Math 6240 Final Exam Solutions

1. The “Sol geometry” (one of the eight geometries in Thurston’s Geometrization) is R3
with group operation

(x,y,2) - (u,v,w) = (x+ eu,y + e “v, 2z + w)

and a left-invariant metric such that d,, J,, and 0, are orthonormal at the identity

(0,0,0).

(a) Find the left-invariant vector fields Fy, E,, and Ej of Sol.
Solution: With (p,q,7) = (2,9, 2) - (4, v, w) = L(z,-)(u, v, w), we have

ooa e 0 0
(DL(:B,y,Z))(u,v,w) = —Z g—g g—gj = 0 e* 0
oo 0 0 1
Therefore, the left-invariant vector fields are
e 0 0 1
Eq (ZL‘, Y, Z) = (DL(x’y’Z)>(O’O’O)(6I’(O,O,O)) = 8 e(;Z i) 8 — 7 az‘(m7y7z)

E2 (*Ta Y, Z) = (DL(%ZJ,Z)>(07070)(8y|(0’0,0)> = eiz 8y|($’y7z)
ES (x7 Y, Z) = (DL(:E,y,Z)>(0,0,0) (62’(07070)) = az|(x’y7z)

(b) Write the left-invariant metric in (x,y, z) coordinates explicitly.

Solution: The basis { £}, Es, E3} is orthonormal. Thus for example we have 1 =
(Ey, Ey) = (€%0,,€°0,), so that (0,,0,) = e~%*, which implies g11(z,y,2) = e .
Similarly we can derive the rest of the metric components, and we get

ds® = e da® + ¥ dy* + d*.

(c) Compute the nonzero Christoffel symbols of the left-invariant metric in (z,y, 2)
coordinates.

Solution: By the standard formula, we have

3
1
Ll =D 50" (Digj + 090 — igiy).

=1

Since the nonzero metric components are diagonal, we can simplify this to

1
Ffj = 2—(5jkaigkk + 0ik0;grk — 0ijOkGii-
Jkk

Furthermore, since the metric components only depend on z, we can write

Tk — 1

i S ((53'1@513 + 6ik03) 05 Grk — 5ij5k38zgii)-
Jkk



So we will have nonzero components only in the following cases: 7 = k # 3 and
i=3;i=Fk# 3and j =3 (which by symmetry is the same as the first); i = j # 3
and k = 3. These components are

1

Il = — .91 = —1,

1 2911 =
I? L 0.9 1

— 2422 — 4

% 2022
r = L g =¢*

3 1 2z
ng = —% 2g22 = —€

(d) Compute the nonzero curvature components R;j; of the left-invariant metric in
(x,y, z) coordinates.

Solution: We have
3 3
Riji =Y gim (ajr;z — oI + > ThTm — rf;kr;;) .
m=1 p=1

Since this is a three-dimensional manifold, there are at most six independent
curvature components: Rig12, o323, R3131, L1231, o331, and Ryg03.



We have

Ri912 = ga2 (82 2 — 0, + ZFP r2 - F51F%p>

p=1
2273 T2
= eI 153

=1

Ra3a3 = g33 (as 50 — 0al'3, + Z 5,15, — F§2ng>
p=1
= 0ZF§2 - FgQFgQ
— _2622 o (_622)

— _623

Rs131 = g1 (31 by — OsD'j5 + ZFP I, FII)SFilip)

p=1

= e 7 (=0:(-1) = (I'y)*)

Rizs1 = gn ((92 13 — O1lg3 + er T3, — ngﬂ;:)
p=1

=0

Ross1 = g1 (as 53 — Oal33 + ZFP I3, F§3P;p>

p=1
=0
Rigos = g33 (82 1y — 015, + Z 7,15, — 5L >
p=1
= 0.

2. The divergence of a vector field X on a Riemannian manifold is a function div X defined
to be the trace of the linear operator Y — Vy X.

