
Noinarametrcntegrals :

- These  are  standard double and triple integrals where no

Parameterization  is needed
.

General Facts ;

- Compute  as an  iterated integral
- For nice f

,

we can change the  order of  integration .

- The final output of the integral should be a number CNO VARIABLES ! )
- Jacobian show  up  when we change coordinates ( rdrdo

, p2sin¢dpd0dQetc .)

Double  Integrals :

- Usually use Cartesian ( x. y ) or polar Cr ,o ) coordinates
.

- Common  applications ;

Let R be  a  region  in the  xy - plane .

- ff
,

I DA gives the  area  of R
.

- ff
,

f- ( x ,y)dA gives the volume  of the 3D region  above R below fcx ,y )
.

If f- ( x. y ) ( 0
,

this counts as negative volume

- If p( x. y ) gives the density  of  a  lamina  at ( KY )
,

M=ff,
PCXDDA  is the mass  of the lamina ,

Mxi ffpyplx ,y)dA  is the  moment  of  mass  about the  × - axis
,

Myi ffpxplx ,y)dA  is the  moment  of  mass  about  He  x
- axis ,

and ( MI
,

Tf ) = ( E ,I ) is the centroid of the lamina
.

- Note : SS
,

I da gives an  area
,

but H
,

flx ''ll dt sires  a  volume
,

which makes sense ( ignoring units ) because the  area  of R and fge

volume  of the  solid above R with height 1 are  the  same ,

Triple Integrals :

- Usually Cartesian ( X.  Y,
-21

,
spherical ( p , 0,0 )

,
or cylindrical ( AO , -2 ) coordinates

- Common applications :

- fffeldv gives the volume  of E
.

- for  a density PC ' 1 '  " ' Z )
,

SHE pC×ih7)d✓ gives the  mass of the  solid E
.

- Centroids ( an  also be found like  in 2- dimensions
.

Tips :

-
If possible ,

draw Your region to help  change the  order of  integration .

- Memorize the  common Jacobians TO Save tone .



Parametrcntegyrals :

- Includes line  and surface integrals
- Both require a  choice  of parameterization .

Line Integrals :

- We  want to  integrate  a function  or  vector field along a  curve C
.

Scalar Line Integrals :

- An example to keep in mind is f< PCXY ,Hds ,
where C

is the path traced out by
a

wire and pC×i%Z ) is the density
Of the wire at ( x. Y ,Z )

.

Then fcdcx ,%z)ds gives the mass of

the wire
.

Like  in Calcl
,

we Can think of Scalar line integrals

as
"

adding up
"

a function along a curve
.

- Computing fcfds :

�1� Paranetrize C as
FCH = ( xtttyctl > or FCH . ( xcttytttzct )>

with AITE b ( Bounds  are required !) .
There are

Usually several reasonable choices for Flt ) .

�2� Find IRYHI and forty = FCXHI , YCH,
ZCH )

.

�3� Evaluate f ! FCFCEH IFYHI dt
.

Vector Line Integrals :

- An example to keep in mind is fcE.dk ,

where Elxihz )

is the force at ( X ,y,z ) ( force has  a  magnitude  and a direction
, so  it  is  a Vector )

and C is a path . Then [ E .de is the work done by travelling

along C
.

We Can think of fc E. di as adding up the

amount of E Pointing in the game direction as C along C.

- Computing fc E. IF :

�1� Paranetrize C as
FCH = ( xtttyctl > or FCA . ( xcttytttzct )>

with aIt< b ( Bounds  are required !) .
There are

Usually several reasonable choices for Flt ) .

�2� Find ECFCH )= FCXHI ,
YCH

,
ZCTD and F ' Ct )

.

Evaluate

ECFLH ) .  Fitt )

-
Scalar function

of t
.

�3� Evaluate gba F- ( Ict ) ) . stilt ) dt
.



Surface Integrals :

- We want to integrate a scalar function or vector field
Over a Surface S in 3 - dimensional space .

Scalar Surface Integrals :

- ffg f ( × ,%z)dS
" adds up

" f  over the surface 5.

- Computing ffgfcx ,y,z)dS :

�1� Parametrize S as
Flu ,u)=(xc a ,4

,
Yum , ZCUND with

a.  ✓  in  a bounded region D ( You  must  specify D ! )

�2� Find f( Flu ,v ) ) = f(×( in ,v )
,

ycu ,h ,
Zenit )

, Tulu ,n
, rjcu ,v )

,

and lFn×Fv1 .

�3� Evaluate ff
,

f- ( Fluid lrixR1 DA
,

which is a regular double  integral .

