Real Numbers

Abstract

We began our rigorous development of number theory with defi-
nitions of N (the natural numbers), Z (the integers), and Q (the
rational numbers). Our task now is to complete the rationals so that
we can include v/2, 7, and other irrationals. There are at least three dif-
ferent ways to construct the real numbers R, and these constructions
are all the same in the sense of being isomorphic. In particular, they
all satisfy the axioms of R, which are basically the same as those for
Q, namely the field axioms, plus one more, the least upper bound
property. As will be seen, this last axiom ensures that all limits of
rational sequences are contained in R, and in fact we can construct R
in terms of sequences and their limits.

But there is another purpose to R besides ‘including limits.” In
fact, the way limits arise in the first place is through approximation
of certain quantities, e.g. the length of the circumference of the circle
approximated by inscribed polygons, or the diagonal of a square of
side-length one approximated by rational multiples of the unit side-
length. Real numbers are used in measurement, and for this rea-
son MacLane’s geometric construction, using Hilbert’s update of Eu-
clid’s five postulates, is of utmost importance. It links the original
Pythagorean theory of magnitudes to the modern set-theoretic for-
mulation.

1 Axioms of the Real Numbers

The axioms of R break down into two types: algebraic and analytic. The
algebraic axioms, 1: 1-9 are the same as 4-13 of QQ, or any field whatso-
ever. We may also add 2: 1-4 and 3: 1-2 into the algebraic category. The
only analytic axiom is 4, the least upper bound property, is also called
the (order) completeness of R, and it is the axiom which makes limits,
measurement, and calculus possible.

We simply define R to be a structure
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which is a complete and totally ordered field. Let us explain this: we define
the real numbers R to be numbers (not yet characterized as a set, or anything
in particular) having two unique elements, 0 and 1, and binary operations +
(addition) and - (multiplication), unary operations — (negation) and ~!
(multiplicative inversion), as well as a partial order relation <, which
all must satisfy the following axioms:

1. (R,—,7!,+,-,0,1) is a field, that is for all real numbers =, y, z we
have

. z+(y+2) =(@+y)+z (associativity of +) )

2. rHy=y+zx (commutativity of +) (R, +) is an

3. d0eRsuchthat x +0==x abelian group
4. Vx eR, 3—z € R such that 4 (—z) =0

5. z(yz) = (2y)z (associativity of +)

6. zy=uyx (commutativity of +) (R\{0},-) is an
7. J1 € Rsuch that lx =z and 0 # 1 abelian group
8. Vx € R\{0}, 3z ! € R such that zz~! =1 )

9. z(y+z) =zy+az (distributivity of « over +)

2. (R, <) is a totally ordered partially ordered set, that is < must
satisfy, for all real numbers z, y and z,

r<yory<uw totality)

r<z reflexivity )
r<yandy<z =

T antisymmetry)
r<yandy<z = =x

Ll
~ o~~~

=Yy
z  (transitivity)

3. The field operations + and - are compatible with the partial order
< in the sense that for all z,y, z € R we have

l. z<y = z+2<y+=z (preservation of order under addition)
2. 0<zand0<y,then 0 <zy (preservation of order under multiplication)

4. < is a complete order relation, meaning it satisfies the least upper
bound property: for any nonempty collection S of real numbers which is
bounded above there exists a real number sup S, the least or smallest upper



bound. (The notation sup here stands for supremum, which is a Latinized
form of ‘least upper bound.”)

Definition 1.1 A collection S of real numbers is said to be bounded
above by a real number M if every number x in the collection S satisfies

< M
Let us write
S* < fall upper bounds of S}

and let us write o
sup S = min S*

which is the minimum, or smallest of the upper bounds. This number exists
by fiat, by Axiom 4. |

1.1 Motivation for the Least Upper Bound Axiom

Let us here consider the limitations of the rational numbers Q for conducting
measurement.

Theorem 1.2 (Q is Densely Ordered) Between any two distinct ratio-
nal numbers p and q there exists a rational number r, and hence infinitely
many rational numbers.

Proof: If p # q are rational numbers, then since Q is totally ordered have
two cases
p<q and p>q

Case 1: p < ¢: In this case, the rational number %(p +4q) = ip+ %q lies
between p and ¢, as you can see directly:

p<q = 2p<pt+q<2q

1
— p<§(p+Q)<q

(Note: both implications seem to rely on Axiom 3 of R above, but looking
at properties (10)-(11) of Theorem 3.12 in Numbers, and the subsequent
constructions of Z and Q, it would seem these are in fact derived from



Theorem 3.12 in the case of Q: exercise!) Since this is true for each p and
g, in particular it is true for p and %(p + q), so that

p<i@+®=;<;@+@><;@+®<q

Repeating this process for all n € N we have a sequence of rational numbers
(5= (p+ q))neN lying between p and g.

Case 2: p > q: reverse the roles of p and ¢ in the proof of Case 1. |

Theorem 1.3 (Archimedean Property of Q) For all p,q € Q with p >
0, there exists a natural number n € N such that pn > q.

Remark 1.4 If we imagine p and q as masses on a see-saw, or balance,
then supposing p a smaller mass than q, e.q. Archimedes the man versus a
mountain, p < q, then by multiplying the power of Archimedes n-fold times,
e.g. by increasing the length of p’s arm of the lever n-fold, the result is
that Archimedes will lift the mountain. Our assumptions about N, Z, and Q
make this a necessary consequence. ]

Proof: If ¢ < 0, then 31 € N such that 1p = p > ¢. Thus, assume that
q>0. Let p= ¢ and ¢ = §, where a,b,c,d € N. Let us consider the options:
(1) p=gq
2)p>qg>0
(3) 0<p<yg
The first two cases are included only out of logical pedantry. In the first

case 32 € N such that ¢ = p < 2p. In the second case, p > ¢ > 0, and
1 € N such that 1p =p > q.

We move on to the third and only interesting case, when 0 < p < q. We
need to find some n € N such that ¢ < np. I claim that

n=>blc+1)

will work if we take p = § and ¢ = 5 as above. To see this, note first that

0 <p<gmeans 0 < ¢ < g, and therefore 0 < ad < bc (Theorem 3.12,
Numbers). Since 0 < p < q, all a,b,c,d > 0, and in particular this implies
a,b,c,d > 1. In particular, d > 1 implies dqg > 1¢g > 1, which we insert here:

c+1>c:d-§:dq2q



citing again Theorem 3.12 in Numbers for the relevant maneouvers (that
¢+ 1> candd > 1 implying dg > 1g > 1). What do we gain from this?
This:

g<c+1<a(c+1) :b(c+1)% =np

where n = b(c+ 1) € N. |

Proposition 1.5 The rationals Q do not satisfy the least upper bound
property, meaning there does not always exist a least upper bound sup S
m Q for arbitrary bounded subsets S C Q.

Proof: Though the rational numbers are densely ordered, they do not
satisfy the least upper bound property. If we consider the subset

S={pecQl|p*<2}

then, first of all, S is nonempty because 1 € S, and second of all S is bounded
above by 2 € Q: all p € S satisfy p < 2, for otherwise, if p > 2, we’ll have
p? >4 > 2. Thus, S%, the set of upper bounds for S, is nonempty, because
2 € §*. Now comes the crux of the matter: though S* is nonempty, it has
no minimum, no sup S, no least upper bound in Q. For if you suppose to
the contrary, that S has a least upper bound ¢ € Q, then first of all £ # 2
because £ = /2 ¢ Q, while both 2 > 2 and 2 < 2 lead to contradictions:

(1) Suppose ¢* < 2 (i.e. that £ € S). If £ = supS and (> < 2, then
¢ € S and we conclude that £ = max.S. This, however, cannot be:
if we suppose ¢ = max S, then because 2 — ¢?> > 0, the Archimedean
property of Q says that In € N such that n(2 —¢2) > 2¢+ 1. But then

n(2—€2)>2€+122€+%

or

whence ¢ + % € S and ¢+ % > £, so { # max$S, a contradiction.
Consequently, if £ € S then ¢ # sup S because £ is not even an upper
bound of S. This contradicts our assumption that £ = sup .S.

(2) On the other hand, if we suppose that £2 > 2, then /£ is at least an
upper bound of S, but we run into the problem that the set of upper
bounds S* = {r € Q|r > 0, r? > 2} of S has no minimum in Q: since



r > 0and r?2 —2 > 0, the Archimedean property of Q guarantees that
In, m € N such that nr > 1 and m(r?2 —2) > 2r. Let M = max{n, m}.
Then M € N, and

1
Mr>1 and M(r2—2)>27‘22r—M

or

1 1)? 1
7“>7“—M>0 and <7"—M> =72 —2r— 2

MR
Thus, for all £ € S*, there exists r € S* with £ > r > 0, so A =
min S* =sup S. |

The least upper bound property is an abstraction used in the axiomatiza-
tion of R considered separately from any concrete realization, whether using
pure sets or some geometric model of the Euclidean plane (as in MacLane).
Our first construction, via Dedekind cuts, uses it directly, but we’ll come to
see that this construction is isomorphic (i.e. essentially equivalent) to the
one using limits, and also to MacLane’s geometric ‘number line’ construction
out of Hilbert’s re-modeling of Eulidean geometry.

