Matrix Representations of Linear Transformations and
Changes of Coordinates

0.1 Subspaces and Bases
0.1.1 Definitions

A subspace V of R" is a subset of R™ that contains the zero element and is closed under addition
and scalar multiplication:

(1) 0eV
2 u,veV = u+veV
B)ueVandkeR = kueV

Equivalently, V' is a subspace if au+bv € V for all a,b € R and u,v € V. (You should try to prove
that this is an equivalent statement to the first.)

Example 0.1 Let V = {(¢,3t,—2t) |t € R}. Then V is a subspace of R3:

(1) 0 € V because we can take t = 0.
(2) Ifu,v €V, thenu = (s,3s,—2s) and v = (t, 3t, —2t) for some real numbers s and t. But then

utv=_s+t3s+3t,—-25s—2t) = (s+¢t,3(s+1t),-2(s+1t) =(t,3t,-2t') eV

where t’ = s+t e R.
(3) Ifu eV, thenu = (t,3t,—2t) for somet € R, so if k € R, then

ku = (kt,3(kt), —2(kt)) = (t',3t',-2t") e V

where t' = kt € R. [ |

Example 0.2 The unit circle S* in R? is not a subspace because it doesn’t contain 0 = (0,0) and
because, for example, (1,0) and (0,1) lie in S but (1,0) + (0,1) = (1,1) does not. Similarly, (1,0)

lies in S but 2(1,0) = (2,0) does not. ]
A linear combination of vectors vy,..., vy € R” is the finite sum

a1vy + -+ apvy (0.1)
which is a vector in R™ (because R™ is a subspace of itself, right?). The a; € R are called the
coefficients of the linear combination. If a1 = --- = a; = 0, then the linear combination is said
to be trivial. In particular, considering the special case of 0 € R™, the zero vector, we note that O
may always be represented as a linear combination of any vectors uy,...,u; € R",

Oup+---+0u,=0

This representation is called the trivial representation of 0 by uy,...,ux. If, on the other hand,
there are vectors uy,...,u; € R” and scalars aq,...,a, € R such that

aiuy + -+ agur =0



where at least one a; # 0, then that linear combination is called a nontrivial representation of
0. Using linear combinations we can generate subspaces, as follows. If S is a nonempty subset of
R™, then the span of S is given by

span(S) := {v € R"| v is a linear combination of vectors in S} (0.2)

The span of the empty set, &, is by definition

span(@) := {0} (0.3)

Remark 0.3 We showed in class that span(S) is always a subspace of R™ (well, we showed this for
S a finite collection of vectors S = {uy,...,ux}, but you should check that it’s true for any S). W

Let V := span(S) be the subspace of R™ spanned by some S C R™. Then S is said to generate or
span V, and to be a generating or spanning set for V. If V is already known to be a subspace,
then finding a spanning set S for V' can be useful, because it is often easier to work with the smaller
spanning set than with the entire subspace V, for example if we are trying to understand the behavior
of linear transformations on V.

Example 0.4 Let S be the unit circle in R® which lies in the x-y plane. Then span(S) is the entire
x-y plane. [ |

Example 0.5 Let S ={(z,y,2) €ER? |2z =y =0, 1 <z <3}. Then span(S) is the z-axis. |

A nonempty subset S of a vector space R™ is said to be linearly independent if, taking any finite
number of distinct vectors uy,...,ur € S, we have for all a1,...,ar € R that

a1u1+a2U2+...+akuk:0 =" al:"':an:()

That is S is linearly independent if the only representation of 0 € R™ by vectors in S is the trivial one.
In this case, the vectors uy, ..., u; themselves are also said to be linearly independent. Otherwise,
if there is at least one nontrivial representation of 0 by vectors in S, then S is said to be linearly
dependent.

