
deed, then G = Aut(X7) contains a nontrivial finite cyclic subgroup G’ = p,, (not
contained in the connected component of the identity). Let S = C* and S — S be
the cyclic cover z — 2™, which is an étale principal p,-bundle. Then, as in (A.1)
of Remark A.1 above, we obtain a diagram

Hom(p,,, G') = Hom(m (S), G')“~ Hom(m (S), G) — Hom(m1 (), 70(G))

T~ 1 |

HY(S,G") —— HY(S, G) ——— H'(8, m0(G)).

Therefore, a generator of j,, = Hom(ji,,G") determines a nontrivial locally trivial
family given explicitly by X = (X; x C*)/u,, — S = C*/pu,, = C*, where the
quotient is by the diagonal action under the identifications u, < Aut(X;), and
tn < Aut(C*) acting by a primitive n-th root of unity.

Example A.4 (Isotrivial families of curves). For every g there exists a relative
curve 7 : X — S of genus g that is isotrivial, but not isomorphic to a trivial family.
For g = 0, any nontrivial ruled surface X — S provides an example. The previous
Example A.3, and Example 1.6, provide nontrivial isotrivial families for g > 1. For
instance, for g > 2, one could begin with a hyperelliptic curve {y? = f(z)} carrying
the nontrivial action of sy sending y to —y. The construction in Example A.3 yields
the family {ty* = f(z)}, where ¢ is the coordinate on S = C*.

A.1.3. Twisting by a torsor. All of the previous examples are special cases of the
general process of twisting by a torsor.

Example A.5 (Twist by a torsor). Suppose that Z is an S-point of a stack X and
that the automorphisms group of Z is a smooth group scheme G over S (in fact, a
flat group scheme is enough if X is an algebraic stack). Let P be a G-torsor.
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As G is smooth, P is smooth over S, and hence has sections over some étale cover
of S. Therefore P is covering in the étale topology. (Note that P — S it is not
necessarily an étale morphism, but this is not an obstacle to using it for descent,
since we may use smooth descent; alternatively, see Appendix A.3.)

By descent, X(S) may be identified with the G-equivariant objects of X(P). In
particular, let Zp in X(P) be the pullback of Z to P. Then Z € X(S) corresponds
to Zp with the trivial action of G. However, we can also ask G to act on Zp =
P x g Z by the given action of G on P and by automorphisms on Z, giving an object
Y:=PxgZ:=(PxsZ)/Gin X(S) by descent. We call Y the twist of Z by the
torsor P.

We note that the torsor P can be recovered from a twist Y of Z as the sheaf
S somy(Z,Y). Thus the twist is nontrivial if and only if the torsor P was. More-
over, one has an equivalence of categories between the full subcategory of X(S)
consisting of twists of Z and the category BG(S) consisting of G-torsors on S.

The following theorem was communicated to us by Jason Starr [Sta]. It implies
that if X' is a stack in the fppf topology in which there are objects with nontrivial
automorphisms, and X is its associated sheaf of isomorphism classes, then X cannot
be representable by a scheme (Corollary A.7).

Theorem A.6. Let G be an algebraic group of finite type over an algebraically
closed field k. Then there is a scheme S of finite type over k and a nontrivial
G-torsor over S.

Proof. We suppose that G is an algebraic group of finite type and that H(S,G) = 0
for every scheme S. We wish to show that G = 0. We will break the proof into
several steps.

Step 1: G is connected. We will show that G is connected by showing that any
homomorphism Z — G has image in the connected component of the identity. To
this end, as in Example A.2, let S be a k-scheme with a nontrivial Z-torsor P. For
concreteness, let us take S to be an irreducible rational curve with a single node
(otherwise smooth) and take P to be an infinite chain of copies of the normalization
of S, attached at nodes. Then using the right hand side of the commutative diagram
(A.1), we may conclude every homomorphism Z — G composes to a morphism
Z — G — mp(G), with trivial image, and we are done.

We now assume always that G is connected, and proceed to consider Greq C G,
the maximal reduced closed subscheme (necessarily a subgroup since we work over
an algebraically closed field, e.g., | , Tag 047R]). By Chevalley’s theorem (see
for instance | , Thm. 1.1] for a modern treatment), there is an exact sequence

1—Gug— Greq — A—0

where G,g is smooth connected and affine, and A is an abelian variety. Our next
goal will be to show that G,.q = 0; we will do this in several steps.

Step 2: H'(S,Greq) = 0 for all S. For any scheme S, we have an exact sequence:
Hom(S, G) — Hom(S, G/Grea) = H' (S, Grea) — H' (S, G)

We have assumed that H'(S,G) = 0. Furthermore, G — G/G1eq is smooth (since
Greq 18) and G/Gheq is artinian, so G admits a (not necessarily homomorphic)
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section over G/Gheq. This implies Hom(S, G) — Hom(S, G/Gyeq) is surjective, so
HY(S, Grea) = 0.

Step 3: Gag is unipotent. Consider the exact sequence
Hom(P', Greq) — Hom(P', A) — H' (P!, Gag) — Hom(P!, Gyeq) = 0.

As A is an abelian variety, every map from P! to A is constant and therefore lifts
to Gred. It follows that H(P!,Gug) = 0. Let U C Gag be the unipotent radical
[ , 11.21, p.157]. Consider the exact sequence:

H' (P!, Gag) — H (P!, Gag/U) — H*(P',U)

Since U is an iterated extension of Ggs | , Chap. V, Cor. 15.5 (ii), p. 205], we
have that H?(P!,U) = 0, whence H' (P!, G,4/U) = 0.

Let T C G,g/U be a maximal torus, and let W be its Weyl group. As G.g/U
is reductive by definition | , Chap. IV, 11.21, p.158], there is an injection (in
fact a bijection!)

HY (P, T)/W — H'(P',Gag/U) =0

by a theorem of Grothendieck | , Thm. 1.1] (note that Grothendieck works an-
alytically, but his proof of the injectivity is valid algebraically [ , Thm. 0.3]).
Thus H!(P!,T) is finite; although we do not need it, note that since the Weyl
group coinvariants of H(P',T) are trivial if and only if H'(P!,T) is, we can ac-
tually conclude immediately that H'(P!,T) = 0. But T ~ G, for some r, and
HY(P',G,,) = Z. Therefore r = 0. That is, the maximal torus T of G.g/U is
trivial, so that G.g is unipotent [ , Chap. IV, Cor. 11.5, p. 148].

Step 4: Gieq 15 affine. Now that we know G.g is unipotent, we argue that A = 0.
Let S = A! \ {0}. Consider the exact sequence

H(S,Greq) — HY(S, A) — H*(S, Gag).

Since S is affine, and G.g is unipotent and therefore an iterated extension of qua-
sicoherent sheaves (associated to G.s), we have H?(S,G.g) = 0. This implies
H'(S,A) = 0. Choose an integer n relatively prime to the characteristic of k.
Consider the exact sequence

Hom(S, A) s Hom(s, A) — H'(S, A[n]) — H'(S, A)
where [n] denotes multiplication by n and A[n] is the n-torsion subgroup. Since S is

rational, every map S — A is constant. In particular, Hom(S, A) ﬂ Hom(S, A) is
surjective. Therefore H'(S, A[n]) injects into H*(S, A) = 0, and so is also 0. Now,
Aln] ~ (Z/nZ)* where g is the dimension of A. We know that H!(S,Z/nZ) =
Z/nZ, so we deduce that g = 0, and therefore A = 0.

Step 4: Gieq = 0. Now we know that Greq = Gag is affine and unipotent. We
can choose an injective homomorphism G,.q € G’ where G’ is smooth affine and
reductive (i.e., embed it in an appropriate GL,). Consider the Ge4-torsor G’
over G/ /Gheq. This must be trivial, since H'(G’/G1ed, Grea) = 0 from Step 2, so
G’ ~ G'/Grea X Greq as a scheme. But G’ is affine, so this implies G’ /G1.q is affine.
Therefore Greq is reductive, by Matsushima’s criterion | , Thm. A]. As it is
also unipotent, this means Gyeq = 0.

Step 5: G = 0. Since Greq = 0, this means that G = G /G eq is the spectrum of an
artinian local ring. But we can once again choose a closed embedding G C G’ where
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G’ is smooth and affine (for example, let G act on its ring of regular functions). The
quotient G’ /@ is also reduced and affine. But H'(G’/G, G) = 0 by assumption, so
that G’ ~ G'/G x G as a scheme. As G’ is reduced, this means G is reduced, and
therefore G = 0. O

Corollary A.7. Suppose that X is the presheaf of isomorphism classes in an alge-
braic stack X such that all objects over algebraically closed fields have automorphism
groups that are algebraic groups of finite type over the field. If X is a sheaf in the
fopf topology then X ~ X. In particular, if X admits an object over an algebraically
closed field k with a nontrivial algebraic automorphism group of finite type over k,
then X is not representable by a scheme.

Proof. Let = be a k-point of X', where k is algebraically closed. Let G be the
stabilizer group of x. We obtain a monomorphism BG — &j. If P is any G-
torsor over a scheme S then we obtain a twist S — BG — X (Example A.5). By
definition, the twists agree locally, so that the induced maps to X coincide locally.
But we have assumed X is a sheaf, so that the maps agree globally as well. But the
torsor can be recovered, up to isomorphism, from the twist, so all G-torsors over
all k-schemes are trivial. Therefore by Theorem A.6, G is trivial, so no point of X
has a nontrivial stabilizer group and X ~ X. O

A.2. More on descent. We highlight a few alternate formulations of the descent
properties (Section 3.3.2). The definitions we present here are more efficient than
those given Section 3.3.2, and often lead to more streamlined proofs, but they come
at a cost of abstraction.

A.2.1. Descent using gluing data. In Definition 3.25 we needed a cleavage in order
to be able to write things like XZ-{ Siy° To do this properly requires keeping track
of a number of canonical isomorphisms, which were intentionally elided in Defini-
tion 3.25. Reliance on a cleavage can be avoided by explicitly choosing a restriction
at each step, instead of insisting on a canonical choice from the beginning. Al-
though this definition avoids the technical deficiencies of Definition 3.25, it only
exacerbates the proliferation of indices. Nevertheless, we will see in §A.2.2 that it
points the way towards a definition that is both technically correct and pleasantly
efficient.