2 Dedekind Cut Construction of R

A Dedekind cut is a set A of the form A = (—oo,p) C Q, where p € Q,
using interval notation. This is because A # @ by the Archimedean property
of Q, Theorem 1.3, since there always exists ¢ such that ¢ < p because there
always exists —q € QT such that —q > p, and hence 3¢ = —(—¢q) € Q with
g < p whether p is positive or negative. Moreover, for any x € A = (—o00, p)
we have that y <z = y € A, and since p ¢ A we have that = <
p = x € A, which by the order denseness of Q, Theorem 1.2, means that
all y € Q with x < y < p are in A, and there are infinitely many such y, so
that Amax A. Moreover, by the Archimedean property again, since p € Q,
there exists ¢ € Q such that p = 1p < ¢, whence Q\A # @. Dedekind cuts
allow us to define the real numbers as follows:

A real number A in this construction is a Dedekind cut, and R is the
set of all Dedekind cuts of Q. To make sure we give R the structure it needs,



we must define a partial order <, the binary operations of addition + and
multiplication -, and we must also give R the additive and multiplicative
identities 0 and 1, and then show that these satisfy the usual properties.
First, we define 0 and 1:

0 = {peQ|p<0,0ecqQ}
= (—OO, 0/) cQ

1 = {peQ|p<?, 1eQ}
= (—OO, 1/) g Q

partial order Then, we define the partial order < on the reals by requiring
A<B «<— ACB
with A = B iff A = B as sets. We define addition + on R by letting
A+B={p+q|pe A, qe B}
We define the opposite —A of A € R by
—A={peQ| —p¢ Aand —p# minQ\A}

For example,

-5 = {peQ| —p¢5andp#minQ\5}
= {pcQ| —p>5}
{peQ|p< -5}

This definition is good because Q satisfies the Archimedean property by T
1.3, so (r, 00) is nonempty. The opposite of a real number A, in turn, allows

us to define the absolute value function |- |: R — R{ by
A, ifA>0
Al = .
—-A, ifA<O

A real number A is said to be positive if A > 0 and is said to be
negative if A < 0. The set of all positive real numbers is denoted R,
the set of all nonnegative numbers is denoted R; and equals R~ U {0},
the set of all negative real numbers is denoted R™, and set of all
nonpositive numbers is denoted R; and equals R~ U {0}.



the distance d : RxR — R(')F between two real numbers A and B is given
by
d(A,B) = |A— B|

Now we can define multiplication .. We do this in two steps, first for
A,B >0, then for all A,BeR. If A,B > 0,
AB = Qau{qr]quﬂQJr,rEBﬂ(@Jr}
and in general, for all A, B € R we say

0, if A=0o0or B=0
AB = |A||B|, ifAB>0o0r A,B<0
—|A||B], fA>0&B<0 orif A<0&B>0

For example

5.6 = Qau{qr]q€50@+,r€6ﬂ(@+}

while
—-5-6 = —[-5][6|
= 69
= _(_00730) c Q
= (—00,-30)CQ

The multiplicative inverse of a nonzero real number A is defined by
1
A_lz{pEQ‘pSOOFGIS€p>O&p¢A&p7éminQ\A}
For example,
1
571 — {pe(@|p§00relsep>0&p¢5&p7§miHQ\A}
_ 1

= Qau{p6@1p<;}
= (-00,1/5)



The multiplicative inverse of a negative real A < 0 is given by

A =—(lA])~
For example =5~ = —(| — 5|)7 = —(—00,1/5) = (=00, —1/5). The multi-
plicative inverse is a good definition because, again, Q satisfies the Archimedean
property, so p > 0 always exist such that p < % for any ¢ > 0.

The commutativity and associativity of addition and multiplication in
R, as well as distributivity of + over +, follow from the properties of Q and
our definitions of 4+ and - in R above. In fact, all the points taken for axioms
in the previous “construction” except the least upper bound follow from our
definitions. We state this formally in the next theorem:

Theorem 2.1 The set of real numbers R is a structure (R, <, —, 7!, +,,0,1)

which is a totally ordered field:

1. (R,—,7',+,-,0,1) is a field, that is for all z,y,z € R we have

1. z4+(y+z2)=(x+y)+z (associativity of +)

2. z+y=y+zx (commutativity of +) (R,+) is an

3. d0e€R such thatx+0==x abelian group
4. Vrx e€R, I —z € R such that x + (—x) =0

5. z(yz) = (2y)z (associativity of +)

6. zy=yx (commutativity of -) (R\{0},-) is an
7. J1 € R such that lx =x and 0 # 1 abelian group
8. Vz e R\{0}, 327! € R such that zz~1 =1 )

9. z(y+z2) =xzy+zxz (distributivity of - over +)

2. (R, <) is a totally ordered set, that is for all xz,y,z € R we have

1. z<zx (reflexivity)

2. z<yandy<x = xz=y (antisymmetry)
3. z<yandy<z = x<z (transitivity)

4. z<yory<z (totalness)

3. The field operations + and - are compatible with the partial order
< in the sense that for all x,y,z € R we have

1.
2.

<y = v+z<y+z (preservation of order under addition)

0<xzand0 <y, then 0 <xzy (preservation of order under multiplication)



Proof: These properties follow from those of Q: 1.1.

r+(y+z) = xz+{bt+c|lbey, cez}
= {a+(b+c)|acz, bey, cez}
= {(a+b)+clacz, bey, cez}
= {a+blacz, beyt+=z
(z+y)+2

12. z4+y={a+blacz, beyt={b+alacz, bey}t=y+u.

1.3. We have already defined 0 and 1, so we only need check their
defining properties. First, for any € R we have x = (—o0,7) C Q for some
r € QQ, so we need to show

240 = {a+bla € z, b € 0} = {a+bla € (—oo,7), b€ (—00,0)} = (—o0,7) ==

which we do as follows: if ¢ € x 4+ 0, then ¢ = a 4+ b for some a € x and
b €0, ie for some a € (—oo,r) and b € (—o0,0). But clearly a + b < a,
so p=a+ b € x, which shows that z +0 C z. Conversely, if a € x, then
da’ € x and b € 0 such that a = a’ + b € x by the order denseness of Q,
since if @ € x then a < r and so 3a’ € z such that a < @’ < r. Letting
b=—(a' —a)=a—ad €0, we have that a =d' + (a —d') =d' +b € z + 0.
Thus z C = + 0, and therefore by the axiom of extensionality = + 0 = .

1.4. If x = (—oo,r) is a real number, r € Q, then it’s opposite —x =
(—infty, —r) is also its additive inverse or negative, which is shown as fol-
lows: first

z+(—x)={a+blacx, be—az}={a+bla<r, b<—1}

so if r = 0 then x = 0, so —z = ¢ = 0 and by the previous point we have
x4+ (—z)=0+0=0. If r >0 then —r < 0,s0if a < r and b < —r, then
a+b<r+(—r)=0,s0a+r €0. If r <0 then we apply the same reasoning
to ' = —r. Thus for all z € R we have that 3 —z € R with = + (—z). The
uniqueness of (—x) is shown as follows: if there were any other y € R with
z+y =0, then

—rx=-2+0=—2+(@x+y)=(—2+2)+y=0+y=y

1.5. It suffices to prove the case x,y,z > 0, for the other cases follow from
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the first:

z(yz) = x~((@au{bc\b€yﬂ@+,cEzﬂQ+})
= QyU{a(be)lacznQt, beynQt, ce2nQt}
= QEU{(ab)cMGxﬁQ'ﬂbEyﬁQ+,c€zﬁQ+}

= (Qau{ab|a6$ﬂ(@+,bEyﬂ@Jr})'z
= (zy)z
1.6. zy ={ablacz, bey}={balacz, bey}=yx.

1.7. It is enough to prove this for x > 1, for the other cases, x < 0 and
x = 0 follow easily from the first. For any x € R+ we have z = (—o0,7) C Q
for some r € QT, so
rl={abla€cx, bel}

We must show that x1 = x: first, if p = ab € x1 for @ € x and b € 1, then
since b < 1’ we have p = ab < r, so p € x. Thus 1 C x. Conversely, if
p € z, then da = gﬂ €x (% < r since 2pr = pr + pr < pr +r?) and
b= €1 (B <1 since p +r < 2r) such that

200 p+r
ab = .
p+r 2r

Thus 1 D x, and by extensionality we have 1 = x.

