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Example

Compute the sum of the first n odd positive integers:
n

11 =1
2 143 =4
3 14+3+5 =9
4 14+3+5+7 =16
Conjecture

1+34+5+---+(2n—1)=n?

Question
How to prove this?



Let S, be a statement (depending on n € N), e.g.,
1+3+5+---+(2n—1)=n’

Theorem
S, is true for all n € N.

Induction proof.
1. basis step: Show S;.

2. inductive step: Show Sy = Sy for any k € N.

This shows that S, is true for every n € N because:
By basis step, S is true.
By inductive step, S1 = S; so Sy is true.

S> = S3; so S3 is true.

53 = 54

By this domino effect, all S, are true!



Theorem
For all n € N,

Proof (by induction)

» Basis step, n=1: 2-1—1=12 holds
» Induction assumption, S, holds for some fixed k:
k .
>im1(2i —1) = k?
» Induction step, S;.; follows:
YIETRI—1) =22 - 1) + (2K + 1)
= k? + 2k + 1 by induction assumption
= (k+1)?

This proves Sx = Si.11, hence the Theorem



If induction is not strong enough for you any more ...

Binomial Theorem
For all n € Ny,

Proof (by induction on n)

> Basis step, n=0: (x+y)°=1= (3)x%? holds
» Induction assumption, formula holds for fixed n = k:

» Induction step, show the formula for n = k + 1 follows:
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Induction proof of Binomial Theorem concluded.

We showed the induction step
k+1
k+1 I
(X+y)k+1 — Z ( I )XkJrl IyI‘
i=0

Hence the Binomial Theorem is proved for all n € N.



Theorem (Bernoulli's inequality)
For all n € N and for all x € R with x > —1,

(1+x)">1+ nx.

Proof (by induction on n)

> Basis step, n=1: (14 x)! > 1+ 1x holds
> Induction assumption for fixed k: (1 + x)* > 1+ kx
» Induction step: Show (1 + x)**1 > 1+ (k + 1)x.
Since 1 + x > 0, multiplying the induction assumption by
1+ x yields

(14 x) 1 > (1 + kx)(1 4+ x)
=1+ kx + x + kx?
=14 (k+1)x + k<2

>0

Thus (1 + x)k*1 > 14 (k+ 1)x.