Definition A.8 (Descent datum via gluing data). Let (S, P.7) be a presite and
let {S; — S} be a cover of S in S. A descent datum with respect to this cover
consists of the following data:

(i) objects X; € M(S;), X;; € M(S;;), and X;;, € M(S;;1) for all indices i, j, k
of the cover;
(ii) morphisms
Xij — X, Xij — Xj Xijk — Xij Xijk — Xk Xijk: — Xjk
in M respectively covering the canonical projections
Sij — S,‘ Sij — Sj Sijk — Sij Sijk — Sik Sijk — Sjk.
The category of descent data with respect to {S; — S}, denoted M(S,), has as

objects the descent data as defined above. A morphism (X,) — (Y,) consists of
morphisms

Xi =Y Xij = Y Xijie = Xijk
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for all indices 4,7, k, commuting with the sructural morphisms (a more precise
formulation of this condition will appear below in Remark A.11).

Remark A.9. An observant reader may be wondering where the cocycle condi-
tion (3.4) is hiding in Definition A.8. It is built into the commutativity dia-
gram (A.2),

(A.2) X,

/TN

Xij — Xijie — Xk

Xk

which itself is forced by the commutativity of the corresponding diagram with each
X replaced by an S, and the fact that every arrow in M is cartesian. The morphism
o; of Definition 3.27 is the composition

X

Sy <— Xij — Xj

Sij
with oy and ajj, defined similarly. The cocycle condition is the identity of the
compositions

Xi}sijk' = Xij!Sijk — Xj|Sijk = Xjk‘sijk' = Xk Sijk
Xilg,, = X; = Xy,

k|Sijk Sijk

by virtue of the restriction of Diagram (A.2) to S;jx.

If X is an object of M(.S) then using Axiom (i) of a category fibered in groupoids
(Definition 2.8) we can find induced objects X; € M(S;), X;; € M(S;;), and
Xijk € M(Sijx) for all indices 4, j,k. We also obtain the required morphisms
among these by many applications of Axiom (ii) of a category fibered in groupoids.
By an application of the axiom of choice, we can do this for all objects of M(S,)
and obtain a functor M(S) — M(S,).

Definition A.10 (Effective descent datum via gluing data). A descent datum
X € M(S,) for M with respect to a cover {S; — S} is said to be effective if it lies
in the essential image of M(S) — M(S.,).

Remark A.11. We give a technical reformulation of Definition A.8, motivated by
the idea that the data we are keeping track of can be organized concisely by the
nerve of subcovers consisting of three open sets; i.e., 2-simplices. Suppose that the
cover {S; — S} is indexed by a set I. Let A be the category of nonempty, totally
ordered, finite sets of cardinality < 3, equipped with a morphism to I. That is, an
object of A is a pair (T, f) where T is a totally ordered finite set with 1 < |T'| < 3
(i.e., T is either {0}, {0 < 1}, or {0 < 1 < 2} up to isomorphism) and f: T — I'is a
function. A morphism (7T, f) — (", f’) is an order preserving function g : T — T"
such that fog=f.

We introduce abbreviations for certain objects of A. Every object of A is
isomorphic to one of the following:

(i) for ¢ € I, we write ¢ for the object ({0}, (0 )) of A;
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(ii) for 4,5 € I, we write ij for the object ({0 < 1}, (0,1 5));
(iii) for 7,7,k € I, we write ijk for the object ({0 <1 <2}, (0~ 1,1~ 5,2+ k)).
The cover {S; — S} induces a functor S, : A°® — S sending = to S,. In other
words, it sends ¢ to S; and ¢j to S;; and ijk to Sijr. The morphisms are all the
canonical projections among fiber products.
Now a descent datum, in the sense of Definition A.8 is a functor X, : A°® — M

such that X, = S,:
y

A—S
So

A morphism of descent data X, — Y, is a natural transformation of functors that
projects to the identity natural transformation of S,.

A.2.2. Descent using sieves.
A.2.2.1. Sieves on topological spaces. In fact, there is an even more efficient for-
mulation of the definition of a sheaf. Recall that the if V' is an object of Ox then
hy is the functor represented by V. It is convenient to work with the related func-
tor, which we again denote by hy, defined as hy (W) = {twy} if W C V and
hy (W) = @ otherwise.

Suppose that U € Ox. For any open cover U of U, define a presheaf hy,:

{{LW,X} 3V €U such that W C V

hu(W) = J hv(W) = § e

Veu
If Z : 0% — (Set) is a presheaf then, as hy C hx (e.g., if W C U for U € U, then
we use W C U C X), we get a morphism

(A.3) F(X) < Hom(hy, F) — Hom(hy, F).

The bijectivity of the arrow on the left is Yoneda’s lemma.
The interested reader may prove the following proposition:

Proposition A.12. Let ¥ be a presheaf.

(i) F is separated if and only if (A.3) is an injection for all open covers U of all
U € Ox.

(ii) F is a sheaf if and only if (A.3) is a bijection for all open covers U of all
U € Ox.

A.2.2.2. Sieves in general.

Definition A.13. Let S be a category and S an object of S. A sieve of S is a
subcategory of S/S that is fibered in groupoids over S/S.

In other words, a sieve of S is a subcategory R C S/S such that whenever
S — 8" is a morphism in S/S and S’ is in R then S” is also in R.

In Example 2.14 we saw how to associate a sieve R to any family of maps
{S; = S}. By a covering sieve we mean a sieve associated to a covering family
in the pretopology. In fact, all of the axioms of a Grothendieck topology can be
formulated purely in terms of sieves | , Exp. II, Déf. 1.1], but that will not
concern us here.
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Definition A.14 (Descent datum via sieves). Let S be a presite, let 7 : M — S
be a category fibered in groupoids over S, and let R be a covering sieve of S € S.
A descent datum for M with respect to R is a functor X : R — M lifting the
canonical projection R CS/S — S (sending an object S — S of S/S to S'):

/) /\f
RC—3S/S——S.
Descent data over the sieve R are the objects of a category M(R) where a morphism

X — Y is a natural transformation projecting to the identity natural transforma-
tion of the projection R — S.

To construct the functor M(S) — M(R) for a sieve R of S, observe that
M(S) ~ M(S/S) by the 2-Yoneda lemma (on the left we mean the fiber of M
over S and on the right we mean the category of morphisms from S/S to M).
Composing this equivalence with the restriction M(S/S) — M(R) induced from
the inclusion R C S/S induces

M(S) ~ M(S/S) — M(R)

Definition A.15 (Effective descent datum via sieves). A descent datum X €
M(R) for M with respect to a sieve R is said to be effective if it lies in the
essential image of M(S) — M(R).

A.3. Grothendieck topologies. Grothendieck pretopologies seem quite natural
from the definition of a sheaf, but have the deficiency that many different pre-
topologies can give rise to the same category of sheaves. This is not unlike the way
different bases of a topological space should be considered equivalent. The topology
associated to a pretopology is the finest pretopology that gives the same category
of sheaves (see [ , Rem. 2.25, Def. 2.47, Prop. 2.49]). In this section, we give
an idea of how this works, providing a review of | , §2.3.5], although here
for brevity we define the topology directly, without a discussion of refinements of
pretopologies.

Note that typically a Grothendieck topology is defined in terms of sieves, not
coverings; the point is that the sieves associated to a pretopology are the same
as the sieves associated to the topology obtained from the pretopology | ,
Prop. 2.48], and therefore both induce the same Grothendieck topology in the sense
of sieves.

For clarity of the discussion in this section, we will refer to coverings {S, — S}
in a pretopology 7 on a category S as basic coverings. We start with a definition
(cf. [ , Def. 2.45]):

Definition A.16 (Coverings with respect to ). Let J be a pretopology on a
category S. We call a family of morphisms {S, — S} covering (with respect to 7)
if there is a basic covering family {T3 — S} such that, for each 8, there is an a such
that the morphism T — S factors through S,. The covering family {Ts — S} is
called a basic covering refinement of {S, — S}.

Remark A.17. Note that the covering {S, — S} in Definition A.16 is a covering in
the sense of Definition 6.2.
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Lemma A.18. Assume that S has all fiber products. Let  be a pretopology on S
and let ' be the collection of all covering families with respect to . Then ' is
a pretopology on S.

Proof. Property (PTO0) is automatic, since S has all fiber products. Likewise (PT3)
is immediate.

If {So — S} has a basic covering refinement {I3 — S} and S’ — S is any
morphism then {S, xgS" — S’} has the basic covering refinement {7 x5’ — S'},
hence is in .7’. This proves (PT1).

Suppose that {S, — S} has a basic covering refinement {T3 — S}, and each S,
has a family {S,, — So} with a basic covering refinement {T,s — S, }. For each
B, choose an «(3) and a factorization of Ty — S through S,(3). Then the maps
To(p)s Xs.(3) Ip — Tp are covering. As the T cover S, the property (PT2) implies
that the Ti,(5)s cover S. Therefore the Ti,(g)s give a basic covering refinement of
the family Soy — S. (]

Definition A.19 (Grothendieck topology). A pretopology 7 is called a (Grothen-
dieck) topology if 7' = 7, in the notation of Lemma A.18. If 7 is a pretopology
then 7’ is called the associated topology to 7.

Remark A.20. In | , Def. 2.52] what we call a topology is called a saturated
pretopology.

Example A.21. Let .7 be the pretopology on topological spaces where the basic
covering families are open covers. Then every surjective local isomorphism has a
section over a suitable open cover, so surjective local isomorphisms are covering in
the associated saturated topology.

Example A.22. Consider the étale pretopology on schemes, defined in Exam-
ple 3.7. Every smooth surjection admits a section over some étale cover, so every
smooth surjection is covering in the associated topology to the étale pretopology.

The following lemma shows that a pretopology and its associated topology have
the same sheaves. Passage to the associated topology may therefore significantly
expand the class of morphisms with respect to which one can use descent.

Lemma A.23 (| , Prop. 2.49, Prop. 2.53(iii)]). If 7 is a pretopology on S
then a presheaf on S is a sheaf with respect to 7 if and only if it is a sheaf with
respect to .

Proof. Since 7 C 7', it is immediate that sheaves in .7’ are sheaves in 7. For
the converse, suppose that .# is a sheaf with respect to .7 and let {S, — S} be a
covering family (with respect to J).

Construct a presheaf #’ over S by the following formula:

Z'(R) :eq(Hf(Ua xs R) = [[ #(Ua xs Us st)).

[eY a,f

There is a natural map ¢ : % — %', which we would like to show is an isomorphism.
Both .% and .#’ are sheaves in the pretopology .7, so this is a local problem in
. We can therefore replace S by a basic cover from 7. Since {U, — U} has a
refinement by a basic cover, we can assume that there is a section o : S — U, for
some .
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We can use o to construct an inverse ¢ to the map ¢ : F — %’. Indeed, if
&€ F'(S) then let &, be its projection on the o component. Then o*(&,) € F(S)
and we set (&) = 0*(£,). It is immediate that ¢¥p(n) =7 for all n € F(9).