(a) If {Ey,..., E,} is an orthonormal basis with X = >"}' | X*E}, show that

divX = Ey(X") ZZ B B X (1)

k=1 j=1 k=1



Solution: For an orthonormal basis, we can compute the trace as

divX =) (Vg X, Ey)

= ZZ(VEk(XjEj)>Ek>
— iiEk(ijEj,Ek) + X'V, Ej, Ey)
= ZEk(Xk) - ZZ<[EJ7E’€]7E/€>'

k=1 k=1 j=1

(b) If {z',...,2"} is a coordinate system with X = >, X*0;, show that

div X = iakx’f + anzn:r’gjxj. (2)
k=1

j=1 k=1
Solution: Observe first that
Vo X = Vo, (X*0) = 0;(X*) 0 + X"V5,0, = 0;(X*) O + X'T%, 0.

To obtain the trace, we want the operator in the form A(9;) = A¥ d;; the trace is
then > ,_, A}. In this case, we have

div X = 9p(X") + XT;.

(Here we used the summation convention.)

It is important to observe that the trace cannot be computed in coordinates using

the formula .

> (Vo X, 0h).

k=1
First of all, such a formula for the trace is only valid in an orthonormal basis,
where A¥ = (A(e), e). In general this equality is not valid, and the correct one
is Yr_, Af. The other problem with the formula above is that it is not invariant;
it depends on choice of coordinates (a clue for this is that it involves summing
over two lower indices instead of one upper and one lower index).

If we wanted such a formula for the trace, we could use the inverse metric:
divX = ¢7(V5.X,0;).

The above formula is the correct version.



(c) For the metric ds? = G(z,y)*(dz*+ dy?), compute the divergence of a vector field
X =ud, +v0, in two ways: first do it in coordinates using (2), then do it in the
orthonormal basis E; = é@x, Ey = éay using (1). Check that both equations
give the same result.

Solution: Using the coordinate formula, we have
div X = 9;(u) + 0, (v) + u(l'y; +T5) +v(I'y, +I3,).

To obtain the Christoffel symbols, we use

I} = i(@lgn) = %
Iy = i(&gu + Oag11 — O1912) = %
I3, = 5122(81922 + 02912 — Oag12) = %
I3 = 5122(32922) = %
Thus the divergence is
div X =y g (3)

Using the orthonormal basis formula, we first write
X = GuE, + GuEs.
Then formula (1) gives
div X = E1(Gu) + Ey(Gv) — Gu([E1, Es|, Es) — Gu([Es, E1], Ey).

To proceed, we need the bracket:

1 1 G, G G Gy
[El,EQ] — {5@0,58@/} :—@QJ—FG—Z@C: G—gEl—EEQ
Then the formula becomes
. 1 1 G, G
divX = aﬁx(Gu) + 58y(Gv) + Gu@ + GUG—Z

1 1 G, G

= E(Gxu + Gug) + E(Gyv + Guy) + Gu + ?yv

ot 2Gu . 2G v

e v G G’

which agrees with the coordinate computation (3).



3. For a general k-form w expressed in coordinates as
w = wj, i, dx" A A da'
on a manifold, the (k + 1)-form dw is defined as

8&),’1.

dw = U I A dat A - A datc
oxJ

It can be checked (but you don’t have to) that this is actually a coordinate-invariant
operation.

(a) Prove that in general, d(dw) = 0 for any k-form w.
Solution: We have

a2wi1---ik~ m j i iK
———Ede™ ANdx? ANdx™ A - A daE.
Ox™m Oz

d*w =

If we switch the dummy variables j and m, we don’t change anything.

2
0 Wiy ...ig,

= . dz? A dx™ Adz™t A - A datt
oxiox™

d*w
Now we can use the fact that mixed partials commute

2 2
0 Wiy .ip 0 Wiy ..y,

Origx™m  dxmOxi

along with the antisymmetry of the wedge product
dz? A da™ = —dx™ A da?

to obtain

which implies d*w = 0.