1.8. For any = € R\{0} we have z = (—o0,r) C Q for some r € Q\{0'},
and so 2 = 771 € Q\{0'}, whence 27! = (—o0,r~!) is the multiplicative
inverser of x, that is

xx_leaU{ab‘a€xﬂQ+, be_lﬂQ+}:1:(_oovll)g@

which we can show as follows: we’ll prove it for z > 0, since the case z < 0
follows from the first by considering |z| = —x: if p=ab €z~ for0 <a <r
and 0 <b<r ', thena<randb<r!, sop=ab<rr—' =1, whence
p € 1. This shows that

vz ' =Qy U{ablaexznQbea nQ*}C1

To show the reverse inclusion, let p € 1. If p < 0 then p € Q, C xx!, so
suppose 0 < p, so that 0 < p < 1’ € Q. There are two cases, x > 0 and
x < 0. We'll prove z > 0 since z < 0 follows from the x > 0 case by taking

11



the absolute of z. Now, if z > 0, then z = (—o0,r) for some r = % e Qr,
where h,k € N. This produces three cases, r <1, r=1"and r > 1'. a. If
r =1/, then x = 1, so by 7 above we have that 22 =21 =2z =1,s0x = 21,
which exists because 2 = 1 exists. b. If r > 1, choose p € 1,i.e. p="7 <1/
for some m,n € N, and let a € x N QT be given by

N-1/(h (N—-1h+k

=l+—(--1)]=——"——
A <k: ) Nk

for some N € N with N > 1, so that 1 < a < p. Then, note that since
™ < 1wehave 1 - > 0, so by the Archimedean property of Q there exists
anNENsuchthatl<N(1—%),or

=N (1-2) <0
n
Choose this N for our expression of a. We now need to find b € 7!, i.e.
b< %, such that ab = p. Towards this end, note that by the above inequality
and the fact that 0 < % iff 0 < % we have

m k n—Nmn-m) k
1_N(1_Z)<O<E — T<E
< h(n—N(n—-m)) <nk
< h(mN —n(N —1)) <nk
<= mhN < nh(N —1)+nk
<~ mN < l
nh(N —1)+nk h
= mANk <Fo
nh(N —1)+nk h
Thus, if we let
mNk mNk
b: ==
nh(N —1)+nk n(h(N —1)+k)
we have that b < r—!, so that b € 27!, and moreover,
TNk n(hW(N—FF) n ©

Thus, if » > 1 we have that for all positive p € 1, 3a € x and b € 2! such
that ab = p, so 1 C zz~!. c. If r < 1, however, we may repeat the above

12



procedure with ' = r~!, that is by switching a and b, so 1 C zz~! in this
case too.

Hence by a-c we have that 1 C z2~! in all cases where 0 < p < 1, and

since 1 D zz~! by the previous arguments, we have by extensionality that
Vo € Rt, 327! such that zz~' = 1 whenever 0 < p < 1. This is also true,
trivially, when p < 0, as shown above, so it holds true for all z > 0. Finally,
as promised, we show that the case x < 0 follows from that of x > 0: if
x < 0, then x71 < 0 also, and so xx~! = |z||z~!|, and the above procedure
shows that 3z~! making this true, namely z=! = (—oo,r~!), which follows

from the fact that we have | 7!| = |2|7!, so that 27! = —|z| 71,

1.9. Finally, distributivity follows from distributivity in Q. It suffices to
prove the case x,y, z > 0, for the other cases follow from the first by taking
absolute values:

z(y+z) = z-{b+c|lbey, cez}

Qy U{ab+ec)|lacznQ, beynQ™, ce2nQ'}
= QyU{ab+aclacznQt, beynQ", ce zNQ*}
= (Qau{ab|a€wﬂ(@+, beyﬂ@+}> +

(Qau{ac|a€xﬂ(@+, cEzﬂQ+}>

= zy+xz

2.1. Clearly, for all z = (—o0,7) we have x = x as sets, so x < x as well.

2.2. If x = (—oo,r) and y = (—o0,s) satisfy x < y and y < x, then
(—o0,7) C (—00,s) and (—o0, ) D (—00, s), so by extensionality (—oo,r) =
(—o00, s), whence x = y.

2.3. If x = (—o0,7), y = (—00,s) and z = (—o0,t) satisfy x < y and
y < z, then (—o0,7) C (—00, s) and (—o00, s) C (—o0,t), so by the definition
of set inclusion we have
(—OO,?“) C (_0078) C (—OO,t) = (—OO,’I“) C (—OO,t)

orr < z.

2.4. For all x = (—o0,7),y = (—00,s) € R we have r < s or s < r by the
totalness of Q, whence (—oo,7) C (—00,s) or (—o0,r) D (—00,s), so that
z<yory<uz.



3.1. If z = (—o0o,r) and y = (—o0, s) satisfy < y, then for any z =
(—o0,t) we have x+2 = {a+bla € z, b € z} and y+2 = {a+bla €y, b € z}.
But if x < y, then « C y, so if a € x then a € y, whence if a +b € x 4 2
thena+bey+z,s0x+2Cy+zassets, orx+ 2z <y—+z.

3.2. If z = (—o0,r) and y = (—o0,s) satisfy 0 < z and 0 < y, then
r,s>0. Ifr=s=0thenz =y =0and zy = Q, = 0. If r,s > 0 then
dacexnNQT and b€ yNQT, so ab > 0 for such a and b, whence

xy:QaU{ab]aExﬂQ+, beynQt}

so that
Qy CQyUfablacxnQt, beynQt}

or 0 < zy. Either way, then, 0 < zy. |

We may now state and prove the key property of R:

Theorem 2.2 (R is Complete) R as constructed above satisfies the least
upper bound property: every nonempty subset S of R that is bounded above
has a least upper bound, given by

sup S = U A
AeS

Proof: If S C R and 3B € R such that A < B for all A € S, then we
must check, first of all, that |J,.g A is a real number, that is a Dedekind
cut. First, (J4cg A is nonempty because it consists of a union of nonempty
sets, and also Q\ (UAeS A) is nonempty because, if B € R, then Q\B is
nonempty, so if » € Q\B, then r # A for all A € S, because all A < B
means A C B. Moreover, |J g A has no greatest element, for if it did,
say m = max|J cqA, then m € A for some A € S, so m = maxA4,
contradicting the fact that #max A. Finally, |J aeg A is a down-set of Q,
because if x € |J .9 A and y < z, then, z € A for some A € S, and A is
a down-set, so y € A, which means y € (J cg A. Thus sup S = [J g A is
a real number. Finally, it is an upper bound of S, for clearly A C [J ¢ A
for all A € S, and moreover it is the least upper bound, for clearly for all
upper bounds B of S we have |J g A € B because all A € S satisfy A C B,
whence sup S < B for all upper bounds B. ]
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3 Cauchy Sequence Construction of R

Another explicit construction of the reals arises from an attempt to fix a
differnt problem with the rationals, that not every sequence in Q con-
verges in Q. For example the sequence (1,2, %, %, 18—1, %, ...) in Q con-
verges to v/2 ¢ Q (this sequence is constructed recursively using bisection
method and calculus methods, namely the Intermediate Value Theorem-—
nevertheless, it is a sequence in Q). We would like to make numbers out of
all such limits of sequences in Q. However, if we go about it directly we will
run into several problems, the biggest of which is that we will make a set
out of strange elements, elements which are constructed inside known sets,
yet which do not belong to any known set. The ‘limits’ of some sequences

in Q do not yet exist in any known set.

Another problem is that there may be several sequences with the same
‘limit,” though eventually we want that limit to be a single number.

Our solution to the first problem is to make use only of Cauchy se-
quences in Q, that is sequences which satisfy

lim |z, —2zp| =0
n,M—00

This makes no mention of limits, but it does allow us to introduce the
limits later, once we embed QQ in our new set R. The way around the
second problem is to do what we did in the definition of the integers and
the rationals, to invent an equivalence relation, in this case an ‘equivalence’
between Cauchy sequences with the same ‘limit,” that is with

def .
(Zn)nen and  (Yn)nen < lim |z, —yn| =0
n—oo

for Cauchy sequences (2, )nen and (yn)nen. We have thus hit upon the fol-
lowing construction: we define the real numbers as equivalence classes of
Cauchy sequences whose difference tends to zero (and are in this way ‘equiv-
alent’). Consider again the example of the sequence (1,2, %, %, %, %, ...)in
Q. If we neglect to mention its ‘limit’ and speak only of the fact that it is a
Cauchy sequence in Q, then we can make an equivalence class [(z,)nen] out
of the sequence and call this the square root of 2, that is v/2 := [x]. More

formally:

A Cauchy sequence in Q is a sequence (2, )nen in Q which satisfies

Ve € QT, IN € N such that m,n >N = |z, — x| <€
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that is
lim |z, —2zp| =0
,1M—»00
The set C' consisting of all Cauchy sequences in Q can be adorned with some
algebraic structure: we define addition +, multiplication - and a partial or-
der < on C, as follows:

(xn)nGN + (yn)nGN = (xn + yn)nGN
(xn)nGN ’ (yn)nGN = (xnyn)nGN
(Tn)neN < WYn)nen iff Ve€ QT, AN ENst. n >N = 1z, —e<uy,

or

(Zn)nen ~ (Yn)nen

These allow us to establish the equivalence relation on C' that we want,
namely that which ‘equates’ Cauchy sequences with the same limit (but
without mentioning the limit):