We check that ¢1p(€) = £&. What we need to check is that, for all indices 3,

§p = U*(ga)|Uﬁ'

By assumption, ¢ is equalized by the maps to Ha’ﬁ F (Uqp), where Uy = Uy X gUp.
Therefore §O‘|Uag
we determine that

&8 =0"(&ly,,) = 0" (Caly, 5) = 0" (€ly,

as required. 0

= £ﬁ|UQB' But (0,idy,) determines a section of Uy over Ug, so

A.4. An example of ineffective descent. The category fibered in groupoids M;
is not an étale stack! As we will see, it is possible to create a descent datum for
genus 1 curves that is not effective. This is really a deficiency of our definition of M,
in §2.2.2, by which M parameterizes schematic families of smooth, proper curves
of genus 1. The proper thing to do would be to include in our moduli problem
smooth proper families of algebraic spaces (Definition B.6) whose fibers are curves
of genus 1.

To construct an ineffective descent datum for My, it will help to notice that
every descent datum for S can at least be descended to a sheaf on the big étale site
of S that is locally on S representable by a family of genus 1 curves. This sheaf
is precisely the algebraic space we should have admitted into the moduli problem
for M;. Our task in this section is to construct such a sheaf X that is locally in .S
representable by genus 1 curves, but is not globally representable by a scheme.

To begin, note that if X — S is any family of smooth curves of genus 1 over a
base .S, then the relative Jacobian J — S of X — S is a family of abelian schemes
of dimension 1 over S. This construction is local on S, so that even if X is merely
a sheaf over S that is locally representable by a family of smooth curves of genus 1,
one obtains a descent datum for a family of elliptic curves over S. But the descent
datum comes with a compatible family of ample line bundles (coming from the
origin of the group structure) so by Theorem 3.38, it can be descended to a family
of elliptic curves over S.

Furthermore, J acts on X making X into a J-torsor. Therefore X is classified up
to isomorphism by an element [X] € H(S, J) (this can be étale or flat cohomology).
Raynaud shows that, provided S is quasicompact, this element [X] is torsion if and
only if X is projective over S | , Cor. XIIT 2.4 ii)], and that, provided S is
normal, X is projective over S if and only if it is representable by a scheme | ,
Prop. XIIT 2.6]. In fact, Raynaud proves these statements more generally about
torsors under abelian varieties:

Theorem A.24 (| , Cor. XIIT 2.4 ii)]). Assume that S is a quasicompact
scheme and let J be a projective abelian variety over S. Then a J-torsor X is
projective if and only if its class in H(S,J) is torsion.

Theorem A.25 (| , Prop. XIIT 2.6 i)]). Let S be a quasicompact, normal
scheme and J an abelian variety. Then a J-torsor X is representable by a scheme
if and only if it is projective.



120 CASALAINA-MARTIN AND WISE

Sketch of a proof of Theorem A.24. First, suppose the class represented by X is
torsion, say n[X] = 0. As n[X] is represented by [X/J[n]], where J[n] is the
n-torsion of J, we have a finite map

X — X/Jn] ~J

This implies X is projective over S, as J is.

Conversely, if X is projective over S, then a relatively ample line bundle L on X
over S induces a relatively ample line bundle L' on J [ , Lem. XTI 1.6]. To see
this, note that the relative Néron—Severi group NSy, of X over S is isomorphic to
NS5, so that L determines a class in NS;,5. Any line bundle M on J determines
a line bundle

(A.4) WM @ pi MY @ psMY @ e* M

(where p : J x J — J is the addition map, p; are the projections, and e is the
composition of the projection J — S and the zero section) on J xg J that depends
only on the Néron—Severi class of M. Restricting this to the diagonal of J x J
recovers a line bundle on J whose image in the Néron—Severi group is twice that of
M. Altogether, this gives a map:

NSX/S ~ NSJ/S — PiCJ/S.

Applying this to L yields a line bundle L’ on J. Moreover, under a local isomor-
phism between J and X, the Néron—Severi class of L’ is double that of L. Thus L'
is relatively ample on J over S.

In general, a relatively ample line bundle M on J induces an isogeny J — J of
abelian schemes over S (where .J is the dual abelian variety) by way of (A.4), and
hence a morphism H'(S,.J) — H'(S,.J). The image of [X] is the class [X], where
X is the J-torsor consisting of line bundles on X that lie in the same Néron—Severi
class as L' | , Cor. XIII 1.2 ii)]. By assumption this torsor is trivial (the line
bundle L®? provides a section), so [X] = 0. On the other hand, we have an exact
sequence

HY(S,K)— H'(S,J) = H(S,J),

where K is the kernel of J — J, so [X] lies in the image of H'(S, K). Since L is
ample, K is finite, so H!(S9, K) is torsion, and therefore so is [X]. |

Sketch of a proof of a special case of Theorem A.25. We will prove a special case
of Theorem A.25, following the proof of | , Thm. V 3.10], that will suffice to
construct our example. We assume that S is the spectrum of a noetherian local
ring with closed point s and generic point 7. Let X be a J-torsor over S. Choose
an effective Cartier divisor D C X whose complement U C X is quasi-affine and
meets the closed fiber of X. We will argue that the line bundle L = Ox (D) must
be ample.
We make a few observations:

(a) The J-orbit of U is all of X. This is because U meets X and J; acts transitively
on X, so JU contains X,. But every point of X specializes to a point of Xj,
since X is proper over S, and JU is open, hence contains all of X.

(b) Let M be the line bundle

(A.5) M = (p1+p2+p3)"'L®(p1 +p3) LY ® (p2+p3) LY ®piL



STACKS AND HIGGS BUNDLES 121

on JxgJxgX. There is some positive integer n such that M®" is the pullback
of a line bundle on J xg J. As J xg J is normal, it is sufficient to verify this

over the generic point of S | , Cor. (21.4.13), Erratum 4.53, p.361]. We
may therefore assume that S = 7 is the spectrum of a field. If X (n) # & then
X ~ J and this is a version of the theorem of the cube (see | , 85, Cor. 6

and §6, Thm., Cor. 2 p.58]); in this case n = 1. If X does not have a section
over 1 then it will certainly have one over some finite extension p : ' — 1, so
p*M is the pullback of a line bundle M’ on J,y X, J,y. If / has degree n over
n then the norm of p*M is M®™ and this is the pullback of the line bundle
Norm,, /,,(M") on J,, %, J,.
We replace D with nD so that (A.5) is the pullback of a line bundle on

J xg J without passing to a tensor power.

(¢) Restricting (A.5) to a point (g, —g) of J yields an isomorphism of line bundles
on X:

T;L®T* L~ L%

where T;; denotes translation by g.

To prove the ampleness of L, we must show that, for any point x of X, and any
open neighborhood V of z in X, there is some index n and some f € T'(X, L®")
such that the open set Xy C X defined by the nonvanishing of f is contained in V'
[ , Thm. (4.5.2)]. Suppose first that = € U. Let z be the tautological section
of Ox (D) that vanishes exactly along D. As U is quasi-affine, there is some affine
open neighborhood W of z in V N U, defined by the nonvanishing of a function A
on U. Then there is some n > 1 such that z™h extends to all of X. That is, we
may regard z"h as a section without poles of Ox(nD) and W), = W.

If 2 is not in U, we can at least find a g € J such that Ty(z) € U (by ob-
servation (a), above). Applying the argument above to Ty(x) and T,(V), we
can find a section f € I'(X,L®") such that + € Wy C T,(V) by the argument
above. We have some freedom in the choice of g, and by avoiding a closed set
of possibilities, we can ensure that T_,(z) € U as well. Then we can consider
['=T;f®T*,z" as a section of Ty L®" @ T* L¥" ~ L¥?" (by (c), above). Now,
Wy =T, (Wp)NT-,(W.) = T, " (Wy) N T, (U). By our choice of g, we have
x € Wy and Wy C T, 'Ty(V) =V, as required. O

Finally, | , XIII 3.2] proves that there is a genus 1 curve over a normal
noetherian local ring of dimension 2 whose image in H*(S,.J) is non-torsion, es-
tablishing the existence of the desired family X — S. Another version of the
construction (and a slightly stronger conclusion) can be found in | ]. We will
summarize Raynaud’s construction.

We begin with a discrete valuation ring R with algebraically closed residue field.
Let T = Spec R and assume that T has a connected, étale double cover TV — T.
Let 7 be a uniformizer for 7. For any object Y over T, we will write Y for its base
change to T'. We write 7 for the generic point of T and ¢ for the special point; 7/
is the generic point of 7" and ¢; and t5 are the two points in the fiber of T over ¢.

Let E be an elliptic curve over T and let V' C E be the complement of the zero
section in F. Let W be the quotient of V' by the inversion in the group law of E, so
W ~ AL, Let v : W — W be multiplication by 7 and let Z be the normalization
in V of the composition

VW LW
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All we will use about Z is the following lemma, whose proof is straightforward:

Lemma A.26. The map f:V — Z is an isomorphism over T € T and constant
over t € T. Furthermore, Z is normal.

Let s be the unique closed point of Z and let S = SpecOyz,. Let i’ be the
generic point of S’ and let s; and sy the two closed points lying above s. Let U; be
the complement in S’ of s;, and let U;o be their intersection. Then U; U Uy = S,
so we use the Mayer—Vietoris sequence to find a class in H(S’, E’):

H(U,,E") x H*(Uy, E') — H°(Uy2, E') — H'(S', E')

Now, U1z = {n'} so H*(U12, E') = E'(n’). Recall that we have a map E’ — Z' that
is an isomorphism over the generic points. Therefore we have a canonical element
€ of E'(n') corresponding to the inclusion of the generic point.

An element of H(U;, E’) can be seen as a rational map from E’ to itself over 7"
that restricts to a constant map over ¢;. Any such map must in fact factor through
a section of £’ over T’. Therefore we have

H(U;, E') = E/(T).

Consider the image of ¢ in H'(S’, E’). This cannot possibly be torsion, for if
it were then it would have a multiple in the image of HY(Uy, E') x H°(Ug, E').
That is impossible, because no multiple of the identity map on an elliptic curve is
a difference of constant maps. Therefore we have found a non-torsion element in
HY(S',E"). Since S’ is étale over the normal scheme S, it is normal, and therefore
by Theorem A.24, the corresponding sheaf is a descent datum for an elliptic curve
over S’ that is not projective, hence not effective by Theorem A.25.