Example 0.6 The vectors u = (1,2) and v = (0, —1) in R? are linearly independent, because if

au+bv=0

that is
a(1,2) +b(0,-1) = (0,0)

then (a,2a — b) = (0,0), which gives a system of equations:

a =0 1 0] |a] |0

2 —b = 0 o 2 1) [b] [0
But the matriz B (i] is invertible, in fact it is its own inverse, so that left-multiplying both sides
by it gives

al 1 o]fa] [t 01%[a] [t o0]f0] o

bl |0 1| |b| |2 -1| |b| |2 -1]]|0| |0
which means a = b = 0. [ ]



Example 0.7 The vectors (1,2,3),(4,5,6),(7,8,9) € R? are not linearly independent because
1(1,2,3) — 2(4,5,6) + 1(7,8,9) = (0,0,0)

That is, we have found a = 1, b = —2 and ¢ = 1, not all of which are zero, such that a(1,2,3) +
b(4,5,6) + ¢(7,8,9) = (0,0,0). ]

Given @ # S C V, anonzero vector v € S is said to be an essentially unique linear combination
of the vectors in S if, up to order of terms, there is one and only one way to express v as a linear
combination of uy,...,u; € S. That is, if there are aj,...,a,,b1,...,by € R\{0} and distinct
u,...,u; € S and distinct vq,..., vy € S distinct, then, re-indexing the b;s if necessary,

vVv=aiu; + -+ a,u a; = b;
“ U — k=/ and forall i=1,...,k
=byvi+ -+ bevy u; =Vv;

If V is a subspace of R™, then a subset § of V is called a basis for V if it is linearly independent
and spans V. We also say that the vectors of 8 form a basis for V. Equivalently, as explained
in Theorem 0.11 below, § is a basis if every nonzero vector v € V is an essentially unique linear
combination of vectors in 3.

Remark 0.8 In the context of inner product spaces V of inifinite dimension, there is a difference
between a vector space basis, the Hamel basis of V', and an orthonormal basis for V, the Hilbert
basis for V', because though the two always exist, they are not always equal unless dim(V) < co. B

The dimension of a subspace V of R” is the cardinality of any basis for V, i.e. the number of
elements in S (which may in principle be infinite), and is denoted dim(V'). This is a well defined
concept, by Theorem 0.13 below, since all bases have the same size. V is finite-dimensional if it is
the zero vector space {0} or if it has a basis of finite cardinality. Otherwise, if it’s basis has infinite
cardinality, it is called infinite-dimensional. In the former case, dim(V) = |3] = k < oo for some
n € N, and V is said to be k-dimensional, while in the latter case, dim(V') = |3| = &, where & is a
cardinal number, and V is said to be k-dimensional.

Remark 0.9 DBases are not unique. For example, f = {ej,e3} and v = {(1,1),(1,0)} are both
bases for R2. |

If V is finite-dimensional, say of dimension n, then an ordered basis for V a finite sequence or
n-tuple (vq,...,v,) of linearly independent vectors vy, ..., v, € V such that {vy,...,v,} is a basis
for V. If V is infinite-dimensional but with a countable basis, then an ordered basis is a sequence
(Vn)nen such that the set {v, | n € N} is a basis for V.



0.1.2 Properties of Bases

Theorem 0.10 Vectors vi,...,vi € R™ are linearly independent iff no v; is a linear combination
of the other v;.

Proof: Let vy,...,vy € R" be linearly independent and suppose that vy =civy + - 4+ cx_1Vi_1
(we may suppose vy, is a linear combination of the other v;, else we can simply re-index so that this
is the case). Then

civi+ -+ cp—1Vi—1 + (-1)vi =0

But this contradicts linear independence, since —1 # 0. Hence v cannot be a linear combination
of the other v;. By re-indexing the v; we can conclude this for all v;.

Conversely, suppose v, ...,V are linearly dependent, i.e. there are scalars cy,...,c; € R not all
zero such that
61V1—|—'-'+Cka=0

Say ¢; # 0. Then,

Cc Ci— C; C
Vi_(1>V1+"'+< - 1>Vi_1+< 1+1>Vi+1+"'+<k)vk
Ci Ci Ci Ci

so that v; is a linear combination of the other v;. This is the contrapositive of the equivalent
statement, “If no v; is a linear combination of the other v;, then vy, ..., vy are linearly independent.”
[ |

Theorem 0.11 Let V be a subspace of R™. Then a collection 8 = {v1,..., v} is a basis for V iff
every vector v € V' has an essentially unique expression as a linear combination of the basis vectors
V.

Proof: Suppose § is a basis and suppose that v has two representations as a linear combination of
the v;:

V = V] -+ -+ cepvg
= divi+ -+ dpvg

Then,
O0=v—-v=_(cg—dy)vi+- -+ (ckx —dp)vi

so by linear independence we must have ¢y —dy = --- = ¢ —dg = 0, or ¢; = d; for all 4, and so v
has only one expression as a linear combination of basis vectors, up to order of the v;.

