
Math 6240 Final Exam Solutions

1. The “Sol geometry” (one of the eight geometries in Thurston’s Geometrization) is R3

with group operation

(x, y, z) · (u, v, w) = (x + ezu, y + e−zv, z + w)

and a left-invariant metric such that ∂x, ∂y, and ∂z are orthonormal at the identity
(0, 0, 0).

(a) Find the left-invariant vector fields E1, E2, and E3 of Sol.

Solution: With (p, q, r) = (x, y, z) · (u, v, w) = L(x,y,z)(u, v, w), we have

(DL(x,y,z))(u,v,w) =

 ∂p
∂u

∂p
∂v

∂p
∂w

∂q
∂u

∂q
∂v

∂q
∂w

∂r
∂u

∂r
∂v

∂r
∂w

 =

ez 0 0
0 e−z 0
0 0 1

 .

Therefore, the left-invariant vector fields are

E1(x, y, z) = (DL(x,y,z))(0,0,0)(∂x

∣∣
(0,0,0)

) =

ez 0 0
0 e−z 0
0 0 1

1
0
0

 = ez ∂x

∣∣
(x,y,z)

E2(x, y, z) = (DL(x,y,z))(0,0,0)(∂y

∣∣
(0,0,0)

) = e−z ∂y

∣∣
(x,y,z)

E3(x, y, z) = (DL(x,y,z))(0,0,0)(∂z

∣∣
(0,0,0)

) = ∂z

∣∣
(x,y,z)

(b) Write the left-invariant metric in (x, y, z) coordinates explicitly.

Solution: The basis {E1, E2, E3} is orthonormal. Thus for example we have 1 =
〈E1, E1〉 = 〈ez∂x, e

z∂x〉, so that 〈∂x, ∂x〉 = e−2z, which implies g11(x, y, z) = e−2z.
Similarly we can derive the rest of the metric components, and we get

ds2 = e−2z dx2 + e2z dy2 + dz2.

(c) Compute the nonzero Christoffel symbols of the left-invariant metric in (x, y, z)
coordinates.

Solution: By the standard formula, we have

Γk
ij =

3∑
l=1

1

2
gkl(∂igjl + ∂jgil − ∂lgij).

Since the nonzero metric components are diagonal, we can simplify this to

Γk
ij =

1

2gkk

(δjk∂igkk + δik∂jgkk − δij∂kgii.

Furthermore, since the metric components only depend on z, we can write

Γk
ij =

1

2gkk

(
(δjkδi3 + δikδj3)∂zgkk − δijδk3∂zgii

)
.
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So we will have nonzero components only in the following cases: j = k 6= 3 and
i = 3; i = k 6= 3 and j = 3 (which by symmetry is the same as the first); i = j 6= 3
and k = 3. These components are

Γ1
13 =

1

2g11

∂zg11 = −1,

Γ2
23 =

1

2g22

∂zg22 = 1,

Γ3
11 = − 1

2g33

∂zg11 = e−2z,

Γ3
22 = − 1

2g33

∂zg22 = −e2z.

(d) Compute the nonzero curvature components Rijkl of the left-invariant metric in
(x, y, z) coordinates.

Solution: We have

Rijkl =
3∑

m=1

glm

(
∂jΓ

m
ik − ∂iΓ

m
jk +

3∑
p=1

Γp
ikΓ

m
jp − Γp

jkΓ
m
ip

)
.

Since this is a three-dimensional manifold, there are at most six independent
curvature components: R1212, R2323, R3131, R1231, R2331, and R1223.
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We have

R1212 = g22

(
∂2Γ

2
11 − ∂1Γ

2
12 +

3∑
p=1

Γp
11Γ

2
2p − Γp

21Γ
2
1p

)
= e2zΓ3

11Γ
2
23

= 1

R2323 = g33

(
∂3Γ

3
22 − ∂2Γ

3
32 +

3∑
p=1

Γp
22Γ

3
3p − Γp

32Γ
3
2p

)
= ∂zΓ

3
22 − Γ2

32Γ
3
22

= −2e2z − (−e2z)

= −e2z

R3131 = g11

(
∂1Γ

1
33 − ∂3Γ

1
13 +

3∑
p=1

Γp
33Γ

1
1p − Γp

13Γ
1
3p

)
= e−2z

(
−∂z(−1)− (Γ1

13)
2
)

= −e−2z

R1231 = g11

(
∂2Γ

1
13 − ∂1Γ

1
23 +

3∑
p=1

Γp
13Γ

1
2p − Γp

23Γ
1
1p

)
= 0

R2331 = g11

(
∂3Γ

1
23 − ∂2Γ

1
33 +

3∑
p=1

Γp
23Γ

1
3p − Γp

33Γ
1
2p

)
= 0

R1223 = g33

(
∂2Γ

3
12 − ∂1Γ

3
22 +

3∑
p=1

Γp
12Γ

3
2p − Γp

22Γ
3
1p

)
= 0.