(xn)nGN ~ (yn)nEN <= lim (fL‘n - yn) =0

n—oo

To show that this defines an equivalence relation, let ¢ € Q% be given.
Then, because (z,)nen is a Cauchy sequence, we have that 3N € N such
that n,m > N = |z, — x| <€, so

(xn)nEN ~ (xn)neN
Next, suppose (n)neN, (Yn)nen € C satisty (zp)nen ~ (Yn)nen, that is
limy, 00 (2, —yn) = 0. Then clearly limy,,—s oo (T, —ypn) = limy 00 (Yn—25) =0
because |z, — Yn| = |yn — zn| for all n € N, so
(wn)nEN ~ (Un)neN — (yn)neN ~ (xn)nEN
FinaHY7 if (xn)nEN ~ (xn)nEN and (yn)nEN ~ (zn)n€N7 then Ve € Q+7

N1, Ny € Nsuch that n > Ny = |z, —yn| < §and n > Ny =
|yn — 20| < §, and as a result for all n > N = max{Ni|z, — yn|, N2} ==

€ €
|xn_zn‘:’xn_yn+yn_zn’§’xn_yn‘+‘yn_zn|<§+§:6

so limy, o0 (@n, — 2,) = 0 and (2 )nen ~ (2n)nen. This proves that

(mn)nEN ~ (yn)nEN and (yn)neN ~ <2n)n€N - (wn)nEN ~ (Zn)neN
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so ~ is indeed an equivalence relation. The set of real numbers R is then
defined as the quotient set on C' by ~, that is the set of all equivalence
classes generated by ~:

R:=C/~

We define addition +, multiplication - and a partial order < on R as follows:

T+ y = [(@n)nen] + [(Yn)nen] = [(@n)nen + (Yn)nen] = [(@n + Yn)nen]
2y = [(Zn)nen][(Yn)nen] = [(Zn)nen(Yn)nen] = [(TnYn)nen]

2 <yor [(@n)nen] < [(Wnnen] <= (Tn)nen ~ (Yn)nen

AN eNst.n>N = z, <y,

After we make sure (Lemma 3.2 below) that for all nonzero real numbers
there exist Cauchy sequence consisting either entirely of positive rational
numbers or entirely of negative rational numbers, we can define the positive
and negative real numbers, as well as the absolute value of a real
number, as follows:

A real number x is said to be positive if it has a representative Cauchy
sequence (7,)nen € QT consisting entirely of positive rational numbers. We
denote this by z > 0 or z € RT. The set of all positive real numbers
is denoted R*. The set of all nonnegative numbers is denoted Rg
and equals Rt U {0}. A real number z is said to be negative if it has a
representative Cauchy sequence (z,,)neny € QT consisting entirely of negative
rational numbers. We denote this by < 0 or x € R™. The set of all
negative real numbers is denoted R™. The set of all nonpositive
numbers is denoted R, and equals R~ U{0}. Theabsolute value function
is the function |- | : R — R{ is given by

x, ifz>0
2| = .
-, ifz <O

Lastly, the distance d : R x R — Rg between two real numbers x and y is

given by
d(z,y) = |z —y|
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We can also embed the rational numbers @ into R by considering the
representative Cauchy sequences (z,z,...) in Q for all x € Q. We define

F:Q< C/ ~ by

fl@) =z, z,...)]

Clearly the field operations of QQ are preserved by this function, by our
definitions of <, + and -, so f is an order-isomorphism.

We now show formally that this construction of the reals yields a struc-
ture that is equivalent to the first two structures above:

Lemma 3.1 The operations of addition + and multiplication -, as well as
the relation of partial order < on R, are well defined. That is, if [(n)nen] =

[(z7)nen] and [(Yn)nen] = [(Yn)nen], then

[(@n)nen] + [(n)nen] = [(@7)nen] + [(Y7)nen]

[(2n)nen][(Yn)nen] = [(27,)nen][(¥7 )nen]
[(Zn)nen] < [(Un)nen] = [(#7,)nen] < [(Yn)nen]

Proof: If [(z5)nen] = [(27,)nen] and [(yn)nen] = [(Yn)nen], then (zn)nen ~
(wg)neN and (yn)neN ~ (y;JneNv so that lim,, (xn - x%) = hmn—mo(,%z -

yr) = 0, that is,
€

2

€

Ve € Qt, 3N € Nsuch that n > N = |z, — | < 5

and |y, —y,| <
whence

€ €
@by m) — (@ )| = =i+ n=vi)| < an—al)H =] < S+5 =€

or limy, o0 ((2n+yn) — (), +v},)) = limp—so0 ((zn—2},)+(yn—yp)) = 0+0 = 0.
Consequently, (2, + Yn)nen ~ (2], + Yl )nen, Wwhence

[(2n)nen]+[(Yn)nen] := [(Zn+yn)nen] = [(27, 445 )nen] =: [(27)nen] (U7 )nen]

Likewise, Ve € QF, IN € N such that given any n > N, if we define
M = max{1, |y,|,|z|}, we have
€

€
|z, — 2| < oYYi and |z, — 2| < YV
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whence

/ / /AN,
’xnyn — TpYn + TpYn — xnyn|

yn (20 — 27,) + 20, (Yn — 4y,

|$nyn - xizym

< yn(@n — 23) [+ 125, (yn — y5)|
= |ynllzn — 20| + |23 llyn — ynl
< Mlzn — x| + My, — yy|
< M—JrML

Il
[

or limy, m—soo(TnYn — Thys) = 0, so that (Tnyn)nen ~ (2,5, )nen, whence
[(wn)nENH(yn)neN] = [(xnyn)neN] = [(x;yg)neN] = [(xln)HENH(y;l)neN]

Finally, suppose [(Zn)nen] < [(¥n)nen]- If (Tn)nen ~ (Yn)nen, then we
have by our assumptions (z],)nen ~ (Zn)neny and (Zn)nen ~ (Yn)nen and
(Yn)nen ~ (yl,), so by the transitivity of ~ we have (2 )nen ~ (Y),)nen,
whence

[(xiz)nEN] < [(y;)neN]

If, on the other hand, 3N € N such that n > N — x, < yn, the we
must have that IN’ € N such that n > N’ — 2] < y/,, for otherwise,
if for all N’ € N there are n > N’ for which z], > y/, then since since
(@n)nen ~ (20,)nen and (Yn)nen ~ (Y),)nen, we have for all € € QT we have
|xn — )| < € and |y, — y,| < €, so that x, > z!, — e and y,, < y, + ¢, and
hence

Yn <y < ap, <y

contradicting z,, < y, for all n > N. Thus in this case, too, we must have
(@ )nen] < [(47)nen]: n

Lemma 3.2 Let 0 € R be given by [(0/,0,---)], the equivalence class rep-
resented by (0',0,...) in Q. Then for all x € R\{0} there exists an e € QT
such that exactly one of the following holds for all representatives (y)neN

m Q of x:

1. x, > € for all but finitely many n € N.
2. xp < —e for all but finitely many n € N.

In particular, for any x € R\{0} we can obtain a new sequence (pn)nen
from any representative sequence (xn)nen of x by discarding finitely many
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terms of (xy)nen, with the property that either p, > € for alln € N or else
pn < —€ for alln € N.

Proof: Suppose not, that is suppose for all € € Q% there is a representative
(Zn)nen of x € R\{0} for which z,, < ¢ for infinitely many n € N and such
that x, > —e for infinitely many n € N. Then, in particular for § € Q"
there is a representative (z,)nen of o such that |x,| < § for infinitely many
terms. As a consequence, for any other representative (y,)nen of x, because
(Yn)neN ~ (Tn)nen, we have that IN € Nsuch thatn > N = |y, —xzp| <
5. Consequently,

=€ (3.1)

DN

€

Now, either we have for all ¢ € Q" that there are infinitely many y, in
[—¢,¢] or else there exists some g9 € QT such that [—eg,&0] contains only
finitely many y,. The second case is impossible because of (3.1), so we
proceed to the first case: let us denote by (yn, )ken the subsequence of the
sequence lying in [—¢,¢]. Because (y,)nen is a Cauchy sequence, we have
that 9N € N such that m,ny > N —

[Ym| < [Ym — Uni| + [Yn,| < 2e

Since this is true for all ¢ € Q7, we have that lim, .o v, = 0, so that
(Yn)nen € [(0/,0/,...)] = 0, contrary to assumption. Thus, the assumption
that for all ¢ € QT there is a representative (z,)neny of x € R\{0} for
which z, < e for infinitely many n € N must be wrong, and we must have
only finitely many terms of the sequence (x,)nen lying in (—e,€). Since
(Zn)nen is a Cauchy sequence, infinitely many terms satisfy either =, > €
or x, < —e for some € € Q*. Discarding these terms gives us our desired
strictly positive or strictly negative sequence (p,)nen in Q, as the case may
be, that represents x. ]
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Theorem 3.3 The real numbers are a structure (R, <, —, =1 4.+ 0,1) which
s a field:

1. (R,—, 71 +,-,0,1) is a field, that is for all z,y,z € R we have

1. 2+ (y+2)=(x+y)+z (associativity of +) )

2. zHy=y+x (commutativity of +) (R,+) is an

3. d0e€R such thatz+0==x abelian group
4. Vx eR, 3 —z € R such that z + (—x) =0 )

5. x(yz) = (zy)z (associativity of +) )

6. zy=uyx (commutativity of -) (R\{0},-) is an
7. J1 €R such that le =x and 0 # 1 abelian group
8. Vx € R\{0}, 3z~ ! € R such that za~t =1

9. z(y+z) =zy+uzz (distributivity of « over +)

2. (R, <) is a totally ordered set, that is for all z,y,z € R we have

1. z<zx (reflexivity)

2. z<yandy<zx = xz=y (antisymmetry)
3. z<yandy<z = x<z (transitivity)

4. z<yory<cz (totalness)

3. The field operations + and - are compatible with the partial order
< in the sense that for all ,y,z € R we have

1. 25y = z+2<y+=2 (preservation of order under addition)
2. 0<zand0 <y, then0<zy (preservation of order under multiplication)

Proof: 1.1, 2, 5, 6, and 9 follow from the properties of Q, the definition
of Cauchy sequence, and the lemma, which guarantees the well-definedness
of +, - and <. We'll demonstrate 1.1., the others follow similarly: for
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z,y,2 € R, we have

T+ (y+2) [(®n)nen] + [(Yn)nen + (2n)nen]

= [(®n)nen] + [(Zn + Yn)nen]
[(xn)nEN + (Tn + Yn)nen]

[( yn + Z"))neN]

[((zn +yn) + 2n) en]

[(Tn + Yn)neN + (2n)nen]

[(@n + Yn)nen] + [(2n)nen]

= [(®n)nen + (Yn)nen] + [(2n)nen]

(x+y)+=2

1.3. We define 0 € R as the equivalence class of Cauchy sequences in

Q converging to 0/ € Q, and represented by 0 = (0/,0/,...) in Q. This

equivalence class satisfies  + 0 =04 2 = x for all x = [(zp)nen]:

£+ 0 = [(zn)nen] + [0] = [(#n + 0)nen] = [(Tn)nen] = =

and likewise 0 + z = z.

1.4. For each x = [(x)nen] € R we define its additive inverse —z to be
[(—=2n)nen], for then

2+ (=) = [(@n)nen] + [(=2n)nen] = [(@n + (=2n))nen] = [(0/,0,...)] =0

Clearly —x exists whenever x does, so each x € R has an additive inverse.

1.7. We define 1 € R as the equivalence class of Cauchy sequences in
Q converging to 1' € Q, which is represented by 1 = (1/,1’,...) in Q. This
equivalence class satisfies 1 = 1z = z for all © = [(zy)nen]:

21 = [(@n)nen] + (1] = [(@n1)nen] = [(zn)nen] = 2

and likewise 1z = z.

1.8. For each z € R\{0}, let (x,)nen be one of the Cauchy sequences
consisting entirely of nonzero rational numbers, guaranteed to exist by L
3.2. We define x’s multiplicative inverse z~! to be the equivalence class
represented by this sequence

(YN
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This definition indeed gives x’s inverse, for we have

o=t (2). )= e (1)) () i

2.1. Clearly, for all z € R, because x is represented by a Cauchy sequence
(Zn)nen, and because (x,)neny ~ (Tn)nen, we have that z < .

2.2. If x <y and y < x, it is not possible that, for representatives
(Zn)nen and (Y )nen of © and y, respectively, IN € N such that n > N —
ZTpn < Ypn and y, < x, simultaneously, so we must have (z,)nen ~ (Yn)nen,
in which case = [(#n)nen] = [(Yn)nen] = y-

2.3. Let x < y and y < z, and let (p)nen, (Yn)nen and (2p)nen be
representatives of x, y and z, respectively. There are four cases: 1. If
dNj, N € Nsuch that n > Ny, — z,<y,andn >Ny = vy, < 2z,
then IN = max{Nj, N2} such that n > N = =z, < y, < z,, whence
Tpn < zp by the transitivity of < in QQ, and therefore x < z. 2. If, however,
N € N such that n > N = =z, < y, and (Yn)nen ~ (2n)nen, then
Ve € QF, N’ € Nsuch that n > N’ = |y, —2,| < ¢, so that y,, < z,+¢,
whence for M = max{N, N'} we haven > M — z, <y, < z,+e€. Since
this is true for all ¢ € Q7, we have that z,, < ¥, < z,, so by transitivity
we have that IM = max{N,N’} € N such that n > N = 1z, < z,.
Thus, # < z in this case too. 3. Similarly, if (x,)nen ~ (Yn)nen and
dN € N such that n > N = 4, < z, so that Ve € Q", IN’ € N such
that n > N/ = |z, — yn| < €, so that x, < y, + ¢. Consequently,
for M = max{N,N'} we have n > N = 1z, < yp+e€ < z, + €,
whence x,, < y, + € < z,, so that z,, < y,, and hence z < z in this case
too. 4. Finally, if (2n)nen ~ (Un)nen and (yYn)nen ~ (2n)nen, then by the
transitivity of ~ we have (z,)neny ~ (2n)nen, and so < z. Thus in all cases
wehavez <yandy<:z — =z <z

2.4. Let z,y € R be given. If x = [(@n)nen] = [(Yn)nen] = vy, then
(Zn)nen ~ (Yn)nen, so ¢ < y (and y < x). If, on the other hand, = # y, then
(Tn)nen 7 (Yn)nen, so there must exist an e € Q1 such that VN € N we have
n>N = |z, —yn| > €. Consequently, there exists an N € N such that
for all n > N we have z,, < y, or y, < x, (we clearly cannot have both,
for (zp)nen and (yp)nen are Cauchy sequences, and having z, < y, and
Ym < Ty, for arbitrarily large n and m would mean lim,, o (zy, — yn) = 0).
If , < yn, then x < y, while if x,, > y,, then = > y.
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3.1. If x = [(zn)nen] < [(Yn)nen] = vy, suppose IN € N such that
n>N — x, <yn Then x, + 2z, < yn + 2z, by the properties of <
in Q, so x+ 2z < y+ 2 If on the other hand, (zn)nen ~ (Yn)nen, then
z = [(zn)nen] = [(YUn)nen] = y, so clearly x + z = y + 2, so in particular
r+z2z<y+z.

3.2. Suppose 0 < = = [(zp)nen] and 0 < y = [(yn)nen]. If 2 = 0 and
y = 0, then clearly

zy = [(0,0,.. )][(0,0,...)] =[(0'0",00/,...)] = [(0/,0,...)] =0

If 2, > 0, then by L 3.2 there exist €1, e € QT and representative Cauchy
sequences (Zp)nen and (Yn )nen, respectively, such that x,, y, > € = min{e;, €2}
for all n € N. Consequently, x,y, > € for all n € N, whence xy =
[(xnyn)nGN] > 0. u

Theorem 3.4 (R is Complete) FEvery nonempty subset S of R that is
bounded above has a least upper bound, sup S = min S™.

Proof: Let u be an upper bound of .S, that is x < w for all z € S. If w is not
rational, i.e. if u is not the image of a rational number under the embedding
f : Q — R considered above, then we may choose another, larger u which
8. So assume that u is a rational upper bound of S. Since S is nonempty,
let s € S and let L be a rational number satisfying L < s. Then, define
two rational sequences (I,)nen and (up)nen as follows: Iy = L, u; = u,
and m,, = (I, + u,)/2 for all n € N. If m,, € S*, then let u,+1 = m, and
lnt1 = ln, whileif m ¢ S*, then let u,+1 = uy, and l,, 11 = m,,. By induction,
u, € S* and [, ¢ S" for all n € N . Considering the unique rationals
ul, = f~Y(uy), where f is our embedding, we have that u = [(u,)nen] is the
least upper bound of S, because clearly s < u for all s € S, and moreover
limy, o0 (ln — un) = 0, 80 u = [(I,)nen] as well, where I, = f~1(1,,), so that
if b < u, then b, < [, for all n > N for some N € N, whence b is not an
upper bound. [ |
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4 Equivalence of All Constructions of R

Having made the effort to abstract the properties of the integers, the ratio-
nals and the real numbers, we are now in a position to reap their fruits: we
can show that all constructions of R are isomorphic, that is are in a one-to-
one correspondence which preserves their algebraic properties (addition and
multiplication and their associated properties), their order properties, and
their least upper bound properties. That is if R and R’ are two construc-
tions, then for all a,b € R and o/,b’ € R’ with a ++> a’ and b +> V' we have
a+b+ad+V,ab<+ db and a < b<= o <'V, while for all S C R and
S’ C R’ with S <+ S’ we have sup S <+ sup S’. Formally,

Theorem 4.1 Fvery complete totally ordered field is both isomorphic and
order-isomorphic to R, so in this sense all constructions of R are equivalent.