Raynaud goes a bit further and shows that the base for the descent may be
chosen to be local. Indeed, letting ¢ denote the projection from S’ to S, we have

HY(S',E') = H'(S,q.E").
Now, ¢.E' = q.q*E’ is the Weil restriction of scalars of E’ via the finite, étale map
q, hence is an abelian scheme of dimension 2 over S. It comes with a canonical

inclusion E C ¢, F’ whose quotient is another elliptic curve F' (in fact a quadratic
twist of E'). Then we have an exact sequence

H'(S,E) - H'(S,q.E') — H'(S, F)

so the non-torsion class ¢ € H'(S', E') = H*(S, ¢, E) determines a non-torsion class
either in H'(S, F) or in H'(S, E). Either way, we obtain a non-effective descent
datum for genus 1 curves over S.

B. THE MANY MEANINGS OF ALGEBRAICITY

We work over the presite S of étale covers of schemes (over some fixed base
scheme). Many authors have given different definitions of algebraicity. Deligne and
Mumford required a schematic diagonal and an étale cover by a scheme | ,
Def. (4.5)], but insisted their definition was not the right one except for quasisep-
arated stacks. Knutson required all algebraic spaces to be quasiseparated | ,
Ch. 2, Def. 1.1]. Artin gave his definition only for stacks that are locally of finite pre-
sentation and required a diagonal representable by algebraic spaces (in the sense of
Knutson) and a smooth cover by a scheme | , Def. (5.1)]. Laumon and Moret-
Bailly defined an ‘algebraic stack (understood quasiseparated)’ by adding quasisep-
aration to Artin’s conditions | , Def. (4.1)]. The Stacks Project uses Artin’s
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conditions, but without requiring the algebraic spaces to be quasiseparated | ,
Tag 026N].

Recall that in Definition 6.27 we defined algebraic stacks as the smallest class of
stacks on the category of schemes that includes all schemes and includes all stacks
that admit smooth covers by stacks in the class. Our definition is equivalent to the
Stacks Project’s, but usage in the literature varies widely.

B.1. Stacks with flat covers by schemes and stacks over the fppf site. The
étale topology is not the only natural topology on schemes. From the perspective
of descent, at least for quasicoherent sheaves, the flat topologies (fppf and fpqc)
might be even more natural. The fpqc topology presents certain technical issues,
owing to the absence of a sheafification functor, so we will not discuss it.

There are two ways one might try to replace the étale topology with the fppf
topology in our discussion of algebraic stacks. We might try to limit the class of
stacks by insisting they be stacks in the fppf, as opposed to just the étale, topology.
Or, we might enlarge the class of stacks under consideration by permitting them
to have fppf, as opposed to necessarily smooth, covers by schemes. It turns out
that either modification yields the same class of algebraic stacks. We will sketch
the main ideas behind this result.

We start by stating the following lemma whose proof we omit as it is well-known
and not difficult.

Lemma B.1. The class of flat morphisms of schemes is stable under composition
and base change and is local to the source and target in the fppf topology.

The lemma implies that one could develop a theory of flat-adapted algebraic
stacks in the étale topology. The following theorem of Artin explains that to do so
would yield nothing new:

Theorem B.2 (] , Thm. (6.1)], [ , Thm. 10.1], | , Tag 06DB]).
Let X be a stack in the fppf topology on the category of schemes. If there exists
morphism

v L5 x
from an algebraic space U that is representable by algebraic spaces, faithfully flat,

and of finite presentation, then there is such a morphism P that is smooth and
surjective. In particular, X is an SP algebraic stack in the sense of Definition 6.27.

Proof. We give a rough sketch of the proof, following Artin. By an ‘induction on
stackiness’, it is sufficient to assume that the diagonal of X is representable by
algebraic spaces.

We consider the following moduli problem V. Choose a cover of U by a disjoint
union Uy of affine schemes (which is certainly possible, since U is a scheme). Since
Uy x x Uy is an algebraic space, we can choose a disjoint union of affine schemes Uy
and a smooth cover Uy — Uy Xy Uy. Let s and ¢t denote the two projections from
Uy to Uy. Let Us be a smooth cover of the space of triples («, 8,7) € Uy x Uy x Uj
such that s(a) = s(7), t(a) = s(5), and t(8) = t(y) and S o« =+ as isomorphisms
between objects of X.

For any scheme S, we define an S-point of W to be

(i) the choice of a finite union of components V; C U; for each i such that V,
forms a subgroupoid of U,,
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(ii) a finite, locally free, surjective S-scheme Z with a distinguished basis Oy ~
0%, and
(iii) a morphism of groupoids Z, — Vi:

ZQE?ZlﬁZOHS

| |

Vo=Vi—709aVW— X
(iv) where we have set Zg = Z and Z; = Z;_1 xg Z for i > 1.

We argue that V is representable by a disjoint union of affine schemes, indexed
by the choice of V,. The algebra structure on Oz is determined by its structure
constants and various identities among them, hence is parameterized by an affine
scheme. The maps Z; — V; are determined by various elements of Oz and relations
among them (since the V; are affine schemes). For each commutativity condition we
have a pair of maps Z; — V;_; that we wish to coincide. That is a closed condition
(since affine schemes are separated).

Any S-point of V determines a descent datum for a morphism S — X" in the
fppf topology. Since X is a stack in the fppf topology, this descends to a morphism
S — X and we obtain a morphism of groupoids V — X. We have just seen that
V is representable by a disjoint union of affine schemes, so it remains to verify this
map is smooth.

Now let W C V be the open substack where Zy — V) xx S is a local complete
intersection morphism. To see that W is indeed open in V, note that there are
open subsets W, C Z; where the maps W; — V; are local complete intersection
morphisms. Since the Z; are proper over S, the image in S of the complement of
W; is closed, so the condition that the fiber of Z; — V; be a closed immersion and
a local complete intersection morphisms is open on S.

Now we verify that W is locally of finite presentation, formally smooth, and
surjective over X.

To see that W — X is locally of finite presentation, one observes that once a
morphism S — X is specified, a lift to W involves only a finite amount of additional
data.

Next we verify the smoothness, for which we can use the infinitesimal criterion.
Given a lifting problem

S——W

b

|~

7/
Ve

S — X
in which S is affine and S’ is an infinitesimal extension of S, we have, by definition
a morphism of groupoids Z, — V4, with the Z; finite and locally free over S, that
we would like to extend to Z, — V, with Z! finite and locally free over S’.

In this case, the map Zy — Up is a local complete intersection morphism, and
Zy is affine, so there is no obstruction to extending it to a morphism Z} — Up with
Z), finite and locally free over S’. This induces a pair of morphisms Z; = Vj, hence
amap Z; — Vo xx Vo. Now, Vi — Vi x» Vj is smooth, so the map Z1 — Vp xx Vg
lifts to V1. Now let R C Vi x V4 x V; be the set of triples (a, 8,7) such that the
equation o o = v makes sense and holds in X'. Then we obtain Z, — R and V5
is smooth over R, so Z§ — R lifts to V2. An infinitesimal deformation of a local
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complete intersection morphism is still a local complete intersection morphism, and
an infinitesimal deformation of a closed embedding is still a closed embedding, so
we have produced the required extension.

Finally, we have to check W — X is surjective. Let k be the spectrum of an
algebraically closed field and let S = Speck. Let £ be a k-point of X'. The fiber of
Up over S is a nonempty algebraic space T'. Choose a smooth cover P of T by a
scheme. This scheme is certainly flat over k, so it has a dense open subset where
it is Cohen—Macaulay | , Tag 045U]. Pick a point p of P where P is Cohen—
Macaulay, and let Zy be the vanishing locus of a regular sequence at p. Now
let Vo be a component of Uy that contains the image of p under the composition
Zy— P —T — Uy. Then Zy — Vy xx S is a local complete intersection morphism
by construction. Furthermore, we obtain a map Z; — Vp xx Vo C U;. But recall
that Z; has just one point, by construction, so we choose a component V; of U
whose image in Uy X ¥ Uy contains the image of Zy. Since Z; is artinian, there is a
lift of Z1 — Vi xx Vo to V1. Then we repeat the same process to get Zo — V5 and
we conclude. O

Remark B.3. Note that the condition that X have separated and quasicompact
diagonal does not depend on the presentation.

Corollary B.4. Suppose that G is a flat group scheme over S, acting on an S-
scheme X. Then the stack [X/G] (see §C.1) is algebraic. If G is quasiseparated
over S (e.g., quasiprojective) then [X/G] is a quasiseparated algebraic stack.

Proof. The cover X — [X/G] is a G-torsor, hence is an fppf cover. Therefore
from the theorem, [X/G] is an algebraic stack. We may identify X x[x/q X
with X xg G, under which identification the diagonal map becomes the inclusion
(idx,e) : X - X xg G, with e denoting the identity section of G over S. This
morphism is certainly representable and separated (it is an injective morphism of
schemes). It is quasicompact if G is quasiseparated over .S, since a section of a
quasiseparated morphism is quasicompact | , Tag 03KP]. O

Next we consider the question of stacks in the fppf topology. Note first that
an algebraic stack in the fppf topology is clearly an algebraic stack in the étale
topology, by restriction. Now we show the converse:

Corollary B.5. Algebraic stacks are stacks in the fppf toplogy.

Proof. Suppose that X is an algebraic stack. Let X’ be the fppf stackification. By
induction, we can assume that we have already shown the diagonal of X is a relative
fppf sheaf, which means that X — X’ is injective.

Now let U — X be a smooth cover. We argue that U — X’ is representable by
algebraic spaces. Indeed, if S — X’ is any morphism, we can find an fppf cover
T — S such that T'— X' lifts to X. Then T xx U =T xx U since X C X', and
T x x U is an algebraic space. But the map

TXxyrU—SxxU

is the base change of the fppf cover T' — U, so S Xy U has an fppf cover by an
algebraic space. It is therefore an algebraic space, as required.

Furthermore, S x y» U — S is a smooth cover, since smoothness can be verified
locally in the fppf topology and T'X U = T'x xU — T is a smooth cover. Therefore
U — X’ is a smooth cover, and as this factors through X', the map X — X’ is a
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smooth cover. Now both X and X’ are stacks in the étale topology, and X — X’
was already seen to be injective, so X — X’ is an isomorphism. ([

B.2. Other definitions of algebraicity. The following definition collects some
of the most common meanings attributed to algebraicity of a stack on the étale site
of schemes, in roughly chronological order. After giving the definition, we analyze
the relationships among them, as well as to our Definition 6.27.

Definition B.6 (Algebraic stack). Let X be a category fibered in groupoids over
S = S¢. We define various notions of algebraic stack using the table below.
Namely, we call X a Deligne-Mumford algebraic stack (resp. Knutson algebraic
space, resp. Artin algebraic stack, etc.) if the diagonal A : X — X x X satisfies
the condition specified in the second column of the table on page 127, and there is
a scheme U and a surjection p : U — X that satisfies the conditions in the third
column. The morphism p : U — X is called a presentation of X. A morphism
between any such stacks is a morphism of the underlying CFGs.