2. The divergence of a vector field X on a Riemannian manifold is a function div X defined
to be the trace of the linear operator Y 7→ ∇Y X.

(a) If {E1, . . . , En} is an orthonormal basis with X =
∑n

k=1 XkEk, show that

div X =
n∑

k=1

Ek(X
k)−

n∑
j=1

n∑
k=1

〈[Ej, Ek], Ek〉Xj. (1)
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Solution: For an orthonormal basis, we can compute the trace as

div X =
n∑

k=1

〈∇Ek
X, Ek〉

=
n∑

k=1

n∑
j=1

〈∇Ek
(XjEj), Ek〉

=
n∑

k=1

n∑
j=1

Ek(X
j)〈Ej, Ek〉+ Xj〈∇Ek

Ej, Ek〉

=
n∑

k=1

Ek(X
k)−

n∑
k=1

n∑
j=1

〈[Ej, Ek], Ek〉.

(b) If {x1, . . . , xn} is a coordinate system with X =
∑n

k=1 Xk∂k, show that

div X =
n∑

k=1

∂kX
k +

n∑
j=1

n∑
k=1

Γk
kjX

j. (2)

Solution: Observe first that

∇∂i
X = ∇∂i

(Xk ∂k) = ∂i(X
k) ∂k + Xk∇∂i

∂k = ∂i(X
k) ∂k + XjΓk

ij ∂k.

To obtain the trace, we want the operator in the form A(∂i) = Ak
i ∂k; the trace is

then
∑n

k=1 Ak
k. In this case, we have

div X = ∂k(X
k) + XjΓk

kj.

(Here we used the summation convention.)

It is important to observe that the trace cannot be computed in coordinates using
the formula

n∑
k=1

〈∇∂k
X, ∂k〉.

First of all, such a formula for the trace is only valid in an orthonormal basis,
where Ak

k = 〈A(ek), ek〉. In general this equality is not valid, and the correct one
is
∑n

k=1 Ak
k. The other problem with the formula above is that it is not invariant;

it depends on choice of coordinates (a clue for this is that it involves summing
over two lower indices instead of one upper and one lower index).

If we wanted such a formula for the trace, we could use the inverse metric:

div X = gij〈∇∂i
X, ∂j〉.

The above formula is the correct version.
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(c) For the metric ds2 = G(x, y)2(dx2 +dy2), compute the divergence of a vector field
X = u ∂x + v ∂y in two ways: first do it in coordinates using (2), then do it in the
orthonormal basis E1 = 1

G
∂x, E2 = 1

G
∂y using (1). Check that both equations

give the same result.

Solution: Using the coordinate formula, we have

div X = ∂x(u) + ∂y(v) + u(Γ1
11 + Γ2

21) + v(Γ1
12 + Γ2

22).

To obtain the Christoffel symbols, we use

Γ1
11 =

1

2g11

(∂1g11) =
Gx

G

Γ1
12 =

1

2g11

(∂1g12 + ∂2g11 − ∂1g12) =
Gy

G

Γ2
12 =

1

2g22

(∂1g22 + ∂2g12 − ∂2g12) =
Gx

G

Γ2
22 =

1

2g22

(∂2g22) =
Gy

G
.

Thus the divergence is

div X = ux + vy +
2Gxu

G
+

2Gyv

G
. (3)

Using the orthonormal basis formula, we first write

X = GuE1 + GvE2.

Then formula (1) gives

div X = E1(Gu) + E2(Gv)−Gu〈[E1, E2], E2〉 −Gv〈[E2, E1], E1〉.

To proceed, we need the bracket:

[E1, E2] =

[
1

G
∂x,

1

G
∂y

]
= −Gx

G3
∂y +

Gy

G3
∂x =

Gy

G2
E1 −

Gx

G2
E2.

Then the formula becomes

div X =
1

G
∂x(Gu) +

1

G
∂y(Gv) + Gu

Gx

G2
+ Gv

Gy

G2

=
1

G
(Gxu + Gux) +

1

G
(Gyv + Gvy) +

Gxu

G
+

Gyv

G

= ux + vy +
2Gxu

G
+

2Gyv

G
,

which agrees with the coordinate computation (3).
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3. For a general k-form ω expressed in coordinates as

ω = ωi1...ikdxi1 ∧ · · · ∧ dxik

on a manifold, the (k + 1)-form dω is defined as

dω =
∂ωi1...ik

∂xj
dxj ∧ dxi1 ∧ · · · ∧ dxik .

It can be checked (but you don’t have to) that this is actually a coordinate-invariant
operation.

(a) Prove that in general, d(dω) = 0 for any k-form ω.

Solution: We have

d2ω =
∂2ωi1...ik

∂xm∂xj
dxm ∧ dxj ∧ dxi1 ∧ · · · ∧ dxik .

If we switch the dummy variables j and m, we don’t change anything.

d2ω =
∂2ωi1...ik

∂xj∂xm
dxj ∧ dxm ∧ dxi1 ∧ · · · ∧ dxik .