Proof: In what follows, suppose R is any construction of the reals satisfying

the axioms given in Construction 1 of above, and let (F, <’, -/, =1/ 4./ 1/,0/)
be any other construction of R, by which we here mean any complete totally

ordered field, so that F'is an ordered field that satisfies the least upper bound

property. By basic properties of rings, we know there a monomorphism (in-

jective ring homomorphism) f : Q < F which is also an order-embedding.

We can extend this function to an embedding of R into F' as follows: for

each r € R let

D, ={qeQlqg<r}

be the associated Dedekind cut. Since D, is nonempty and bounded above in
Q, we have that f(D,) is nonempty and bounded above in F', so applying the
assumed least upper bound property of F' we define the function g : R — F
by
g(r) = sup f(Dr)
Then g is also a monomorphism and order-embedding, since if r, s € R, then
g(T + ‘9) = Sup f(DrJrs) = sup f(Dr) +/ sup f(Ds) = g(’l“) +/ g(S)
g(rs) = sup f(Drs) = sup f(Dy) - sup f(Ds) = g(r)g(s)
r<s = g(T‘) = Supf(Dr) < Supf(Ds) = g(S)
glr)=g(s) = r=s

and clearly g is an extension of f. We’ll prove the second equation, since
the other three follow similarly: if

z <" sup f(Dys)
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then z <’ a for any a € f(D,s)", so in particular x <" be for all b € f(D,)",
c € f(Ds)", whence
x <"sup f(Dy) " sup f(Ds)
Conversely if
z < sup f(Dy) ! sup f(Ds)
then z <’ be for all b € f(D,)*, ¢ € f(Ds)". Now, for any

a € f(Drs)"\{sup f(Drs)}

there exist such b and ¢ that also satisfy bc < a, as follows: if

a € f(Drs)"\{sup f(Drs)}

then sup f(D,s) <’ a, so by the order denseness of Q we can always find a
p € Q such that

sup f(Dys) <' b= f(p) < a

and then we can pick c to be

oo Sup f(Dys) +a
- 2b

Then we have sup f(D,s) <’ be <’ a. Because we can always find such b and
¢ we must have
v < sup f(Dys)

We have just shown that g(R) C F and R = g(R). If we can show
that g(R) D F, we will have proved that g is surjective, and therefore
bijective, and so an isomorphism (both a ring isomorphism and an order-
isomorphism), and we will have thereby finished the proof. Towards this
end, note first that F' also satisfies the Archimedean property, which follows
via T 77 from the fact that R is order-embedded into F' and R satisfies the
Archimedean property. Consequently, for any k € F' there exists an n € N,
and so a g(n) € F, such that —g(n) < k < g(n). Let

Dy ={reR|g(r) <k}

and note that because g(R) = R we have that we have that Dy and g(Dy)
are both nonempty and bounded above, so that dsup Dy € R, whence
dg(sup Dy) € F, and also Isupg(Dy) € F, and since g(R) C F we have
that

sup g(Dy) < g(sup D) (4.1)
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by the least upper bound property of F. We claim that

sup g(Dg) = g(sup Dy,) (4.2)

Suppose not, that is suppose sup g(Dy) < g(sup D). Then, by the Archimedean
property of F', there is some n € N such that

0 = g(sup Dy) — g(sup D) < g(n)~" < g(sup Dy) —supg(Dy)  (4.3)
This implies that
sup g(Dx) < g(sup Dg) — g(n) ™! < g(sup Dy) (4.4)

But then by (4.1), the second inequality in (4.4), and the definition of
g(sup D) and sup g(Dy), the first of which implies that g~'(g(sup Dy) —
g(n)™1) = sup Dy — n € Dy, we have

g(sup D) — g(n) ™" < sup g(Dy)
which by the first inequality of (4.4) implies the contradiction
sup g(Dy) < sup g(Dy)
Hence we must have sup g(Dy) = g(sup D), and so g(k) € g(R), whence
g(R) D F

and consequently g(R) = F. [ |
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5 Further Properties of R

5.1 Exponentiation

Ifa € Rg and n € N, then we define the nth power of a as

n times
n

——
a":=a-a---a
This defines a real number, as we show in Theorem 5.5 below. We define a°
as
=1

for all a € R (including 0), and we define a™" for a € RT as
1 1

a” a-a---a
——

n times

The number +n € Z in the above three cases is called the integer exponent
of a. Before we can define nth roots, however, we first need to show that
they are real numbers! Theorem 5.8 below guarantees this fact, and this
fact guarantees that the expression

al/n
also denoted {/a, is well defined and represents a unique real number. The
notation {/a is in keeping with that of the square root of a, which is denoted
both as v/a and as a'/?. Recall that one of the shortcomings of the ratio-
nal numbers was that they did not contain the number /2. Theorem 5.8,
therefore, remedies this problem, and ensures not only that v/2, but 21/ for
all n € N, is a real number. This holds not only for 2, of course, but for all
ac RS‘ .

1/n

The expression ¢~/ is defined in the same manner as above,

A —
al/n

and is also well defined by Theorem 5.5. Finally, since a!/™ is a (nonnegative)

real number, we can define the fractional exponent /" for m/n € Q,

which we do as follows:
am/n — (am)l/n
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We will show below that, since a™/™ € R for all m/n € Q, we also have
that a® € R for all b € R. Thus, expressions like V2 are well defined real
numbers. This will require considerable machinery to develop, in particular
a proper definition of the exponential and logarithmic functions e* and In x.
Then we will define a® by a® := e?"?, so that for example V2 = eeV2ilnm,

5.2 Basic Arithmetic and Order Properties of R

Lemma 5.1 The numbers 0 and 1 in R are unique.

Proof: We know there is at least one 0 in R, by Axiom 1.3, and it satisfies
z+ 0=z for all z € R. Let us suppose there were a second zero, 0’ € R,
satisfying z + 0’ = x for all x € R. Then, letting 0’ play the role of z we
have

0=0+0

while letting 0 play the role of = gives
0+0 =0

Therefore, 0 = 0 + 0" = 0. This shows that there is no second zero, for it
would be equal to the first.

Similarly, we know there is at least one 1 in R, by Axiom 1.7, and it is
characterized by 1z = x for all z € R. If we suppose there were another
1" with this property, then by letting each of 1 and 1’ play the role of x we
have

1=11"=1 |

Lemma 5.2 (Cancellation Law) For any z,y,z € R we have

r+z=y+z — =YY

and
r+z<y+z = xz<y

Stmilarly, for z # 0,
rZz=Yz = T =1y
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Proof: Suppose first x + z = y + 2. Then, using Axioms 1.1, 3, and 4,

z = z+0
= z+(2+(-2))
= (x4+2)+(—2)
= (y+2)+(-2)
= y+(z+(-2))
= y+0
=Y

Suppose next that x + z < y + z, and use Axioms 1.1, 3, 4 and 3.1:

r = z+0
= z+(2+(-2))
= (x4+2)+(—2)
< (y+2)+(-2)
= y+(z+(-2))
= y+0
=Y

Finally, suppose xz = yz and z # 0. Then, using Axioms 1.6-8,
r=lz=zl=x(zz"Y) = (z2)27 = (y2)z L =ylzz ) =yl =1y=y A

Lemma 5.3 Axiom 1.9 has a right version,
(x+y)z =22+ yz
Proof: Using Axioms 1.6, 9 we have

(x+y)z=z2(x+y) =20+ 2y =2+ yz [ |

Lemma 5.4 0x =0 and (—1)x = —x for all x € R.
Proof: First, observe that by Axioms 1.3, 7 and the previous Lemma,
r+0=z=1lz=(14+0z=1z+0zx =2+ 0x

which by the Cancellation Law means 0 = 0z. Using this result, Axioms
1.3, 7 and the previous Lemma, we get

(—Dz+z=(-1l)z+lze=((-1)+1)z=0=0=(—2)+x

which by the Cancellation Law means (—1)x = —z. [ |
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Theorem 5.5 (Arithmetic Properties of R) For all z,y,z,w € R, the
following hold:

z w  zw
1. —(—z)= 9. Z.Z2= R\{0
(—x)==x 2 Yy if z,y € R\{0}
T oz Tw+yz .
2. —y) = — =(— 10, —+—=——"— R\{0
z(—y) = —(zy) = (-2)y T w o fywe \{0}
1
3. (-l)z=—-x 11 :c;éO:>;750
1
4. azy=2 = y=1ifx#0 12 EZ% if z,y € R\{0}
y
5. Z=1ifz#0 13, YT e R\(0)
x z/w Yz
x 2x x
6. — ==z 14. — =2z— ify e R\{0
1 " \(0)
7. zy e R\{0} ifz,y e R\{0} 15. %:%:‘(5) if y € R\{0}
1 1 1
8, —.=— R\ {0
L= iy e R\0)
Proof: (1) Every = possesses a negative, —x, by Axiom 1.4, and it satisfies

x4+ (—z)=0
What is the negative of —z7 Let us use the Cancellation Law:

r+(—z)=0=—(—2)+(—z) = z=—(—x)

(2) 2(=y) + 2y = 2((=Dy) + 2y = (z(-1))y + 2y = (-D2)y + 2y =
(—x)y+zy = ((—z) +x)y = 0y = 0 = —(xy) + xy, so the Cancellation Law
implies x(—y) = —(xy) Similarly with (—z)y = —(zy).