Warning B.7. There is an unfortunate, confusing point in the nomenclature in-
troduced in Definition B.6. Deligne and Mumford defined an algebraic stack to be
what we have, for the sake of historical verisimilitude, called a ‘Deligne-Mumford
algebraic stack’ above. Artin defined algebraic stacks more inclusively, and the
modern terminology is more inclusive still. Meanwhile, the term Deligne-Mumford
stack has come to refer to algebraic stacks with unramified diagonal. As the term
‘algebraic’ has become ever more inclusive, so has ‘Deligne-Mumford’, so that now
the class of ‘Deligne-Mumford stacks’, while contained in the class of algebraic
stacks, unfortunately includes some stacks that are not ‘Deligne-Mumford algebraic
stacks’ in the sense we defined them here. The relationship among the definitions
is clarified in Figure 1.

6Much of the literature works over the étale site of affine schemes. Since every scheme has an
étale (even Zariski) cover by affine schemes, the notions of stacks agree.

2Note that our definition of representability is different, but equivalent to some of the notions
used in the literature (see Lemma B.11). The notions of quasicompact and separated morphisms of
algebraic spaces defined in §9 carry over directly to all of the notions of algebraic spaces discussed
here. Also, in the sources, the various notions of algebraic spaces are defined for sheaves, rather
than stacks. Here, for uniformity, we have simply added the injectivity hypothesis on the diagonal
(see Lemma 4.8).

b The morphism p : U — X is either assumed to be schematic, or is representable by the same
class of algebraic spaces for which the diagonal is representable by virtue of Lemma B.12. In §9,
we defined surjective, étale, and smooth morphisms of algebraic spaces; these definitions carry
over directly to all of the notions of algebraic spaces discussed here.

“Deligne and Mumford caution that their definition is correct only for quasiseparated stacks
[ , Footnote (1), p. 98].

dQuasicompactness of the diagonal immediately implies quasicompactness of the map in
[ , Def. 1.1(c)]. We leave the converse to the reader. See also | , Tech. Detail 1.p],
cf. Stacks Project Algebraic Spaces.

®Artin gives his definition only under an additional assumption of local finite presentation.

fLaumon and Moret-Bailly ask only for a Laumon—Moret-Bailly algebraic space U and a smooth
surjection onto X [ , Def. (4.1)], but then U has an étale cover by a scheme, so the definition
is equivalent.

&The Stacks Project requires its algebraic spaces and algebraic stacks to be sheaves in the fppf
topology [ , Tag 025Y, 0260]. This yields an equivalent definition by [ , Tag 076M] in
the case of algebraic spaces and by | , Tag 076U] in the case of algebraic stacks (see §B.1).
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if the diagonal A : X — X' x X
is...?

127

and there is a scheme U
and a surjective
morphism p:U — X
that is ..."

a Deligne-Mumford
algebraic (DM algebraic)
stack | )

Def. (4.6)]°

a Knutson algebraic
space | ,

Def. 11.1.1]

an Artin algebraic
stack | , Def. (5.1)]°

a Laumon—Moret-Bailly
(LMB) algebraic space
[ , Def. (1.1)]

a Laumon—Moret-Bailly
Deligne—Mumford (LMB
DM) stack | ,
Def. (4.1)]

a Laumon—Moret-Bailly
(LMB) algebraic stack
[ , Def. (4.1)]

a Fantechi
Deligne—Mumford (F
DM) stack | ,
Def. 5.2]

a Fantechi (F) algebraic
stack | , Def. 5.2]

a stacks project (SP)
algebraic space | ,
Tag 025Y] #

a stacks project
Deligne-Mumford (SP
DM) stack | , Tag
03YO] &

a stacks project (SP)
algebraic stack | ,
Tag 0260] ®

schematic

injective and quasicompact ¢

representable by Knutson
algebraic spaces

injective, schematic, and
quasicompact

representable by
Laumon—Moret-Bailly algebraic
spaces, separated, and
quasicompact

representable by
Laumon—Moret-Bailly algebraic
spaces, separated, and
quasicompact

injective and schematic

representable by SP algebraic
spaces

representable by SP algebraic
spaces

étale.

schematic and étale.

smooth.

étale.

étale. |

smooth. f

schematic and étale.

schematic and smooth.

étale.

étale.

smooth.
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Remark B.8. A smooth (resp. étale) morphism of algebraic stacks 7 : ) — X that
is representable by algebraic spaces is surjective if and only if it is covering in the
étale topology. Indeed, 7 is surjective if and only if its base change to any scheme
is surjective, if and only if its base change to any scheme is covering, if and only if
it is covering. In short, for Definition B.6, in the table on page 127 we could replace
the heading ‘... and there is a scheme U and a surjective morphismp:U — X ...7
with the heading ‘... and there is a scheme U and a coverp: U — X ...". Indeed, in
the definition, we have either stipulated that p is at least representable by algebraic
spaces, or we obtain this from the condition on the diagonal (see Lemma B.12).

B.3. Remarks on representability. Note that in order to be able to speak about
morphisms representable by the classes of algebraic stacks in Definition B.6, we need
to know that these categories admit fiber products.

Lemma B.9 (cf. | , Tags 02X2 and 04T2]). All of the classes of stacks in
Definition B.6 admit fiber products and these coincide with fiber products taken on
the underlying CFGs.

Proof. To deal with the entries in Definition B.6 that involve a schematic cover
(DM stack, K algebraic space, LMB algebraic space, FDM stack, F algebraic stack,
SP algebraic space), suppose that X — Z and Y — Z are morphisms of stacks of
the appropriate type. Choose smooth schematic covers (or étale schematic covers,
as the case warrants) X — X, Y — Y, and Z — Z by schemes X, Y, and Z. Set
Xz =XxzZand Yz =Y Xz Z, as in the diagram below:

\i/

The projections Xz — X and Yz — ) are both smooth (or étale, according to the
case) and covering (by base change and composition; Lemma 6.5). Now,

XZxYZ:(XZxYZ) X (ZXZ)
zZ ZxXZ Z

so Xz Xz Yy is a fiber product of schemes, hence is a scheme. Moreover, the map
Xz xzYz — X xz ) is afibered product of smooth (or étale, as the case warrants)
coverings hence is a smooth (or étale) covering. Finally, via composition and base
change, Lemma 6.8 implies the maps Xz — X and Yz — ) are schematic, so the
same applies to Xz xz Yz — X xz Y from Lemma 6.8(3).

Now this implies that fiber products of SP algebraic spaces are SP algebraic
spaces so that the same argument can be repeated, with ‘representable by algebraic
spaces’ substituted for ‘schematic’ and ‘algebraic space’ substituted for ‘scheme’.
This proves the lemma for SP algebraic stacks and SP DM stacks.

All of the remaining classes in Definition B.6 can be characterized as algebraic
stacks with additional conditions on the diagonal. The conditions imposed on the
diagonal are all properties that are preserved by fibered products of morphisms
(note that properties preserved by composition and fibered product are preserved
by fibered products of morphisms; see the proof of Lemma 6.8(3)), and the diagonal
morphism of a fibered product is the fibered product of the diagonal morphisms. [
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Remark B.10. Using Definition 6.6, we now may speak of morphisms representable
by any of the classes of stacks in Definition B.6.

Although we will not need to do so, it is sometimes convenient to test repre-
sentability by various classes of stacks using smaller classes. The following lemma
shows that the class of affine schemes suffices to address most representability ques-
tions.

Lemma B.11. A morphism of stacks f : X — Y is representable by a class of
algebraic spaces in Definition B.0 (resp. schematic) if and only if for every affine
scheme S = Spec A, the fibered product X Xy S is representably by an algebraic
space in that class (resp. a scheme).

Proof. All of the properties involved in the various definitions of algebraic space
satisfy étale descent, so they can be verified étale locally. Since algebraic spaces
have étale covers by affine schemes (Theorem B.13) we can check if a morphism
is representable by algebraic spaces in any sense by testing with affine schemes.
The same argument with Zariski descent and schemes takes care of the respected
case. ]

If X is a CFG then conditions on the diagonal correspond by base change to con-
ditions on the fiber product S X yx x .S for all schemes S and all pairs of morphisms
z,y : S = X. Recall from Example 4.6 that this fiber product may be identified
with Ssomy(z,y) and from Lemma 4.8 that a CFG has injective diagonal if and
only if it is equivalent to a sheaf.

Lemma B.12 (] , Cor. 3.13], | , Prop. 5.12], | , Tag 045G]). Let
M be a CFG over over S. The following conditions are equivalent:

(1) The diagonal morphism M 2y M x M s representable by SP algebraic
spaces (resp. representable by K algebraic spaces, resp. schematic);

(2) For all S in S, and all x,y in M(S), the presheaf Fsom(x,y) on S is
representable by an SP algebraic S’-space (resp. K algebraic S-space, resp.
S-scheme);

(3) For all S in'S and all  in M(S), the morphism x : S — M (guaranteed by
the Yoneda lemma) is representable by SP algebraic spaces (resp. represent-
able by K algebraic spaces, resp. schematic);

(4) For every SP algebraic space (resp. K algebraic space, resp. scheme) S, we
have that every morphism S — M is SP-representable (resp. K represent-
able, resp. schematic).

B.4. Overview of the relationships among the definitions of algebraicity.
Our definition of an algebraic stack can also be characterized in a similar manner
to Definition B.6.

Theorem B.13. Fach type of stack X in the first column below is characterized by
the condition on the diagonal in the second column and the existence of a surjection
p: U — X satisfying the condition in the third column.
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and there is a scheme U
if the diagonal A : X — X x X and a surjective

A stack & is... 18. .. morphism p:U — X
that is ...
lgebrai S ) ,
an a:gesrarc space injective schematic and étale.

(Definition 6.28)

representable by
unramified algebraic spaces and
smooth.

a Deligne—Mumford
stack (Definition 6.28)

representable by
algebraic spaces and
étale.

a Deligne—Mumford
stack (Definition 6.28)

representable by
algebraic spaces and
smooth.

an algebraic stack
(Definition 6.28)

Sketch. Clearly the stacks described in the table above are algebraic stacks, Deligne—
Mumford stacks, and algebraic spaces, respectively. We now show the converse,
that stacks satisfying the above conditions on the diagonal and the presentation
are stacks of the type claimed. In short, we are asserting that the iteration process
described in Definition 6.27 only needs to be done once.

