Math 6270 - Assignment 13
Due December 4, 2019

(1) For a G-module A consider extensions
15 A—>E 35G—1

for i = 1,2. (For ease of notation assume pu;: A — E; is just inclusion.)
The pullback (fiber product) of €1 and &5,

D = {(l’l,l'g) € E1 X EQ | 81(1’1) = EQ((EQ)},
is an extension of A x A by G,
13 AxA=>DSG—1

with e(xy, xg) := €1(xy) for (z1,x9) € D.

For N :={(a,—a) | a € A}, its quotient

D:=D/N
is an extension of A by G,
1AL DS G -1

with pu(a) := (a,0) + N for a € A and &((21,72) + N) := (21, 22) for (z1,72) €
D. Then D is called the Baer sum of the extensions F; and FEs.

The sum of the equivalence classes of two extensions is defined as the equiva-

lence class of their Baer sum. Argue that this gives an abelian group structure
on the set of extensions of A by G modulo equivalence that is isomorphic to

H*(G, A).
(2) Let D be an R-module and let
LYME N0

be an exact sequence of R-modules. Show that

0 — Homg(N, D) 2 Hompg(M, D) %5 Hompg(L, D)

is exact. Here ¢/(f) = fp for f € Homg(N, D), etc.
(3) Let G be an infinite cyclic group with generator g, and let A be a ZG-module.
(a) Prove that multiplication by g — 1 € ZG yields a projective resolution of
Z (with e the augmentation map):

072G 557265 70

(b) Show that H°(G, A) = AY HY(G,A) = A/A(g — 1) and H*(G, A) = 0 for
all n > 2.
(4) Read pages 830-831 in [1] on H?(Zy X Zy,Zs).
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