Conversely, suppose every v € V has an essentially unique expression as a linear combination of the
v;. Then clearly [ is a spanning set for V', and moreover the v; are linearly independent: for note,
since 0vy + - - - + 0vy = 0, by uniqueness of representations we must have c;vi+---+cpvpy =0 =
c1=--=cg =0. Thus § is a basis. [ ]



Theorem 0.12 (Replacement Theorem) Let V' be a subspace of R"™ and let vq,...,v, and

Wi,...,Wq be vectors in V. If vi,...,v, are linearly independent and wi,...,wq span V, then
P=q
Proof: Let A = [wy -+ w, | € R"9 be the matrix whose columns are the w; and let B =
[vi --- Vp ]| € R"*P be the matrix whose columns are the vj. Then note that

{vi,...,vp} CV =span(wy,...,wy) =im A
Thus, there exist uj,...,u, € R? such that Au; = v;. Consequently,

B=[vi - vp]=[Au; -+ u,]=A[u; - u,]=AC

where C' = [uy --- u,] € R?*P. Now, since vy --- v, are linearly independent, ¢c;vi+---+¢,v, =0
implies all ¢; = 0, i.e. Bc = 0 implies ¢ = 0, or ker B = {0}. But you will notice that ker C C ker B,
since if x € ker C, then the fact that B = AC implies Bx = (AC)x = A(Cx) = A0 = 0, or
x € ker C. Since ker B = {0}, this means that ker C' = {0} as well. But then C' must have at least

(0]
submatrix, but at least with I, in the top portion. |

. 1, . .
as many rows as columus, i.e. p < g, because rref(C) must have the form [ p} , possibly with no O

Theorem 0.13 Let V be a subspace for R™. Then all bases for V have the same size.

Proof: By the previous theorem two bases 8 = {vy,...,v,} and v = {wy,...,w,} for V both span
V and both are linearly independent, so we have p < g and p > q. Therefore p = q. |

Corollary 0.14 All bases for R™ have n vectors.

Proof: Notice that p = {e1, - ,e,} forms a basis for R™: first, the elementary vectors e; span R",
since if x = (ay,...,a,) € R™, then

x = (a,...,a,) =a1(1,0,...,0) +a2(0,1,0,...,0) +--- + a,(0,...,0,1)

=aje; + azes + -+ aye, € span(ey, ..., e,)
Also, eq,...,e, are linearly independent, for if
C1
0=cer+: - +cpe, = [el en} | =1Ihe
Cn
then ¢ = (¢1,...,¢,) € ker I, = {0}, 80 ¢ = -+ = ¢, = 0. Since |p| = n, all bases  for R™ satisfy
|B] = n be the previous theorem. [ |

Theorem 0.15 (Characterizations of Bases) If V is a subspace of R™ and dim(V') = k, then
(1) There are at most k linearly independent vectors in V. Consequently, a basis is a maximal
linearly independent set in V.
(2) At least k vectors are needed to span V. Thus a basis is a minimal spanning set.
(3) If k vectors in V are linearly independent, then they form a basis for V.
(4) If k vectors span V, then they form a basis for V.



Proof: (1) If vq,...,v, € V are linearly independent and w1, ..., wy € V form a basis for V, then
p < k by the Replacement Theorem. (2) If vq,...,v, € V span V and wy,...,wy, € V form a
basis for V then again we must have k < p by the Replacement Theorem. (3) If vy,..., vy € V are
linearly independent, we must show they also span V. Pick v € V' and note that by (1) the vectors

Vi,...,VE,C € V are linearly dependent, because there are k + 1 of them. (4) If vq,..., v, C €V
span V' but are not linearly independent, then say vy € span(viy,...,vip—1). But in this case
V = span(vy,...,vg_1), contradicting (2). [ ]

Theorem 0.16 If A € R™*" then dim(im A) = rank A.