Suppose & is an algebraic stack. Considering the iterative nature of Definition
6.27, it is clear that X has a smooth cover P : U — X by a scheme U. We need
to show that P is representable by algebraic spaces. This morphism must have
injective relative diagonal (since U x x U is a sheaf of sets and U — U xxU — U xU
is injective), so it is representable by algebraic spaces, as required.

This argument applies also to show that Deligne-Mumford stacks have étale
covers by algebraic spaces.

Suppose now that X is an algebraic space. Then the diagonal of X is injective
and representable by algebraic spaces. In particular, it is locally quasifinite and
separated, so by separated, locally quasifinite descent [ , Tag 02W8], it is
schematic.

To complete the proof, we need to show that algebraic spaces and algebraic
stacks with unramified diagonals have étale covers by schemes. We will show these
statements simultaneously (using an ‘induction on stackiness’), mostly following
[ , Tag 06N3].

We argue that every finite-type point of X has an étale neighborhood that is a
scheme. This will suffice, since if = is a geometric point of X, we can find a smooth
map U — X where U is an affine scheme and z lifts to U. Then this lift has a
specialization to a closed point of U, which induces a point y of X of finite type.
Any étale neighborhood of y will also contain x.

Let z = Speck be a point of X of finite type. We argue first that there is a
factorization x — y — X where y is unramified over X. Let R = x xx x. Then
R is flat over x (since z is the spectrum of a field) and of finite type (since the
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composition u X y 4 — u Xy X is the base change of a morphism u — X of finite
type).

Since R is of finite type over x via the first projection, its geometric fiber has
finitely many components. Replacing k with a finite extension, we can therefore
assume that the connected components of R are geometrically connected. Let
Ry C R be the connected component of the diagonal section. Note that Ry — = X x
is unramified and its fiber over the diagonal x — = X zx is injective on geometric
points. But every geometric fiber is either empty or is a torsor under the fiber over
the diagonal, so that every fiber is injective on geometric points. It follows that
Ry — x X z is a injection, so that it defines an equivalence relation on .

Let y = x/Ry be the quotient of x by this equivalence relation. Since Ry C R
is open, Ry is flat over x and therefore this is an algebraic space (Theorem B.2)
equipped with a map y — Z. In fact, y must be the spectrum of a field: choose a
smooth cover Spec A — Ry by a scheme, and let ¢ be the equalizer of the two maps
k — A. Then ¢ is a field (since an element of k is equalized by two homomorphisms
if and only if its inverse is). Moreover, we obtain a map y — Spec £ that is covering
and injective in the fppf topology. Therefore it is an isomorphism (see [ , Tag
0B8A)).

Now we argue that y — X is unramified. Indeed, the diagonal map y — y Xy y
pulls back via the fppf cover Ry = x Xxx v — y Xx y to & X, = Ry, which is open
in R. Therefore y — y X » y is an open embedding, so y is unramified over X.

Now choose a smooth morphism U — X containing y in its image, with U =
Spec A affine. Let V = U Xy y. Then V is a smooth algebraic space over y and
V — U is unramified. If X is an algebraic space then we have seen that U — X is
schematic, so that V is a scheme; in that case we write W = V. In general, then
we know the diagonal of X is at least representable by algebraic spaces, so V is an
algebraic space. By ‘induction on stackiness’ we may assume that there is a scheme
W and an étale map W — V whose image in X contains the image of y.

Up to an étale extension of ¢, we can assume that y is the image of an ¢-point
of W, which we denote w. We take u to be its image in U. The map W — U
is unramified, so the maximal ideal m of w in Oy is generated by the image of
the maximal ideal n of v in U. We can therefore choose functions fi,...,fq €
Oy, whose images in Oy, form a basis for m/m2. Replacing W by an open
neighborhood of w, the vanishing locus of fi,. .., fg in W will be {w}. In particular,
the vanishing locus is unramified over y. But the locus where U — X' is unramified
is open, so that there is an open neighborhood U’ of v € U where U' — X is
unramified. Since it is also smooth, it is étale, as required. O

The implications among all of the definitions are described in Figure 1. They
can all essentially be explained by putting various conditions on the diagonal of
an algebraic stack. In this sense, from an expository perspective, the definition of
an algebraic stack is the basic definition, and the rest can easily be obtained from
this. In practice this is somewhat misleading, however, since one must first define
an algebraic space to define an algebraic stack.

B.5. Relationships among definitions of algebraic spaces. The following im-
plications hold for algebraic spaces:
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A n.r.

L/ =
DM Alg. == SP Alg. A sch.

ﬁ Zﬁ
Sch. === SP Alg. Sp. =——> SP DM ——— SP Alg.

A q.c. A q.c. A q.c.+sep. A q.c.+sep.

q.s. Sch. == LMB Alg. Sp. ——= LMB DM ———= LMB Alg.

A inj A n.r.

K Alg. Sp.

FIGURE 1. An arrow from one entry to another signifies that the
class of objects at the arrow’s tail are also of the type at its head.
An arrow with a label means that an object of the type at the tail
satisfying the additional condition named in the label is also of the
type at the head. A double-headed arrow should be interpreted as
a pair of arrows pointing in both directions with the same label;
in other words, the condition in the label makes the conditions at
its ends equivalent.

Sch. === SP Alg. Sp. &<——= Alg. Sp.

A qg.c. A qg.c.

q.s. Sch. —= LMB Alg. Sp. <= K Alg. Sp.

An arrow with a label indicates that the implication holds under the additional
assumption indicated on the diagonal. A two headed arrow implies that the defini-
tions are equivalent under the given assumption on the diagonal.

The only arrows that requires justification are the equivalence between LMB
algebraic spaces and K algebraic spaces and the equivalence between algebraic
spaces and SP algebraic spaces.

Lemma B.14. LMB algebraic spaces are the same as K algebraic spaces and SP
algebraic spaces are the same as algebraic spaces.

Proof. 1t is clear that LMB algebraic spaces are K algebraic spaces and that SP
algebraic spaces are algebraic spaces. For the converse, we only need to show that
the diagonal is schematic. This is [ , Tag 046K]. In fact, the diagonal of an
algebraic space is injective, hence separated and locally quasifinite. Therefore the
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diagonal is schematic, by separated, locally quasifinite descent | , Tag 02W8].
O

B.6. Relationships among the definitions of algebraic stacks.
Alg.
A q.c.4sep. ﬂ A sch.
LMB Alg. —— SP Alg. <——F Alg. <—SP Alg. A sch.
Most of the implications are immediate, so we only make a few comments.

Lemma B.15. The diagonal morphism of an algebraic stack is representable by
algebraic spaces.

Proof. One can check this using Theorem B.13 and a slight modification of the
proof of | , Tag 04XS]. O

Lemma B.16. Algebraic stacks are the same as SP algebraic stacks.

Proof. From Theorem B.13, we only need to show that the diagonal morphism is
representable by SP algebraic spaces. Since we have shown already that algebraic
spaces are SP algebraic spaces, we conclude using the previous lemma. (I

Lemma B.17. An SP algebraic stack with quasicompact and separated diagonal is
an LMB algebraic stack.

Proof. Suppose that A is SP algebraic, with quasicompact and separated diago-
nal. By Lemma B.15, the diagonal morphism for X is representable by algebraic
spaces. An algebraic space is an LMB algebraic space if and only if its diagonal is
quasicompact (see Section B.5). Since the diagonal of X is separated, the double
diagonal is a closed embedding and, a fortiori, quasicompact. Hence the diagonal
of X is representable by LMB algebraic spaces, as required. O

Remark B.18. We expect there are F algebraic stacks that do not have schematic
diagonal, but we do not know of any example. We also expect that there are SP
algebraic stacks that do not admit a smooth schematic morphism from a scheme
(and therefore are not F algebraic stacks), but we do not know of any example. See
Example B.21 for an SP algebraic stack that does not have schematic diagonal.

B.7. Relationships among the definitions of Deligne-Mumford stacks. For
Deligne-Mumford stacks, we have implications:

DM
A q.c.+sep. ﬂ A sch.
X
LMB DM ——= SP DM F DM DM Alg.
A q.c.+sep.

Most of the implications are immediate, but we focus on the main points:

Lemma B.19. DM stacks are the same as SP DM stacks.
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Proof. From Theorem B.13 we only need to show that a DM stack has diagonal
representable by algebraic spaces (as these are the same as SP algebraic spaces).
However, by Theorem B.13 it is immediate that DM stacks are algebraic stacks, and
we have seen in Lemma B.15 that the diagonal of an algebraic stack is representable
by algebraic spaces. O

Lemma B.20 ([ , Lem. 4.2]). All LMB DM stacks have schematic diagonal.

Proof. Any locally quasifinite, separated morphism that is representable by alge-
braic spaces is schematic | , Tag 03XX]. d

The rest of the implications are obvious from Theorem B.13 and the two lemmas
above.

Example B.21. We will construct an SP Deligne-Mumford stack without schem-
atic diagonal (i.e., an SP DM stack that is not a DM algebraic stack). Let G be A!
with a doubled origin. This can be regarded as a group scheme over A! by distin-
guishing one of the two origins as the identity element. If X — A' is a morphism of
schemes, with X the fiber over the origin, then a G-torsor on X is a Z/2Z-torsor
on Xo.

We will show that the map p : A! — BG is not schematic. Indeed, if Z — BG
is any morphism then the base change of p is the total space of the corresponding
torsor. Therefore we have to find a scheme Z over A' and a G-torsor over Z that
is not representable by a scheme.

To find such a torsor, choose a scheme W and an étale double cover W/ — W
that does not have a section Zariski-locally. Let Z = Aj;, (so that Zo = W) and let
P be the G-torsor over Z corresponding to W/ — Zj.

Remark B.22. In regards to the example above, we expect that there are also F DM
stacks that do not have schematic diagonal (and are therefore not DM algebraic
stacks), but we do not know of any example. We also expect that there are SP
DM stacks that do not admit a smooth schematic morphism from a scheme (and
therefore are not F DM stacks), but we do not know of any example. Example B.21
shows there are SP algebraic stacks that do not have schematic diagonal, and are
therefore not DM algebraic stacks.

B.8. Stacks with unramified diagonal. The implications in Figure 1 regarding
unramified diagonal all follow immediately from the following lemma:

Lemma B.23. An algebraic stack with unramified diagonal is a DM stack.

Proof. Now that we have the identification between algebraic stack and SP algebraic
stacks, and DM stacks and SP DM stacks, this is | , Tag O6N3]. O

B.9. The adapted perspective. We show how all of the stacks that have ap-
peared in this paper can be described as stacks adapted to a given presite.