(3) This was Lemma 5.4.

(4) This was Lemma 5.1.

(5) This is an Axiom, 1.8, so I don’t know what it’s doing in a theorem.

(6) Follows from the fact that 17! =1 on account of 1-1=1=1-1""!
and the Cancellation Law, Lemma 5.2.

(7) If zy = 0, then either z or y must equal 0. Suppose y # 0, and
observe that

c=lr=zl=z(yy ") =(ey)y ' =0y =0
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Reversing the roles of x and y shows that if z # 0, the y = 0. It is of course
possible that both z and y equal 0. All this shows that if zy = 0 then x =0
or y = 0, which is the contrapositive of  # 0 and y # 0 implies xy # 0.

(8) This is the statement that z~'y~! = (zy)~!. We already know that
if x,y # 0, then xy # 0, so all of x, y, and xy have multiplicative inverses.
Now observe that

(y) @ty ) =ylea™) =gy = 1= (zy)(xy)”"

so by the Cancellation Law we must have 2~ 'y~! = (zy)~!. I skipped a
couple of commutations and associations in the above line, FYI.

(9) This is just the associative and commutative laws, Axioms 1.5-6, plus
(8) above:

10) We'll use Axioms 1.5-9: since 0 and w 0, y7! = 1 and
( Y Y

-1 1

w = -
w

exist, so

X z
4+ =
y w

(zy™)
= (xy )1+ (2w H1
(zy™") (

= z(wy Hw !+ z(ywty

= (zw)(y 'w™) + (zy)(w Yy
= (zw)(y'w ) + (zy)(yw )
= (zw+zy)(y 'w ™)

_ xw+yz

— o

(11) If  # 0, then 2~ ! exists and 27! = 1. But 1 # 0 by Axiom 1.7,
so by the proof of (8) above we must have 2! # 0.
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(12) This just says that (zy~!)~! = 27!y, which follows from the fact
that (y~!)~! = y in the same way that —(—y) = y (as in (1) above).

(13) Combining (9) and (12) above, we get

x/y

row  rw
zjw Yy oz

Yz

(14) This is nothing but associativity and commutativity, Axioms 1.5-6:

= (ay = ey = ey = 2
Y Y
(15) This is nothing but (2) applied to —(xy~1). |
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Theorem 5.6 (Order Properties of R) For all z,y,z,w € R, the fol-
lowing hold:

r>yandz>w = T+z2>y+w
z,y>0 = x4+y>0 and zy >0
>0 <= —-2x<0

r>y = —zr<-—y

r>yand 2 <0 = zz2<yz

r#0 = 22>0

-1<0<«<1

xy >0 <= either z,;,y >0 or z,y <0
>0 = 1>0

r>y>0 = %<%

x
11. z2<y = x<%<y

© XN T WD

—
e

Proof: (1) Suppose z > y and z > w. By Axiom 3.1, we have x+2z > y+2z
and y + z > y + w. The transitivity of > then shows that  + z > y + w.

(2) Let ¢,y > 0 and observe that Axioms 1.3 and 3.1 give x+y > 0+y =
1y, so since y > 0 transitivity of > ensures z +y > 0. Axiom 3.1 also ensures
xy > 0. To see that xy > 0 when x,y > 0, note that xy = 0 only if z = 0 or
y = 0 (as in the proof of Theorem 5.5, (7)).

(3) Suppose = > 0 and use Axioms 1.3 and 3.1:

O=z+(—2) >0+ (—2)=—2
Conversely, if 0 > —z, then adding z to both sides gives
r=z+0>z+(—x)=0

(4) Suppose x > y and add —z to both sides and then —y to both sides,
making use of Axiom 3.1:

x>y <= O=z+(—x)>y+ (-2
(—y=(-y)+0

> (—y)+(y+(—2))

= = ((=y) +y) + (=)
=0+ (—x)



(5) Let x > y and 0 > z. Then by (3) above we have 0 < (—z), and
hence Axioms 1.9, 3.1-2 and (1)-(2) of Theorem 5.5 apply to give

z+(-y) >0 and (—2)>0 = —(zz)+zy=(—2)(z+(-y)) >0

which means, again by Axiom 3.1, zy > zz, and thus by commutativity
(Axiom 1.6) yz > zz.

(6) Let © # 0 and consider z2. If 2 > 0, then Axiom 3.2 gives 22 >
2 -0 =0 (the last equality by Lemma 5.4), while if x < 0, then —z > 0 by
(3) above. Now, observe that for any = € R we have by associativity (Axiom
1.5), Lemma 5.4 and Theorem 5.5

so Lemma 5.1 applies to tell us that (—1)? = 1. We use this in combination
with —z > 0 as follows:

22 =122 = (—-1)%2% = (-1)2)? = (—2)? > (-2)0 =0
the last inequality following from Axiom 3.2 and the last equality from
Lemma 5.4.

(7) We know from Axiom 1.7 that 0 # 1, while from (6) above we have
1=1>>0
and from (3) above we consequently have 0 > —1.

(8) Suppose zy > 0. We know that x,y # 0, else xy = 0 (see proof of (7)
in Theorem 5.5), hence z > 0 or z < 0 and similarly with y. Suppose first
x> 0. If y <0, then (5) above gives xy < y-0 = 0, which is in contradiction
with our assumption, so we must have y > 0. Reversing the roles of  and y
shows that if y > 0, then > 0. If, on the other hand, x < 0, then y < 0, for
otherwise, if y > 0, (5) above gives zy < Oy = 0, a contradiction. Similarly
y < 0 implies x < 0.

(9) Let = > 0 and observe that by (7) above we have =tz = 1 > 0, so
(8) applies to give 27! > 0.

(10) Let x > y > 0. By transitivity of > we have x > 0, and hence by
(9) we conclude that =1, y~! > 0, which means 0 < 1 = 27!z < 271y and
hence 0 <y ' =y 11 <27 lyy—1 =211 =27 !, using Axioms 1.5, 7, 8.
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(11) Suppose z < y and consider 3¢ = (z +y) = z/2 + y/2. Now,
0 < 1limplies1 =140< 141 =2, by Axiom 3.1, so that by (8) and
(10) above we get 0 < 1/2 < 2/2 = 1. Multiplying through by x and using
Axiom 3.2 we conclude /2 < z1 =z if x > 0, and /2 > z if x < 0 by
(5) above. If z > 0, then by transitivity y > 0 too, and we conclude that

y/2 <y as well, and = < y implies /2 < y/2. This means
2 1 1 1
lex:ixzi(l—i—l)m:i(lx—i—lm):i(x—i-m)
_r.r_r. ¥y _Yv. v_
PR R AR R

where the last equality follows from similar reasoning as the LHS for z. If
x < 0, then y < 0, too, and we can apply the above argument to 0 < —x <
—y and conclude that

from which it follows (by (3) and (5)) that

< Lﬂ < Y [ ]
2
Theorem 5.7 For all x,y,x1,...,x, € R and all n € N we have
1. |z+y| <|z|+ |y (Triangle Inequality)

2. |zt zet x| < x|+ e+ 4 |z
3. zyl = |=llyl

Proof: (1) This boils down to cases, which are four, z,y > 0, z,y < 0,
z>0and y < 0,and z < 0and y > 0. If z,y > 0, then this is just an
identity

lz+yl=z+y=lz|+ Iyl <|z|+ |yl

If z,y < 0, then
[z +yl = —(z+y) = (—2) + (—y) = [z[ + |y[ < |z| + |y|
If, on the other hand, say x < 0 and y > 0, then x < 2 +y < y, so
|z + y| < max{|z], |y[} < |z]+[y]

Similarly with x > 0 and y < 0.
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(2) Follows inductively: We have |z1 + x2| < |z1|+ |z2| by (1) above, so
suppose |z1 + X2 + -+ + x| < |z1] + 22| + -+ + |2y| for some n > 2 and
consider the (n 4 1)st case:

|(z1 4+ 22+ + xp) + Tpp1 | |z1 + |22 + -+ + Tp| + |Tp41]

<
< o]+ w2 + -+ |@n] + [eng]

where the first inequality is by (1) and the second by our induction hypoth-
esis.

(3) This again follows by cases. This is clearly true for =,y > 0 because
each side is their positive product. For z,y < 0, we have

lwy| = 2y = lay = (=1)%zy = ((-12)((-1)y) = (~2)(~y) = |z[|y]

The first equality follows from Theorem 5.6, (8), and the fourth equality
from commutativity and associativity, and the fifth from Lemma 5.4. For
x <0 and y > 0, we have |z| = —x and |y| =y, so zy < 0 and

lzy| = —(2y) = (—2)y = |z|y]

by Theorem 5.5, (2) and Theorem 5.6, (5). Similarly with z > 0 and y < 0.
|

Theorem 5.8 (Existence-Uniqueness of the n-th Root) Foranya €
R* and any n € N there ewists a unique n-th root, a real number b > 0 such
that b" = a.

