Integration by parts (product rule backwards)

The product rule states p
o (@)9(x) = f@)g (@) + f'(@)g(x).

Integrating both sides gives

f(@)g(z) =/f(ar)g’(x)da:+/f’(m)g(x)dx.

Letting f(z) = u, g(z) = v, and rearranging, we obtain

/udv:uv—/vdu.

e [ze” dz. Differentiating u = = gives a “simpler” function, du = dz, while integrating
dv = e®dx gives v = € which is no more difficult to integrate. Applying integration by
parts gives

Some examples:

/:Uexdx:xe’”—/exdx:xex—ex:ex(a:—l).

e [Inz dx. Differentiating u = Inz gives the “simpler” function du = %dm while integrating
dv = dx gives v = x. Applying integration by parts, we obtain

1
/lnx dmlenx/xdaz:mlnva::p(lnx1).
x

e [e”sinz dx. We can integrate by parts twice and solve algebraically for the integral as
follows:

I—/exsinw dx—exsinx—/excosx dx = e*sinz — <excos:):—/e”(—sinx)d:):>
:ex(sinx—cosx)—/ezsinx dx = e*(sinx — cosx) — I,
2] = e"(sinx — cos z),

efﬂ
I= ?(sinx —cosx).



Some for you to try:

1. /lnydy
VY

T

3. /wlnx dx

1
4. / arccos z dz
0



5. /a:3\/1+372 dx

V3
6. / arctan(1l/x)dx
1

7. / (Inz)? dz

8. / t? sin(rt)dt.



9. /excos(mc)dx

10. /cos(ﬁ)dm (Make a substitution first.)

11. /sin(ln w)dw (Make a substitution first.)

12. /sec39 do