B.9.1. Stacks adapted to the étale site of schemes. We have already seen the fol-
lowing. A stack adapted to the étale presite with injective diagonal is the same
thing as an algebraic space. A stack adapted to the étale presite with injective
and quasicompact diagonal is the same thing as an LMB algebraic space. A stack
adapted to the étale presite is the same thing as an F DM stack. A stack adapted
to the étale presite with quasicompact and separated diagonal is the same thing as
an LMB DM stack (Lemma B.20).
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B.9.2. Stacks adapted to the étale site of algebraic spaces. Stacks adapted to the
étale presite of algebraic spaces induce Deligne-Mumford stacks on the étale site of
schemes. Indeed, given a stack in the étale topology on algebraic spaces one obtains
a stack on the étale site of schemes by restriction. Conversely, a stack on the étale
site of schemes extends uniquely to the étale site of algebraic spaces since every
algebraic space has an étale cover by schemes. Using again that every algebraic
space has an étale cover by schemes, the definition of stack adapted to the étale
presite of algebraic spaces agrees with the characterization of Deligne-Mumford
stacks in Theorem B.13.

B.9.3. Stacks adapted to the smooth site of algebraic spaces. Stacks adapted to the
smooth presite of algebraic spaces induce algebraic stacks by restricting from the
category of algebraic spaces to schemes.

B.9.4. Stacks adapted to the fppf site of algebraic spaces. A stack adapted to the
fppf site of algebraic spaces induces an algebraic stack on the étale site of schemes,

by restricting from the category of algebraic spaces to the category of schemes (see
Theorem B.2).

B.9.5. An example of a stack that is not adapted to a presite.

Example B.24. Consider the logarithmic abelian varieties of Kajiwara, Kato, and
Nakayama | , ], which are sheaves in the étale topology
and possess logarlthmlcally étale covers by logarithmic schemes but have no such
étale covers (logarithmically étale maps are a more general class of morphisms
including all étale maps but also some blowups and other non-flat morphisms).
However, the logarithmic étale topology is not subcanonical and there is no sub-
canonical topology in which logarithmic abelian varieties are covered by logarithmic
schemes.

B.10. Conditions on the relative diagonal of a stack and bootstrapping.
As we have seen, most of the variations on the definition of an algebraic stacks
outlined in Definition B.6 can be obtained from the definition of an algebraic stack
by imposing conditions on the diagonal. Here we aim to extend the bootstrapping
result of Proposition 6.31 to these other cases. In other words, our goal here is to
show that a stack that is relatively algebraic over an algebraic stack (according to
any of the definitions in Definition B.6) is itself algebraic.

For the next lemma, recall that for a morphism f : X — ) of algebraic stacks,
the diagonal A is representable by algebraic spaces (| , Tag 04X8S]).

Lemma B.25. Let P be a property of morphisms of algebraic spaces that is stable
under composition and base change. Let X,Y, Z be algebraic stacks over S.

(1) If x EN Y has property P for Ay and Y' — Y is any morphism, then the
morphism X xy V' i> V' obtained from the fibered product has property P
for Ag.

(2) If X i> Y and Y % Z are morphisms such that Ay and Ay have property

P, then for the composition X 9°f Y, the diagonal morphism Agor has
property P.
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(3) If X i> X' and Y EX Y’ are morphisms over a stack Z such that Ay and

A, have property P, then for the fibered product morphism X X z Y friags

X' xz ) the diagonal morphism Af'Xstg has property P.

(4) A morphism f : X — Y has property P for Ay if and only if for every
scheme S and every morphism S — Y, the base change f' : X xS — S
has property P for Ay:.

(5) Suppose that property P satisfies the following condition: if If X Ly and
Y % Z are morphisms of algebraic spaces such that g and f o g satisfy
property P, then f satisfies property P. Then If X EN Yand Y % Z are
morphisms such that Ay and Agop have property P, then Ay has property

P.
Proof. This is essentially contained in | , Tag 04YV]. (1) follows from the 2-
cartesian diagrams:
1 f’ / ! Af/ ! !
(B.1) Ly Xy x
L, L]
X —Y X —— A xy X

The diagram on the left induces the diagram on the right, and it then follows from
base change that Ay has property P.

(2) follows from (1) using the 2-commutative diagram below for the morphisms
f:X = Yand g:Y — Z. The square is a 2-fibered product.

Dgos

A
(B.2) XXy X —— X xz X

N

y—>g yXZy.

(3) is essentially | , Rem. (1.3.9) p.33], which observes that the conclusion
follows from (1) and (2), together with the fact that given morphisms f: X — X’

X ..
and g : Y — )’ over a stack Z, the product X xz Y Tz pr x z ) is given by
the composition of morphisms obtained from fibered product diagrams:

indZidy id s Xidz g

szy X/XZy X/ng/.

(4) If Ay has property P, this follows from (1). Conversely, assume that for
every scheme S and every morphism S — ), the base change X xy S — S has
property P for its diagonal. By definition, for Ay : X — X X3 X to have property
P means that the base change S x x xyx X — S has property P. But

S X X=S5 X Xg
XXy X Xs X g Xs

where Xs = & Xy S and by assumption, the diagonal of Xs — S has property P.
(5) This follows from diagram (B.2), and the previous parts of the lemma. O
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Corollary B.26. For any of the classes C of objects introduced in Definition B.6,
if YV is of class C and f : X — Y is representable by objects of C then X is of class
C.

Proof. Lemma 6.32 covers the case of algebraic stacks. For F algebraic stacks
one can easily adapt the proof of Lemma 6.32. The remaining classes C of stacks
introduced in Definition B.6 can can be obtained by imposing various conditions
on the diagonal of an algebraic stack, all of which are stable under composition and
base change. Fix a class of such stacks, and call the necessary conditions on the
diagonal condition P. In particular, ) is of class C means that the diagonal A, of
the structure map 7 : Y — S has property P. If f : X — ) is representable by
objects of C, then from Lemma B.25(4), we have that Ay has property P. Then by
Lemma B.25(2), we have that A,.; has property P. In other words, X is of class
C. O

Remark B.27. The arguments above show the following, as well ([ , Tag
04YV]). Let f : X — Y be a morphism of algebraic stacks. The morphism f
is representable by LMB algebraic stacks (resp. LMB DM stacks, resp. LMB alge-
braic spaces) if and only if Ay is quasicompact and separated (resp. quasicompact,
separated, and unramified, resp. quasicompact, separated, and injective).

C. GROUPOIDS AND STACKS

Stacks are often studied via groupoid objects. In this section we discuss torsors,
groupoid objects, and stacks arising as quotients of groupoid objects. In the end we
show that groupoid objects adapted to a presite, i.e., those where the source and
target maps are coverings in the presite, are essentially the same thing as stacks
adapted to the presite.

C.1. Torsors and group quotients. Let X be in S/S, and let G be a sheaf of
groups over S acting on the right on X:

XxgG —2— X

We define a CFG over S/S, [X/G] in the following way. The objects over an
S-scheme f : 8" — S are diagrams

P — Xg

|

S/

where P’ is a Gg-torsor (principal bundle) over S’, and P’ — Xg is a Gg/-
equivariant morphism. Morphisms are defined by pullback. There is a morphism
[X/G] — S given by forgetting everything except the S-scheme f : S’ — S, and
there is an S-morphism ¢ : X — [X/G] given by the trivial G x-bundle

X x5 G-Y% X xg X

PHJ

X.
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This induces a 2-cartesian diagram

XXSG0—>X

(C.1) phl J"

X — 5 [X/G]

that is a co-equalizer for X xg G i; X (i.e., initial in the category of stacks for
pri

the diagram (C.1)); in other words, [X/G] is a quotient in the category of stacks
for the action of G on X, in the sense that any G-equivariant map out of X factors
through it. Note that if there exists a scheme X /G that is a quotient in the category
of schemes for the action of G on X (i.e., a co-equalizer in the category of schemes),
then there is a morphism
[X/G] — X/G.

Of particular importance is the trivial action of G on X = S. The quotient
[S/G] is denoted BG. As a CFG, BG consists of the pairs (S’, P’) where S’ € S/S
and P’ is a G-torsor over S.

Remark C.1. There is a similar construction for left group actions; in the notation
above, we would have the stack [G\X].

C.2. Groupoid objects and groupoid quotients.

C.2.1. Groupoid objects. Let Gpd denote the category (not 2-category) of small
groupoids. There are functors Obj and Mor from (Gpd) to (Set) sending a groupoid
X, respectively, to its set X of objects and its set Xy of morphisms. There are two
canonical morphisms s,t : X; — X sending a morphism to its source and target.
More data are required to specify a groupoid, but these are often left tacit and the

t
groupoid is usually denoted by a pair of morphisms of sets X; == X .
S

A groupoid object in a category S is defined by taking X7, Xy, and all of the
morphisms involved in specifying the groupoid to lie in S (as opposed to Set). If
this is the case, then we obtain functors Homs(—, X;) from S°P to (Set). This can
all be said more concisely as follows:

Definition C.2 (Groupoid object). A groupoid object of a category S is a functor
Z 1 S°P — (Gpd), along with objects Xy and X; in S, respectively representing
the composition of functors Objo 2" and Moro 2" from S°P to (Set). The groupoid

¢

object 2" is often denoted X; == Xy . A morphism of groupoids objects is a
S

morphism (natural transformation) of functors.

Remark C.3. There are morphisms s,t : X7 — X associated to a the groupoid
object 2 in S obtained from the source and target maps associated to a groupoid.
Moreover, associated to a morphism 2~ — % of groupoid objects in S are mor-
phisms Xy — Yy and X7 — Y;.

Example C.4 (Constant groupoid object). Let X be any object of S. Define
1d

Xo = X1 = X. Then X; =Xy is a groupoid object of S. We call such a
1d

groupoid constant and denote it, abusively, by the same letter X.
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Example C.5 (Action groupoid). Let G be a group object of S acting on the left
on an object Xg. Define Obj.Z"(U) = Hom(U, Xy) and let MorZ"(U) be the set of
all triples (g, z,y) where z,y € ObjX (U) and g € Hom(U, G) is a U-point of G such
that gz = y. The composition of (g, z,y) and (¢, y, z) is the triple (¢’g, x, z). This
is known as the action groupoid. It is also typically denoted by G x X :;ng Xo .
Example C.6. One can immediately associate a category fibered in groupoids to
any groupoid object. Indeed, suppose that 2" is a groupoid object of S. Construct
a category X whose objects are pairs (U, &) where U is an object of S and £ €
ObjZ"(U). A morphism (U, &) — (V,n) consists of a morphism f: U — V of S and
a morphism ¢ : &€ — f*n of 2 (U). The composition of (f,¢) : (U,€) — (V,n) and
(9,%) : (V,n) = W, Q) is (gf,d o f*). Tt is easy to verify that this category is
fibered in groupoids over S with the projection sending (U, &) to U.