Proof: This follows from Theorem 0.15 in Systems of Linear Equations, since if B = rref(A), then
rank A = rank B =# of columns of the form e; in B =+# of nonredundant vectors in A. |

Theorem 0.17 (Rank-Nullity Theorem) If A€ R™*" then

dim(ker A) + dim(im A) = n (0.4)

or
null A +rank A =n (0.5)
Proof: If B = rref(A), then dim(ker A) = n — # of leading 1s= n — rank A. [ |



0.2 Coordinate Representations of Vectors and Matrix Representations
of Linear Transformations

0.2.1 Definitions
If 8 = (vi1,...,vg) is an ordered basis for a subspace V' of R™, then we know that for any vector
v € V there are unique scalars aq, ..., ar € R such that

V=a1vy+- -+ agVg

The coordinate vector of v € R™ with respect to, or relative to, /5 is defined to be the (column)
vector in R¥ consisting of the scalars a;:

xlg = . (0.6)

and the coordinate map, also called the standard representation of V' with respect to 3,
¢p:V —RE (0.7)
is given by

¢p(x) = [x]s (0.8)

Example 0.18 Letv = (5,7,9) € R? and let 3 = (v1,V2) be the ordered basis for V = span(vy, va),
where vi = (1,1,1) and vo = (1,2,3). Can you express v as a linear combination of vi and va? In
other words, does v lie in V2 If so, find [v]s.

Solution: To find out whether v lies in V, we must see if there are scalars a,b € R such that
v = avi + bvy. Note, that if we treat v and the v; as column vectors we get a matrix equation:

v =avy+bvy =[v] Vg [a]

b
5 1 1
7l =1 2 m
9 1 3
This is a system of equations, Ax = b with
11 5
A= |1 2|, x=m, b= |7
1 3 9

Well, the agmented matrix [A|b] reduces to rref([A|b]) as follows:

1 1 5 1 0 3
1 2 7 — |0 1 2
1 3 9 0 0 0

This means that a = 3 and b = 2, so that
v =3V + 2vy

and v lies in V', and moreover




In general, if 8 = (v1,..., V) is a basis for a subspace V' of R” and v € V, then the coordinate map

will give us a matrix equation if we treat all the vectors v, vy, ..., vy as column vectors:
ai
V:a1V1+"'+aka:[V1 Vk]
a
or
v = Blv]g
where B = [vy --- V], the n x k matrix with columns v;. If V= R", then B will be an n x n

matrix whose columns are linearly independent. Therefore, im B = R™, so that by the Rank-Nullity
Theorem ker B = {0}, which means B represents an injective and surjective linear transformation,
and is therefore invertible. In this case, we can solve for [v]s rather easily:

[Vlg =B~'v (0.9)

Let V and W be finite dimensional subspaces of R" and R™, respectively, with ordered bases
B = (v1,...,vi) and v = (wy,...,wy), respectively. If there exist (and there do exist) unique
scalars a;; € R such that

0
T(vj) = aiwi for j=1,...,k (0.10)
1=1

then the matrix representation of a linear transformation 7' € £(V,W) in the ordered
bases § and v is the ¢ x k matrix A defined by A;; = a4,

A= [Tl = [Tl [Ty - T, ]

ai ai2 A1k ay - a
_ Q21 22 o A2k _
an)  \an a g
Note that [T(v)]; = ¢5(T(¥)) = (p 0 T)(¥).
Notation 0.19 IfV =W and 8 =+, we write [T)g instead of [T]g |

Example 0.20 Let T € L(R%,R?) be given by T(z,y) = (v + y,2x — y,3x + 5y). In terms of
matrices and column vectors T behaves as follows:

1 1
rl = |
Y 3 5 Y
But this matriz, call it A, is actually the representation of T with respect to the standard ordered
bases pa = (e1,e2) and p3 = (e1,e2,3), that A = [T)°3. What if we were to choose different bases

P2
for R? and R3? Say,

B=((1,1),(0,-1)), v=((1,1,1),(1,0,1),(0,0,1))



How would T look with respect to these bases? Let us first find the coordinate representations of
T(1,1) and T(0,—1) with resepct to v: Note, T(1,1) = (2,1,8) and T(0,—1) = (—1,1,-5), and to
find [(2,1,8)], and [(—1,1, —5)] we have to solve the equations:

1 1 0] |2 2 1 1 0 -1 -1
1 0 0f |1] =1 and 1 00 1] =1 1
1 1 1|18 8 1 1 1f|-5 -5
¥ ¥
1 10 0 10
If B is the matriz |1 0 0|, then B~'=| 1 —1 0], so
11 1] -1 0 1
2 0 1 0] [2 1 -1 0 1 0] (-1 1
1] =] 1 -1 0| |1] = |1 and 1] =] 1 -1 0 1] =|-2
8 N -1 0 1| |8 6 -5 N -1 0 1| |-5 —4

Let us verify this:
1(1,1,1) + 1(1,0,1) +6(0,0,1) = (2,1,8)  and  1(1,1,1) — 2(1,0,1) — 4(0,0,1) = (—1,1, —5)
so0 indeed we have found [T'(1,1)], and [T(0,—1)],, and therefore

1 1 11
7} ::[[T(1,1)]7 0, -1, | = | [1] |-2||=|1 -2 n
6| |-4 6 —4

0.2.2 Properties of Coordinate and Matrix Representations

Theorem 0.21 (Linearity of Coordinates) Let 8 be a basis for a subspace V' of R™. Then, for
all x,y € V and all k € R we have

(1) x+ylg=[xls+[yls
(2) [kx]p = k[x]s

Proof: (1) On the one hand, x +y = B[x + y]s, and on the other x = B[x]g and y = Bly]s, so
x +y = B[x|g + Bly]s. Thus,

Blx+yls =x+y = B[x|s + Blyls = B([x]s + [yls)
so that, subtracting the right hand side from both sides, we get

B([x+yls — (x]s + [y]s) =0

Now, B’s columns are basis vectors, so they are linearly independent, which means Bx = 0 has only
the trivial solution, because if § = (vi,...,vg) and x = (z1,...,Tk), then 0 = x1vy + - + 2V =
Bx = x1=--- =13 =0, or x =0. But this means the kernel of B is {0}, so that

x+ylsg— (xIs +[yls) =0
or
[x+ylsg=[x|pg+ lyls

The proof of (2) follows even more straighforwardly: First, note that if [x]z = [a; -+ ax]”, then
X = ai1vy + -+ apVvg, so that kx = ka;vy + - - - + kap vy, and therefore

(kx]g = [kay -+ kan]" =kl[a; - ax]" = k[x]s |



Corollary 0.22 The coordinate maps g are linear, i.e. @z € L(V, R¥), and further they are
isomorphisms, that is they are invertible, and so o5 € GL(V,R¥).

Proof: Linearity was shown in the previous theorem. To see that ¢g is an isomorphism, note
first that ¢g takes bases to bases: if 8 = (v1,...,Vy) is a basis for V, then ¢g(v;) = e;, since
vi =0vy + -+ 1v; + - + 0v,. Thus, it takes 3 to the standard basis p, = (ey,...,e) for R
Consequently, it is surjective, because if x = (z1,...,2%) € RE, then

x=x1€1+ - +aper =T108(V1) + -+ 2pps(Vi) = pg(zaivi + - + T Vi)

If we let v = x1vy +- - - + 2, Vg, then we see that v € V satisfies pg(v) = x. But ¢g is also injective:
if v € ker g, then v = a1vy + -+ + ap vy, so that

0= (Pﬁ(v) = (pﬁ(alvl 4+ akvk) = al‘p,@(vl) + -+ ak@ﬁ(vk) =aqie; + -+ apey

By the linear independence of the e; we must have a; = --- = a; = 0, and so v = 0. Thus, ¢g is
also injective. |

Theorem 0.23 Let V and W be finite-dimensional subspaces of R™ having ordered bases 3 =
(Vi,...,Vg) and v = (W1,...,Wy), respectively, and let T € L(V,W). Then for all v €V we have

[T(v)]y = [TTj[v]s (0.11)

In other words, if D = [T]g is the matriz representation of T in B and 7 coordinates, with Tp €
L(R* RY) the corresponding matriz multiplication map, if A = [T]0¢ is the matriz representation
of T in standard coordinates, with corresponding Ta € L(RF RY), and if ¢pg € GL(V,R¥) and

¢ € GL(W, RZ) are the respective coordinate maps, with matrixz representations B~1 and C~1,
respectively, where B = [Vl vk] and C = [wl Wg], then

¢ 0T =Tpopg or, in terms of matrices, Cc'A=DB! (0.12)

and the following diagrams commute:

T A
\%4 W v W
‘%’{ Fw or, in terms of matrices, B_% JC_I
R* R* RF R*
Tp
Proof: If 5 = (vy,..., V) is an odered basis for V and v = (wy,...,wy) is an ordered basis for W,
then let
ail A1kn aip - Gk
T = [Tl - weol ] = ||| s ] =
an ek aer vt Gk

Now, for all u € V there are unique by, ...,b, € R such that u = b;vy + - - - + by vg. Therefore,

T(u) = T(byvi+--+bgvy)
= blT(Vl) + -+ ka(Vk.)

