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1.2.4 Euclidean Algorithm and Continued Fractions

Ifa,beZ and b > 1, Lemmas 1.15 and 1.16 assure us that there exists a greatest common
divisor d = ged(a, b), but as yet we have no method of finding one given arbitary integers
a and b. The Euclidean algorithm remedies this deficiency. It’s method makes use of the
division algorithm, Lemma 1.14: there exist integers ¢ and r, with 0 < r < b such that

a=bg+r

If d is any common divisor of @ and b, that is d|a and d|b, then d|r as well, and conversely
if d|b and d|r, then d|a. Hence,

ged(a, b) = ged(b, 1)

Now, we can repeat the argument to find ¢’ and 7/, with 0 < r’ < r such that b = rq’ + ',
and with
ged(a, b) = ged(b, r) = ged(r, 1)

Proceeding thus we get a decreasing sequence of nonegative integers, which must therefore
be finite,
r>r’'>r">...>rM =9
The greatest common divisor of a and b, therefore, is
ged(a,b) = g(b, ) = ged(r=Y, #(M)

To give this algorithm a consistent indexing we take

O = a
r = b
T = T

and all the other 7y, are determined by the division algorithm at each step, until we reach
Trn+1-= 0, which gives ged(rp—1,7,) = ged(a, b):

o = gori+T2

L = qiT2 + T3
Th—2 = Tnhn—1qn-2+7Tn
Tn—1 = ThnQn-1

The natural number n is called the length of the Euclidean algorithm for a and b, the
sequence (go, g1, ---,qn—1) is called the sequence of partial quotients for a and b, and
the sequence (r2,73,...,7,) is called the sequence of remainders. For example, to find
gcd (932, 574), we proceed thus: ro = 932, 71 = 574, and since % = 1%—?—%, we have ¢p = 1
and ro = 358, so that

932 = 574-1+ 358
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Now, 22 =1L sorg =216 and ¢; = 1, or
358 216 q

574 = 358-1+ 216

Proceeding thus we get

932 = 574-1+4 358
574 = 35814216
358 = 216-1+142
216 = 142-1+74
142 = 74-1468

74 = 68-1+6

68 = 6-11+2

6 = 2-3

So
2 =r, = gcd(6,2) = gcd(932,574)

The sequence of partial quotients for 932 and 574 is (1,1,1,1,1,1,11,3) and the sequence
of remainders is (358,216, 142, 74,68, 6, 2), with the last being the gcd. The length of the
algorithm for 932 and 574 is n = 8.

Here is a MATLAB implementation of the Euclidean algorithm:

true=1; false=0;

fprintf (’Enter a positive integer n:\n\n’)
n=input (’’);

a=n;

fprintf (’\n\n’)
. fprintf (’and another positive integer m:\n\n’)
m=input(’’);

b=m;

fprintf (’\n\n’)

if n<m
nn=m;
m=n;
n=nn;
ok=true;
elseif n==m
ok=false;
fprintf (’The greatest common denominator of %d and %d is %d.\n\n’,a,b,n)
else \
ok=true;
end

while n>m & ok==true
k=floor (n/m) ;
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r=n-m*k;
n=m;
m=r;

if r==

fprintf (’The Euclidean Algorithm gives gcd(%d,%d)=%d\n\n’,a,b,n)

else
ok=true;
end
end

We could proceed differently and get similar results using fractions, even though we have
not formally introduced fractions; nonetheless, we can still state the following result and

come back to it with more formal credentials later:

932
574

%8 1 1
7 I ¢ St i 1
358 358
pe— 2t gt
+1 916 +1 i = &T
e T
216
. 1 . 1
+1 —t +1 !
*1 1 +1 1
256 "6
142
1+ !
i
1+ ;
I+ —=
1 _
VD)
1
1+ .
1+ :
1+ -
1+ —%3
]_ i
7
1
1+ -
1+ -
1+
1
14 -
T
]_ —_
* 58
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1
114+ -
Jr3

This is called a finite continued fraction, and the numbers 1, 1, 1, 1, 1, 1, 11 and 3
appearing in the left of each of the denominators, from top to bottom, are in this context
called the partial quotients of the continued fraction. They are the same numbers ap-
pearing in the sequence of partial quotients (1,1,1,1,1,1,11, 3) in the Euclidean algorith,
not uncoincidentally, for we get them by the same method. Special notation is used for
continued fractions:

(agp,a an) + ! =
JA1, . = @ e

0, U1 n 0 o Q-
1

= a0+ 1

a1 +
1
Qn—2 +
Ap—1 + —

Qan

We see that there is a connection between finite continued fractions and the Euclidean al-
gorithm. To formally establish this link requires an induction argument, which is provided
in the proof of the following theorem.

Theorem 1.26 (Euclidean Algorithm) If a,b € Z and b > 1, and the Euclidean
algorithm for a and b has length n and a sequence of partial quotients (go,q1,---,qn—1),

then
a

E = <CZO-,(I1> .. '7qn—1>

Proof: The proof is by induction on n. For n =1 we have a = ro, b = r1, and rg = ¢r1,

so & = :_(1' = qo = {qo). For n =2 we have
ro = Ti1qo + 72
= T2qi
SO
a 1o +’I"Q* +1_ +1_< >
b*ﬁf% TI—QO ™ 40 ql—QO7QI

T2

Now suppose the theorem holds for some n > 2. Then, if the Euclidean algorithm for a
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and b, b > 1, has length n + 1, with

To = Tiqo + T2
ThL = Toq1+T3
'n = Tn+i1dn

if we clip the first equation in it we get a length n algorithm

L = Toq1+7T3

'n = Tn4+1dn

where a’ = 7y and ¥’ = r9 > 1 (ro > 0 because we chose n > 2), so we may use the
induction hypothesis to conclude that

1
- = <QI7QZ=---7Qn>
T2
whence
a 19 T 1 1 )
—=—=@+—==¢0+7w =@+ =1(390:91,-:qn)
b 1 1 " <Q1a .. ~in>

Hence the statement holds for n 4+ 1 whenever it does for n, so by induction it holds for
all n € N. |

Theorem 1.27 (Euclid’s Theorem) There are infinitely many primes.

Proof: Suppose there are only a finite number of primes, say pi,...,p, € N. Then the
number N = H?:l p; + 1 is not prime, and since there are only a finite number of primes,
one of the primes, p;, divides N. But if p;|N, then, since p;| H?zl p; we must have that
pi| (N = [T, pi), or p;|1, which is a contradiction because p; > 1. Hence there cannot be
finitely may primes. |
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