Vector Surface Integrals :

- An example to keep  in  mind is ffgpcxy ,z ) Jcxx ,H•d5
,

where

PCKKZ ) is the density of  a fluid at ( × ,%z ) and JCKY
, -2 ) is the

velocity of the fluid at Cxihz )
. Then ffgisvods is the

rate of flow  of liquid through the surface S
.

We can think

Of f)GF . d§ as  adding up the amount of F perpendicular to S
.

- In order to compute Hg E. d5
,

we need a  way to decide what

is positive flow  and what  is negative flow . This  is  called an  orientation
.

This is  a  choice  of a unit  normal vector at  every point  of 5
.

Unless  otherwise

stated ,
assume  outward is Positive For  closed surfaces  and up is positive for

not  closed surfaces .

- Computing ffs Fids :

�1� Paranetrize S as
Rca ,v ) .

. ( Xlu ,✓ )
, Ycu ,u )

,
Zcu ,vD for @,v) in a domain D

( You  must  state  what D is ! )

�2� Compute T = Fuxrj ,
If J points  in the  same direction  as  your  orientation ,

good . If not ,
use T= - CFu×Fu ) .

( Always Check the  orientation ! )

�3� Compute ¥ ( Fcu ,v ) ) = E. ( xcyv ) ,
yeah ,

zcu.it ) and ECFCUM ) . T
.

�4� Evaluate $
,

# circuit )•8dA  =  ± Ha Ecricum ) .( rixrr ) da
.



Integrals :

- ay of the  integral theorems will have roughly the following form :

xwndo a derivative "

Integral over -
Integral over the boundary of

a curve ( two points )
a curve or

or

a surface ( a  Curve )
Surface

a
or - Or

a Volume "

Take a
derivative

"

a Volume ( a surface )

- A region is Called bounded if  it can be put into a big enough box
.

- A region is corrected if  It only has one piece
.

- A  region  is simply Connected if it  only has one piece  and

has no

"

holes
"

.

@ 9
... ...
? @

Corrected ,
but

simply
not simply connected

Connected

Theorems for Line Integrals :

- A vector field E is called Conservative if E= Of for

some f
.

We call f a potential function for F
,

curl

E=8
,

§cEidr=O for all C
,

F Conservative ⇒ { fo ; , path independent
,

E has a potential function .

The other direction is not always true !

If the domain of F is open and simply connected
,

then

E Conservative

done.FI?Ito.audosedc)and

F path independent

are equivalent .



s
- Uses : . If Carl E to

,
then E is not Conservative .

•

If the domain  of F is open  and simply connectedLad
Curl E=0

, then F-is Conservative

- Why do we care ?

- If F is Conservative and C is a closed

Curve
, then §oE . di =0 a.ae we don't have to

integrate
.

t IF E is conservative and C is a complicated curve
,

we Can choose a new carve Co with the same

endpoints and fcF.DE = f. F. di
. Hopefully the

new integral will be easier
.

by ⇒ and
.

or .to
.

The Fundamental Theorem of Line Integrals : ( LD and 3D )

a If F- is Conservative and we can find a

potential function F
,

that is
, E=0f

, then

for a Curve ( with starting point a and ending

point b
,

f. [ F. dF=fCb ) - fca )
]

undo a Gradient

- Boundary of ( .

Curve :
.

( a  and b
-

Take a gradient
and fill in

C .



Integral Theorems Involving Surfaces and Volumes :

Green 's Theorem : ( LD )

If C is a simple closed curve in the plane

and D is the region surrounded by C
,

then for functions P ( x. y ) and QC × 'Y )
,

$
,

Qx - Py DA = §cPdx+Qdy

( fetal
)

Region in the plane ; The boundary of D :

D C←
4 in D

and

take partials .

Note both theorems have extra conditions
.

Read the book for exact statements
.



Stokes Theorem :
- If S is an oriented surface with simple ,

closed
, positively

Oriented boundary curve C
,

and E is a nice vector field , then

ffg Carl E

.dJ
= £ F. di

f " L

YETSurface ; Boundary of Sea

5

- c
Fill in  a surface

and take  a curl .

a A tricky use ;

If S
,

is  a Surface with boundary curve C and 5
,

is

another surface with the same boundary
,

then

Hs
,

Carl E.d5 = §
.

E. IF = ftp.curlE.ds,

SO
,  if  we know  our Vector field is the curl of something ,

we Can Change surfaces as long as the boundary is fixed .

Divergence Theorem :

If E is a simple solid region with boundary surfaces
,

which we Orient outward
,

and if F is a
"

nice
"

vector field ,

then

fffediv Edv = ff
,

# ads

4 Endive
L

Boundary of Ei
Region :

E - S

Fill in E  and

take divergence .