Proof: The proof is totally dependent on the least upper bound property
of R. Let A= {x € RT |2™ < a}. Then A is bounded above (by 1 if a <1,
and by a if a > 1), so that b = sup A exists. We suppose b" # a by way of
supposing b < a and " > a in turn, and derive contradictions, to conclude
that b" = a. First, suppose b"” < a and let € = a —b™ and h € (0, 1] be given

€

by h = T Then by the binomial theorem,
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(b+h)" = b +nb" th+ o

T T

2l
' _1
= "+h nb”‘1+n(n2, )b”—2h+--~+nbh"‘2+h”—1]
i 1
< W4k nb”_1+n(n2')b”_2+---+nb+1]+hb”—hb”
i 1
— W 4h b"+nb"1+n(nQ')b"2+-~+nb+l}—hb"
— V' h(b+ 1) — hb"
— VAl +1)" — b
€
e (b1 ="
e e (NSVAEE
= b"+e
= q

But this shows that 3¢ = b+ h > b such that ¢ < a, which contradicts the
assumption that ¢ < b, b being an upper bound. Similarly, if we suppose

b"™ > a, let e = b"™ — a, and h € (0, 1] given by h = (1+b)+*b”' Then by the
binomial theorem,
—1
(b _ h)n S U + n(n2‘ )bn—2h2 — it (_1)n—1nbhn—1 + (_1)nhn
[ —1
= b= h bt ”(”2, V2 g (1) 22 (—1)"111"1]
[ -1
> b —h b4 ”(”2,)5"% + o+ mbh" T+ h”l]
n : n—1 n(n_ 1) n—2 n n
> " —h|nb —Tb +---4+nb+1| +hd" —hb
[ —1
= "—h b”+nb”_1+n(n2l)b”_2+---+nb+ 1] + hb"
— V'~ h(b+1)" + hb"
= " —h[(b+1)" —1"]
€
= bV ——Jb+1)" ="
Ao —prle D" =0
= b —c¢

= a

But this shows that 3¢ = b — h < b such that ¢ < a, which contradicts the
assumption that b is the least upper bound for A — we have just found a
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smaller one, ¢. Consequently, the assumption that b # a leads to contradic-
tions, and we must therefore have b = a. |

Theorem 5.9 (Exponent Laws in R) For all a,b € R™ and p,q € Q the
following hold:

1. aPal = gPta
2. (aP)?=aP?
3. a%b? = (ab)?

If p,q € N, then the theorem holds for all a,b € R.

Proof: We prove this for m,n € Z first, then for 1/m and 1/n, and finally
for p,q € R.

1. a. First we prove this for m,n € N by induction on m. For a fixed
n € N and a € R, we have by definition that a"a' = a"a = a™', so the
case m = 1 is proved. Now suppose that a"a™ = "™, and note that
aa™tt = a"(a™a') = (a"a™)a' = a™"al = o™ so it holds for all
m € N. For the case m = 0 note that a"a® = a"1 = a" = a**?. Finally,
we extend this to m € Z~ by noting that ™™ = 1/a™ by definition for any
n € N, so for any n € Z and —m € Z~ we have

a"a”™ =a om

If m = n then clearly they cancel and a"a™™ =1=a" = a
m < n, then

A —A—
n
n.o—m __ G G——~Ta- - -a e
a’a =—=—

a™ &

m

and if m > n, then by the same argument we have a"a ™™ = —i- =

af(mfn) S

b. For a fixed n € N and a € R, we have (a")! = a" = ™!, so
the statement holds for m = 1. If we suppose it holds for m > 1, then
(@)™t = (a™)(a") = a™a” = o™ = ™"t 5o it holds for all

m € N. We can generalize this to Z using the same procedure as in 1 above.

c. For a,b € R we have a'b! = ab = (ab)! by definition, so suppose the
statement holds for some m > 1. Then o™ty = ¢gmab™h = a™b™ab =
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(ab)™(ab) = (ab)™*!, so it holds for all m € N. We can generalize this to Z
using the same procedure as in 1 above.

2. a. If a € Rt and m,n € N, then let 2 = a'/"a*™. By 1l.a. and b.
above we have

2 (al/mal/n)n _ (al/m)mn(al/n)mn _ ((al/m)m)n((al/n)n)m — a"a™ = a
and therefore z = (z™")1/mn = (gntm)l/mn — g(ntm)/mn — g1/nt1/m oy

al/nal/m _ al/n—‘rl/m

b. If a € Rt and m,n € N, then let z = (a'/")!/™. By 1.b. above we
have 2™ = a'/™, and 2™ = q, so x = a'/™".

c. If a,b € RT and m € N, then let z = a*/™bY/™. Then by 1.a. above
we have ™ = (al/mpl/m)ym = (g1/mym(pl/mym = b, so x = (ab)'/™.

Combining parts 1 and 2 gives the result for p,q € R. ]

Theorem 5.10 If there is a real number x > 0 which satisfies x < y for all
y >0, then x = 0.

Proof: If z > 0, then z < z, which is impossible. |

Theorem 5.11 (Archimedean Property of R) For all x,y € RT there
is an n € N such that y < nx.

Proof: Suppose not, that is suppose for all n € N we have nx < y. Then
the subset
S = {nx|x € R" and nx < y for all n € N}

of R is bounded above by y. But then by the order-completeness of R the
number s = sup S = minS* exists in R and satisfies s < y. Now, since
x>0, we have —z < 0=s—s,ors—x <s,and s —x ¢ S* ie. there
exists an n € N such that nx € S and nz > s — 2. But then (n+ 1)z > s,
which means s # sup S, a contradiction. |
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Theorem 5.12 (Every Open Interval Contains a Rational Point) If
a < b for some a,b € R, then there is a ¢ € Q such that a < q < b.

Proof: By the Archimedean property of R there exist numbers m,n,p € N
such that n(b—a) > 1, m > na and p > —na. Combining these we get

—p<na<m (5.1)

We can of course choose —p and m to satisfy —p = r — 1 and m = r for
some 1 € 7Z, so that
r—1<na<r (5.2)

(5.2) (5.2)
Now, this gives na < r < na+ 1 <nb, or na < r < nb, which gives

a<—<b

T
n

solet ¢ =71/n€cQ. |

Corollary 5.13 (Every Open Interval Contains an Irrational Point)
If a < b for some a,b € R, then there is an r € R\Q such that a < r < b.

Proof: The open interval (a/v/2,b/+/2) contains a rational point g, so
1 1
—a < qg<—=b

V2 V2

whence a < ¢v/2 < b, and ¢v/2 is irrational. (We could also have proved this
directly, as above.) |

Theorem 5.14 For every x € R there is a unique n € Z such that © — 1 <
n < x, called the integer part of x and denoted [x].

Proof: By the Archimedean property of R, for any x € R we can find
M, N € N such that M > x and N > —zx, or

~N<z<M (5.3)

Now, consider the subset S ={n € N| = N —1+n <z} of N. By (5.3) we
know that 1 € S but M + N +1 ¢ S, so S is a nonempty subset of N. By
the well-ordering property of N we know that N\S has a smallest element
n+1. Thus,n € Sbutn+1¢ S, ie.

—N—-1+n<z —N4+n>c

41



Subtracting 1 from both sides of the second inequality and combining the
two we get
r—1<-N-1+n<czx

Since —N—1+4n € Z, we have established the existence part of the statement.
As to uniqueness, supose there were two integers p, ¢ € Z satisfying x — 1 <
p,q < x. Then, since |[p—¢q| € Z and |p — q| < z — (z — 1) = 1, we see that
pP=4q. ]

Theorem 5.15 For every real x number there is a sequence of rational
numbers converging to x. This sequence (qn)nen i Q can always be given
by qn = [Lf]

Proof: By the previous theorem, 5.14, we have for all n € N that nx — 1 <
[nx] < nzx, so that dividing by n we arrive at

1 [nx] 1
r——<—<z<x+ —
n n n
. 1 [na) 1
from which we get —; < == —x < - or
1
na] |1
n n
Letting € = % we see that lim,,_ o @ =z. [ |

Theorem 5.16 For every real x number there is a sequence of irrational
numbers converging to x. This sequence (pn)nen in R\Q can always be

given by q, = M

Proof: As in the previous theorem we have

1 [nx] 1

r——<—<z<z+—

n n n
fromwhichwegetx—%—g<x—%+§< ’fl+§§x<x+}t+g7
or

1+v2  [nz] ++V2 1++2
T = <z+
n n n

n

[na] + V2 ‘ 142
— x| <
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S

[na]+v2

n

Letting € = Y2 we see that lim,_ e
g n

[nz]

is irrational, because s rational and /2 is irrational, so % is also

= . Of course

[na]+v2

irrational, and therefore @ + % is irrational, else the difference of two
rational numbers,

would be rational. [ ]
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