10



so that by the linearity of ¢g,

[Ty = 65(T(W) = 6,(LT(V1) + - +bT(vy))
broy (T(v1)) + -+ + bt (T(vi))
= h[T(vi)ly + -+ b[T(vi)]y
by
= Tl - Tl |
by,
= [T]3[u)s

This shows that ¢, 0T = Tp o ¢g, since [T'(u)], = (¢, oT)(u) and [T]}[u]s = (Tp o p)(u). Finally,
since pg(x) = B~'x and ¢, (y) = C~'y, we have the equivalent statement C~*A = DB~!. |

Remark 0.24 Two square matrices A, B € R™*™ are said to be similar, denoted A ~ B, if there
exists an invertible matriv P € GL(n,R) such that

A=PBP™!
Similarity is an equivalence relation (it is reflexive, symmetric and transitive):

(1) (reflexivity) A ~ A because we can take P = I,,, so that A = I, AL !

(2) (symmetry) If A ~ B, then there is an invertible P such that A = PBP~'. But then left-
multiplying by P~' and right-multiplying P gives P"YAP = B, so since P~ is invertible, we
have B ~ A.

(3) (transitivity) If A ~ B and B ~ C, then there are invertible matrices P and @ such that
A= PBP~! and B = QCQ™". Plugging the second into the first gives

A=PBP~ = P(QCQ™")P™* = (PQ)C(Q'P™") = (PQ)C(PQ) ™!

so since PQ is invertible, with inverse Q" 'P~!1, A~ C.

In the previous theorem, if we take W =V and v = 3, we’ll have B = C, so that
B 'A=DB™!, or A=BDB™!

which shows that A ~ D, i.e.
[T]p ~ [T}B

Since similarity is an equivalence relation, if 8 and v are any two bases for V, then
[T)g ~[T], and [T],~[T), = [T]g~[T],

This demonstrates that if we represent a linear transformation T € L(V,V) with respect to two
different bases, then the corresponding matrices are similar

[T]g ~ [T]y
Indeed, the invertible matriz P is B~'C, because [T)3 = B~[T|,B and [T], = C[T],C~', so that
T)s = BT),B = B-C[T],0'B = (B~ O)[T},(B~'C)!

We will show below that the converse is also true: if two matrices are similar, then they represent
the same linear transformation, possibly with respect to different bases! |

11



Theorem 0.25 If V,W,Z are finite-dimensional subspaces of R™, R™ and RP, respectively, with
ordered bases «, 8 and vy, respectively, and if T € L(V,W) and U € L(W, Z), then

[UoT) = [U3IT)2 (0.13)

Proof: By the previous two theorems we have

UoTly = [(WoT) i)l -+ (UoT)(vi)]
= [v@e), - wEeo),]
= [WBITels - UIT ]
= UR[Irels - Tels]
= U7
which completes the proof. [

Corollary 0.26 IfV is an k-dimensional subspace of R™ with an ordered basis 8 and if I € L(V, V)
is the identity operator, then [I]g = Ij, € RF*k,

Proof: Given any T € L(V), we have T = I o T, so that [T]g = [ o T]|g = [I]g[T]s, and similarly
[T)s = [T]s[I]5. Hence, taking T' = I we will have [I]3 = [I]s. Note also that [I]gl = [I]g, because
[I];l[l],@ = [I]B[I]El = [I o I7']3 = [I]z. But then [I]g = I, because any A € R"*" that is
invertible and satisfies A2 = A will satisfy A = I,,:

A=Al = A(AA™Y) = (AA) A = A4 = A4 =1,

An alternative proof follows directly from the definition, since I(v;) = v;, so that [I(v;)]g = ey,
whence [I]g = [[I(v1)lg -+ [I(vi)]s] =[e1 -+ ex] = I). |