(b) For a general 1-form in R3, given by w = f(z,y, 2)dz + g(x,y, 2)dy + h(x,y, z)dz,
compute dw from the formula above. What familiar vector calculus operation
does it look like?

Solution:

dw = fydx Ndx + fy,dy N dx + f.dz N dx + gzdx A dy + g,dy A dy + g.dz A\ dy
+ hpdx A dz + hydy A dz + h.dz N dz
= (hy — g.)dy Ndz + (f. — hy)dz ANdx + (9. — f,)dz A dy.

With the identifications dy A dz — 0y, dz A dx — 0,, and dz A dy — 0,, this is
the formula for the curl of the corresponding vector field X = f0, + g0, + ho..



(c) Write down the most general 2-form « in R3, and compute da. What familiar

()

vector calculus operation does it look like?

Solution: There are only three linearly independent 2-forms in R? (from the
general formula (Z) = (3) = 3). They are dz A dy, dy A dz, and dz A dz. So the
most general 2-form is

a =pdy Ndz + qdz ANdx + rdz N\ dy

for functions p, ¢, and r.
We now have

do = pydx Ndy N dz + pydy Ndy ANdz + p.dz Ndy N\ dz
+ gdx N dz N dx + qydy AN dz AN dx + q.dz AN dz A\ dx
+rpde Adx N\ dy + rydy A dx Ady +r.dz Ndx A dy
= pydx Ndy Ndz + q,dy Ndz Ndx +r.dz Ndx A\ dy
= (px +qy+71:)dx Ady A dz.
Again, with the identification a +— pd,+q0,+10., we see that da is the divergence
(multiplied by the volume form).

What familiar vector calculus identity does d(dw) = 0 generalize?
Solution: In this case, it says that divcurl X = 0 for any vector field X.

4. A Killing field on a Riemannian manifold (not the Cambodian kind) is defined as a
vector field X for which £xg = 0 (here g is the metric).

(a)

Using the definition of the Lie derivative of a tensor,
(Lxg)(U,V) = X(g(U,V)) = g([X,UL,V) = g(U, [X, V]),
show that X is a Killing field iff
(VuX, V) + (VyX,U) =0 for all vectors U and V. (4)

Solution: This is straightforward, using metric compatibility and no-torsion
properties of the connection:

LXg(U7 V) = X<U7 V> - <[X7 U]? v> - <U7 [Xv V]>
= (VxU, V) + (U, VxV) = (VxU -V X,V) = (U VxV = VyX)
= (VuX,V)+ (U VyX).

Thus we have Lxg = 0 iff Lxg(U, V) = 0 for all U and V', which happens iff (4)
holds.

Suppose coordinates are chosen so that X = %. Show that X is a Killing field
iff the metric in these coordinates has

09 = 0 for all indices j and k.
Ox?



Solution: Using (4), we know 0,1 is a Killing field iff (V,01, 0k) +(Vg,01,0;) =0
for all indices j and k. Thus we have, since coordinate vector fields commute:

(Va]@l, Ok) + (Va,01,0;) = (V5,0;,0k) + (05, Vi, Ok)
= 01(0;, Ok)

9Gjk

ozt

Hence % is a Killing field iff the components of the metric do not depend on z'.

If M is a Lie group with left-invariant metric and left-invariant vector fields F;
satisfying [E;, Ej] = >, _, ¢ijuEy, show that the fields E; are Killing fields iff
Ciji + ¢y = 0 for all 4, j, and k.

Solution: Again using (4), we have

(Vg Ei, Ey) + (Vi Ei, Ej) = (B}, Bi], Ey) + ([Ex, Ei], Ej) + Ei(Ej, Ey)
= —Cijk — Cikj + 0
Thus FE; is a Killing field iff ¢;j; + ¢ix; = 0 for all £ and j. So we will have all

E; being Killing fields iff ¢;j, + cix; = 0 for all 4, j, and £, i.e., if and only if the
metric is actually bi-invariant.