When S has a topology, this groupoid is rarely a stack, although it is a prestack
t

if the topology is subcanonical. If S is subcanonical and X; == X is a groupoid
S

t
object, then it is common to denote the associated prestack by [ X7 == X |P*.
S

There is an abstract process of stackification of prestacks, analogous to sheafification
of presheaves, by which a CFG X is replaced by the initial stack receiving a map
from X. In the situation of groupoid objects, this stack is typically denoted by

[ X1 :t}XO] (see e.g., | , Def. 3.11, Def. 4.10] for more details on this

t
approach). Moreover, there is a morphism Xy — [ X; == X ] that makes the
S

following diagram

(C.2) X, ——— X,

| |

t
Xo — [X1 —= X0

2-cartesian (] , Tag 04M8]) and essentially a 2-coequalizer for X :t§ Xo (see

[ , Tag 04MA] for more details on the precise meaning of this). In other words,
the stack provides a “quotient” for the groupoid.

Rather than undertake an explanation of this construction and the attendant
2-universal property, we will give a direct construction of the stack associated to a
groupoid object.

Remark C.7. In the case of left group action, the stack [ G x Xj %XO} is
equivalent to the stack [G\Xo].

C.2.2. Augmented groupoids.

Definition C.8 (Augmented groupoid object). A groupoid object 2 of a category
S is said to be augmented toward an object X of S when it is equipped with
a morphism 2 — X. A groupoid £ augmented toward X is often denoted
X1 = Xo — X.
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If Z - X and & — Y are augmented groupoids, a morphism of augmented
groupoids from 2" — X to # — Y is a commutative diagram of groupoid objects
as in (C.3):

(C.3) e

A 74
| |
X ——Y.

Remark C.9. To augment a groupoid % torwards X, it is equivalent to give a
morphism f : Xy — X such that fs = ft.

Definition C.10 (Cartesian morphism of augmented groupoid objects). If S ad-
mits fibered products, a morphism of augmented groupoid objects as in (C.3) is
called cartesian if Xg — X Xy Yy and X; — X Xy Y7 are isomorphisms.

Example C.11. Suppose that g : Xg — X is a morphism in a category admitting
fiber products. We define a groupoid as follows: Obj.2"(U) = Hom(U, X,) and
MorZ (U) is the set of pairs (f,g) € Hom(U, Xy) such that ¢f = ¢gg. In other
words, MorZ™ is represented by X; = Xy xx Xo. The composition of the pair
(f,g) and (g, h) is, by definition, the pair (f, ), and the identity of f € Obj 2" (U)
is the pair (f, f). The groupoid X; = X is augmented toward X by construction.

Let Gpdg|r denote the category of augmented groupoid objects of S, with cartesian
morphisms. The projection sending an augmented groupoid object (£ — X) to
X makes Gpdg' into a CFG over S.

C.2.3. Stacks associated to groupoid objects. Now suppose that S is equipped with
a pretopology.

Definition C.12 (Presentation of an augmented groupoid obejct). Let S be a pre-
site admitting fibered products. Let X; = Xy — X be a groupoid of S augmented
toward X. We call it a presentation of X if Xo — X is covering (Definition 6.2)
and the canonical map X; — Xy X x X is an isomorphism.

Definition C.13 (Category associated to a groupoid object). Let S be a presite
admitting fibered products. Let 2" = (X1 = Xj) be a groupoid object of S. We
construct a CFG, X, called the CFG associated to a groupoid object. The objects
of X are triples (U, % , &) where U is an object of S, where % — U is a presentation
of U, and where £ : % — 2 is a morphism of groupoid objects.

A morphism in X from (U, %,&) to (V,7¥,n) is a cartesian morphism (f,¢) of
augmented groupoids from (% — U) to (¥ — V) such that nop = ¢ as morphisms
of groupoids Z — % .

The morphism X — S is given by sending (U, %, &) to U.

The following lemma asserts that the category X is a CFG; the proof is straight-
forward, so it is omitted.

Lemma C.14. IfS admits fiber products, then the category X over S constructed
above is a CFG.

For the following lemma, let Cov denote the category whose objects are covering
morphisms X — U in S and whose morphisms are cartesian squares. If S has fiber
products then the projection Cov — S sending (X — U) to U makes Cov into a
CFG over S (Example 3.21).
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Lemma C.15. Assume that S is a subcanonical presite with fiber products. Let X
be the CFG constructed as above in Definition C.15. If Cov is a stack over S then
so is X.

Proof. We give just a sketch. The idea is to use Lemma 4.9. We start with an
object S of S and the canonical morphism S/S — S. Given a cover R = {U; — S}
of S and a morphism R — X we need to show how to obtain the lift S/S — X. So,
given groupoid objects %; over each U;, along with compatible data over the double
and triple fiber products U;; and U, these descend to a groupoid object . over
S by descending the objects Obj%; and Mor%; of Cov and the morphisms between
them (using that Cov forms a stack and that morphisms between representable
objects form sheaves). Then the maps %; — 2 descend to . — 2" by descending
the maps on objects and morphisms, again using the subcanonicity of the site. This
gives the desired morphism S/S — X. d

Example C.16. If 2 is the groupoid object Uj :} Up and X is its associated

stack, there is a canonical map Uy — X, which is covering. We construct the triple
(Uo, %y, % — Z) giving this morphism as follows. The presentation %y — Uy is
given by

pri s
Ul XUy U1 ?mp? U1 e Uo;

here the maps for the fibered product are the source and target maps repsectively,
and the bottom arrow comp is the composition morphism taking a pair (a, ) in
Ur Xy, Ur (over some S) to the composition o « in Uy (over S). This is a
presentation of Uy since s is covering (the projections s,t : Uy — Up are always
covering in a groupoid object because of the ‘identity map’ section Uy — Uy).

To describe %y — 4, it is convenient to describe % as follows. For any scheme
S, % (S) is the groupoid in which the objects are the morphisms of 2(S). The
morphisms from (£ — {) to (n — w) in %(S) are the commutative squares

HC

— w.

[S———

That is, there are no morphisms unless ¢ = w. Clearly Obj%,(S) = Hom(S, Uy)
and Mor%4(S) = Hom(S,U; Xy, U1). There is a canonical map % — 2 sending
an object (£ — () to &.

Finally, we show that Uy — X is covering. For a scheme S, a morphism S — X

is a triple (5,7, : ¥ — Z7), where ¥ = S % So — S is a presentation. The
t/

morphism . — 2 induces a morphism Sy — Uy. The fact that Sy — S is covering
means that there is a cover {T,, — S} of S that lifts to Sy, and therefore composing
gives morphisms T,, — Uy. This gives the cover {T,, — S} of S whose compositions
T, — S — X lift to Up.
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Remark C.17. In fact, there is a cocartesian diagram in the 2-category of stacks:

Uli)Uo

|

Uy—X

We will not use this property, so we do not give a proof (see e.g., | , Def. 3.11,
Def. 4.10]).

C.3. Adapted groupoid objects and adapted stacks. Here we show that a
stack associated to a groupoid object having source and target that are coverings
in the presite is the same as a stack adapted to the presite; i.e., it is an algebraic
stack. Moreover, the groupoid object induces a presentation of the stack.

Proposition C.18 (] , Prop. 5.21]). Let S be a subcanonical presite admit-
ting fibered products. Let Uy é; Uy be a groupoid object, and set X = [ Uy § Uo |.
If P is any property of morphisms in S that is stable under base change and local
(on the target), then:

(1) Assuming the diagonal X — X X X is S-representable, it has property P if
and only if (s,t) : Uy — Uy x Uy has property P.

(2) Assuming the morphism Uy — X (corresponding to the identity of Uy) is
S-representable, it has property P if and only if s (or t) has property P.

Proof. For the first claim, Uy — Uy x Uy is the base change of the diagonal via
Up x Uy = X x X, so the former inherits property P from the latter. Conversely,

if § - X x X is any morphism, let
Vv w
T S

be the base change of the cartesian diagram

—

—

U14)UO X U()

l, |

X —2 ., xxAX.

Then V' — W has property P by base change. But W — S is a cover, since it is
the base change of Uy x Uy — X x X, so property P descends to T' — S. This
applies to any morphism S — X x X, so A has property P.

For the second claim, there is a cartesian diagram

(C.4) Uy —— Uy

|

Uy—— X
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so s and t inherit property P from Uy — X. Conversely, suppose S — X is any
morphism. Let

V— W
T—S
be the base change of (C.4). Then V — W is P by base change. But W — §

is covering (by base change; see Example C.16), so P descends to T" — S. This
applies to any S — X, so Uy — X is P, as required. (Il

Proposition C.19 (] , Prop. 4.19, 5.19]). Let S be a subcanonical presite
admitting fibered products. Let X be a stack, let P : U — X be an S-representable
morphism from an object U of S. Then there is an associated groupoid object

pr

UxxU :23 U inS (seeeyg., | , Prop. 3.5]). If moreover the morphism
pri

P : U — X is a cover in the sense of Definition 5.2, then X is equivalent to

pr2
[UxxU %; U ], and the projections pryi,pro are covers in the presite.

Proof. Set Uy = U and U; = U xxU. Let U be the stack associated to the groupoid
object 7 = U; = Uy. We construct a map U — X by descent. Let Z — U be
any morphism, where Z is a scheme. By definition, this corresponds to a groupoid
presentation of 2 of Z and a cartesian morphism % — % . By composition, this
gives a map to the constant groupoid object X, and this descends uniquely to a
map Z — X. This is easily shown to be functorial in Z, hence gives a morphism
u—X.

Now we argue that Y — X is an isomorphism if Uy covers X. Indeed, the
map U — X factors through U, so U — X is surjective. On the other hand,
Up xy Uy — Uy xx Uy is an isomorphism. This is the pullback under the cover
Up Xx Uy = U x x U of the diagonal U — U X x U. Therefore the relative diagonal
of U — X is an isomorphism, which is to say that Y — X is injective. Combined
with the surjectivity, this means & — X is an isomorphism.

The statement that pry and pro are covers can be obtained from the 2-cartesian
diagram (C.2). O

Definition C.20 (Groupoid object adapted to a presite). Let S be a subcanonical
t

presite admitting fibered products. We say a groupoid object U; == Uy is adapted
S

to the presite if s and t are covers in the presite and the natural morphism Uy —
t
X =[ Uy =2 Up ] is S-representable.
S
Corollary C.21. The stack associated to a groupoid object adapted to a presite
is a stack adapted to the presite; in particular, it is algebraic. Conversely, a stack

adapted to a presite is the stack associated to a groupoid object adapted to the
presite.
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