Theorem 0.27 If V and W are subspaces of R™ with ordered bases f = (b1,...,by) and v =
(c1,...,ce), respectively, then the function
O L(V,W) — R>F (0.14)
®(T) = (11} (0.15)

is an isomorphism, that is ® € GL(L(V, W), R“k), and consequently the space of linear transfor-
mations is isomorphic to the space of all £ X k matrices:

L(V,W) = R*k (0.16)
Proof: First, ® is linear: there exist scalars r;,5;; € R, fori¢=1,...,fand j =1,...,k, such that
for any T € L(V, W) we have
T(by) =riic1 + -+ +rpuce U(by) = s11¢1 + -+ spcy
: and :
T(bg) =rixc1 + -+ ropce U(by) = s1xC1 + -+ + sexCe
Hence, for all s,t € R and j =1,...,n we have

14

J4 14
(ST + tU)(bj) = ST(bJ) + tU(bJ) =S Zrijci + tz SijCq = Z(ST‘ij + tsij)ci
i=1 i=1 i=1

12



As a consequence of this and the rules of matrix addition and scalar multiplication we have

O(sT+tU) = [sT+tU]}
sri1 +ts11 - STk +1S1k
Sre1 +1tSe1 - STep +TSek
11 Tk S11 S1k
= s : +t
Tero o Tek Ser o Sek
= S[T]} +t{U]}

= sB(T) +td(U)

Moreover, ® is bijective, since for all A € R*** there is a unique linear transformation 7' € L(V, W)
such that ®(T) = A, because there exists a unique T € L(V, W) such that

T(bj) = Ajer + -+ + Agjcy for j=1,...,k

This makes ® onto, and also 1-1 because ker(®) = {T}}, the zero operator, because for O € R***
there is only Ty € L(V, W) satisying ®(Tp) = O, because

T(bj):0C1+"'+0C£:0 for j=1,...,k

defines a unique transformation, Tj. [ |

Theorem 0.28 Let V and W be subspaces of R™ of the same dimension k, with ordered bases f =
(by,...,bg) and v = (c1,...,ck), respectively, and let T € L(V,W). Then T is an isomporhpism
iff [T] is invertible, that is T € GL(V,W), iff [T]; € GL(k,R). In this case

T8 = ()~ (0.17)

Proof: If T € GL(V,W) and dim(V) = dim(W) = k, then T~ € L(W, V), and T o T~! = Iy and
T—'oT = Iy, so that by Theorem 0.25 and Corollary 0.26 we have
[TIFT15 =T oT 1y = lwly = In=Iv]s = [T o T]g = [T ']J[T]}

so that [T} is invertibe with inverse [T*1]2 , and by the uniqueness of the multiplicative inverse in
R*** " which follows from the uniqueness of Tgl € L(R* RF), we have

T = (1713) "

Conversely, if A = [T]g is invertible, there is a n x n matrix B such that AB = BA = I,,. Define
U € L(W,V) on the basis elements as follows, U(c;) =v; = Y ., B;;b;, and extend U by linearity.
Then B = [U]. To show that U = T, note that

[UoTls=[UYT]y =BA=1,=[Iyls and [ToUl,=[T]}[U]} =AB=1I, = [Iw],
But since ® € GL (L(V, W),]ka’“) is an isomorphism, and therefore 1-1, we must have that

UoT =1, and ToU = Iy

By the uniqueness of the inverse, however, U = T~!, and T is an isomorphism. ]
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0.3 Change of Coordinates
0.3.1 Definitions

We now define the change of coordinates, or change of basis, operator. If V is a k-dimensional
subspace of R™ and 8 = (by,...,bg) and v = (c1,...,ck) are two ordered bases for V', then the
coordinate maps ¢g, ¢, € GL(V, Rk), which are isomorphisms by Corollary 0.22 above, may be
used to define a change of coordinates operator ¢5., € GL(R¥, R¥) changing 8 coordinates into ~
coordinates, that is having the property

P8~([Vlg) = [Vl (0.18)
We define the operator as follows:
Gy =Py 0Py (0.19)
The relationship between these three functions is illustrated in the following commutative diagram:
-1
R* ¢y © ¢B . R¥
o,

As we will see below, the change of coordinates operator has a matrix representation

My = [635), = (6515 = [ i)y [bal -+ [bal, (0.20)