Now we can use the fact that mixed partials commute

∂2ωi1...ik

∂xj∂xm
=

∂2ωi1...ik

∂xm∂xj

along with the antisymmetry of the wedge product

dxj ∧ dxm = −dxm ∧ dxj

to obtain
d2ω = −d2ω,

which implies d2ω = 0.

(b) For a general 1-form in R3, given by ω = f(x, y, z)dx + g(x, y, z)dy + h(x, y, z)dz,
compute dω from the formula above. What familiar vector calculus operation
does it look like?

Solution:

dω = fxdx ∧ dx + fydy ∧ dx + fzdz ∧ dx + gxdx ∧ dy + gydy ∧ dy + gzdz ∧ dy

+ hxdx ∧ dz + hydy ∧ dz + hzdz ∧ dz

= (hy − gz)dy ∧ dz + (fz − hx)dz ∧ dx + (gx − fy)dx ∧ dy.

With the identifications dy ∧ dz 7→ ∂x, dz ∧ dx 7→ ∂y, and dx ∧ dy 7→ ∂z, this is
the formula for the curl of the corresponding vector field X = f∂x + g∂y + h∂z.
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(c) Write down the most general 2-form α in R3, and compute dα. What familiar
vector calculus operation does it look like?

Solution: There are only three linearly independent 2-forms in R3 (from the
general formula

(
n
k

)
=
(
3
2

)
= 3). They are dx ∧ dy, dy ∧ dz, and dz ∧ dx. So the

most general 2-form is

α = pdy ∧ dz + qdz ∧ dx + rdx ∧ dy

for functions p, q, and r.

We now have

dα = pxdx ∧ dy ∧ dz + pydy ∧ dy ∧ dz + pzdz ∧ dy ∧ dz

+ qxdx ∧ dz ∧ dx + qydy ∧ dz ∧ dx + qzdz ∧ dz ∧ dx

+ rxdx ∧ dx ∧ dy + rydy ∧ dx ∧ dy + rzdz ∧ dx ∧ dy

= pxdx ∧ dy ∧ dz + qydy ∧ dz ∧ dx + rzdz ∧ dx ∧ dy

= (px + qy + rz)dx ∧ dy ∧ dz.

Again, with the identification α 7→ p∂x+q∂y+r∂z, we see that dα is the divergence
(multiplied by the volume form).

(d) What familiar vector calculus identity does d(dω) = 0 generalize?

Solution: In this case, it says that div curl X = 0 for any vector field X.

4. A Killing field on a Riemannian manifold (not the Cambodian kind) is defined as a
vector field X for which LXg = 0 (here g is the metric).

(a) Using the definition of the Lie derivative of a tensor,

(LXg)(U, V ) = X
(
g(U, V )

)
− g([X, U ], V )− g(U, [X,V ]),

show that X is a Killing field iff

〈∇UX,V 〉+ 〈∇V X, U〉 = 0 for all vectors U and V . (4)

Solution: This is straightforward, using metric compatibility and no-torsion
properties of the connection:

LXg(U, V ) = X〈U, V 〉 − 〈[X, U ], V 〉 − 〈U, [X, V ]〉
= 〈∇XU, V 〉+ 〈U,∇XV 〉 − 〈∇XU −∇UX, V 〉 − 〈U,∇XV −∇V X〉
= 〈∇UX, V 〉+ 〈U,∇V X〉.

Thus we have LXg ≡ 0 iff LXg(U, V ) = 0 for all U and V , which happens iff (4)
holds.

(b) Suppose coordinates are chosen so that X = ∂
∂x1 . Show that X is a Killing field

iff the metric in these coordinates has

∂gjk

∂x1
= 0 for all indices j and k.
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Solution: Using (4), we know ∂x1 is a Killing field iff 〈∇∂j
∂1, ∂k〉+〈∇∂k

∂1, ∂j〉 = 0
for all indices j and k. Thus we have, since coordinate vector fields commute:

〈∇∂j
∂1, ∂k〉+ 〈∇∂k

∂1, ∂j〉 = 〈∇∂1∂j, ∂k〉+ 〈∂j,∇∂1∂k〉
= ∂1〈∂j, ∂k〉

=
∂gjk

∂x1
.

Hence ∂
∂x1 is a Killing field iff the components of the metric do not depend on x1.

(c) If M is a Lie group with left-invariant metric and left-invariant vector fields Ei

satisfying [Ei, Ej] =
∑n

k=1 cijkEk, show that the fields Ei are Killing fields iff
cijk + cikj = 0 for all i, j, and k.

Solution: Again using (4), we have

〈∇Ej
Ei, Ek〉+ 〈∇Ek

Ei, Ej〉 = 〈[Ej, Ei], Ek〉+ 〈[Ek, Ei], Ej〉+ Ei〈Ej, Ek〉
= −cijk − cikj + 0

Thus Ei is a Killing field iff cijk + cikj = 0 for all k and j. So we will have all
Ei being Killing fields iff cijk + cikj = 0 for all i, j, and k, i.e., if and only if the
metric is actually bi-invariant.
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