Integration by substitution (chain rule backwards)
If g is differentiable at x and f is differentiable at g(z), then f(g(z)) is differentiable with

[f(g(=)] = f'(9(x))g'(z) (chain rule).

Reversing this, if we are trying to integrate something of the form
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and we know an antiderivative for f, F’ = f, then

[ futenGode = Fu(o)),

since the derivative of the right-hand side is the integrand of the left-hand side. In other words,
we integrate by “substituting” the function u(z) with the variable u and the differential %dm

by du:
[ ftutanGpde = [ a)du = Pl = Fluto)).

For definite integrals, one needs to change the limits of integration when making a substitution:

u=u(b) u=u(b)
o= rwdu,

u=u(a)
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Some examples:
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u=cosz, du=—sinzdz, u(0) =1, u(r/4) =1/V2,

we have

/“/4 sin z /Uﬁdu 1/\f In2
de = In u\’ .
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o /Cosgr/a:)dx With u = 7/z, du = —%d% we have

/cos(z/x)dgﬁ = —i/COS(W/l‘> (—%) dr = ! /cosu du = _sinu = _sin(ﬂ/x).
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Try it out!

1. /xsin(x2)dx
With u = 22, du = 2zdx, we have
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zsin(z?)dr = = [ sinu du = —= cosu = —= cos(z?).
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2. / V(@ + 3)da, / vz § 3da

The first requires no substitution
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/\/:E(x—i-fi)da: = /$3/2dx+3/x1/2d:v = 53:5/2 + 222,

In the second, with u =z + 3, x = v — 3, du = dx, we have

/x\/mCZx_/(u—:s)\/ﬁ du-/u2 du—3/ﬁdu-u3/3—2u3/2/3.
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With
u=Inz, du=dzx/z, ule) =1, u(l) =0,

we have
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The first requires no substitution
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In the second, with u =z + 4, x = u — 4, dx = du, we have
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With u = €%, du = e*dx, we have

= arcsinu = arcsin(e”).
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With u = arctan z, du = —%=
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/mdx = /u du = u?/2 = 5(arctanm)2.

we have
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With u = 1 + 22, du = 2zdz, we have z3dx = Y
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du and
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With
w=1-23 du=—3zdzx, u(-2) =9, u(0) =1,

we have .
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