0.3.2 Properties of Change-of-Coordinate Maps and Matrices

Theorem 0.29 (Change of Coordinate Matrix) Let V be a k-dimensional subspace of R™ and
let 8= (b1,...,bg) and v = (c1,...,cx) be two ordered bases for V. Since ¢g and ¢~ are isomor-
phisms, the following diagram commutes,

and the change of basis operator ¢, = ¢, © qﬁgl € L(R* RF), changing B coordinates into ~y
coordinates, is an isomorphism. It’s matrix representation,

Mg = [bp]p € RF*F (0.21)

where p = (ey,...,e,) is the standard ordered basis for R*, is called the change of coordinate
matrix, and it satisfies the following conditions:

L Mgy = [l
- [%]Z
= [[bl]v [bo]y - [bk]v]
2. [v]y=Mpg,lvlg, VYveV
3. Mg, is invertible and M,BT}Y =M, 5 = [pp]}
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Proof: The first point is shown as follows:

Mgy = [bpalp = {%,v(el) Pp(€2) -+ fbﬁﬁ(ek)}
= [6r085)(e1) (61005 )(e2) - (60851 )(en)]
= (61085 ([bals) (85065 )(bals) -+ (8 0 65")(bel)]
= |92(b1) 6,(b2) -+ 6, (b))

= i)y [ba)y - [yl
[(bw]ﬂ

or, alternatively, by Theorem 0.25 and Theorem 0.28 we have that

Mg,y = (9540 = [¢5 0 05']p = 02151051 = (6205 (19515) " = (051510 = (041510 = 1615

The second point follows from Theorem 0.23, since

P (V) = (95 0 )(V) = (5 0 (05" 0 95)) (V) = ((¢5 0 D5 ") 0 95)(V)

implies that

[V]y = [01(V)], = [((¢4 © ¢§1) 0 dp)(v)], = [¢y 0 ¢El]p[¢6(v)]p = [#p]p[V]s = Mp4[V]s

And the last point follows from the fact that ¢g and ¢, are isomorphism, so that ¢z - is an isomor-
phism, and hence ¢E£¥ € L(RF) is an isomorphism, and because the diagram above commutes we
must have

05L = (65005") 1 = b5 007" = s,
so that by (1)
Mﬁii = W’E}V]p = [py.8lp = My

or alternatively by Theorem 0.28

M[';’ly = ([¢B,v]p)_1 = [¢E}y]p = [(ZSW,B]p = [%]ﬁ =Myp u

Corollary 0.30 (Change of Basis) Let V and W be subspaces of R™ and let (8,v) and (8',v")
be pairs of ordered bases for V. and W, respectively. If T € L(V,W), then

[Tlp = My [T]zMp g (0.22)
= M, [T]3M5}, (0.23)

where M+ and Mg g are change of coordinate matrices. That is, the following diagram commutes




Proof: This follows from the fact that if § = (by,...,bg), 8/ = (b},...,b}), v = (c1,...,¢e),
v =(c},...,cp), then for each i = 1,..., k we have

[T(0))] = ¢y, 0T 0 ¢Eia/)(bm'y’

SO
(1T} = [y 0T o051
= [¢vvlom [T]Z [¢§,};/]pn
= [y lonTI(08.6:10.) "
= M,y [T]EMEE/
which completes the proof. |

Corollary 0.31 (Change of Basis for a Linear Operator) IfV is a subspaces of R™ with or-
dered bases B and vy, and T € L(V), then

[T]y = Mp4[T)s M, (0.24)

where Mg ., is the change of coordinates matriz. u

Corollary 0.32 If we are given any two of the following:
(1) A € R™ invertible
(2) an ordered basis B for R"
(3) an ordered basis vy for R™

The third is uniquely determined by the equation A = Mg ., where Mg  is the change of coordinates
matriz of the previous theorem.

Proof: If we have A = Mg, = [¢p], = [[bl]ﬂ, [baly --- [bn]v}, suppose we know A and . Then,
[b;], is given by A, so b; = A;ic1 + -+ - + Aincp, so § is uniquely determined. If 5 and ~ are given,
then by the previous theorem Mg, is given by Mg, = [[bl]y [ba]y --- [bn]w}. Lastly, if A and S
are given, then v is given by the first case applied to A™! = M, 4. |
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