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Elliptic Divisibility Sequences:
Seen In Their Natural Habitat

↨        ↨         ↨         ↨



Example



Elliptic Divisibility Sequences:
Two Good Definitions

Definition A Definition B



• Morgan Ward, 1948:  Definitions A and B
are equivalent. (From the initial conditions in
Definition B, one can explicitly calculate the curve and
point needed for Definition A.)

• An EDS has the divisibility property:



•
•
•

Reflects the structure of a cyclic
subgroup of the Mordell-Weil group



Research (Partial List)
• Applications to Elliptic Curve Discrete Logarithm Problem in

cryptography (R. Shipsey)
• Finding integral points (M. Ayad)
• Study of nonlinear recurrence sequences (Fibonacci

numbers, Lucas numbers, and integers are special cases of
EDS)

• Appearance of primes (G. Everest, J. Silverman, T. Ward,
…) -- Friday, 10:35, Patrick Ingram

• EDS are a special case of Somos Sequences (A. van der
Poorten, J. Propp, M. Somos, C. Swart, …)

• p-adic & function field cases (J. Silverman)
• Continued fractions & elliptic curve group law (W. Adams, A.

van der Poorten, M. Razar)
• Sigma function perspective (A. Hone, …)
• Hyper-elliptic curves (A. Hone, A. van der Poorten, …)
• More…



From Sequences to Nets
   It is natural to look for a generalisation

that reflects the structure of the entire
Mordell-Weil group:



Elliptic Divisibility Nets: Rank 2 Case

Definition A



Elliptic Divisibility Nets: Rank 2 Case

Definition B
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Theorem (KS):
(Under some extra technical conditions)
1. Definitions A and B are equivalent
2. Definitions give a coherent net of

integers (i.e. all instances of recurrence are
consistent and give integers)

•The equivalence is explicit, as in rank 1
•Can be generalised to arbitrary rank
•Proof involves intricate calculations



• Corollary (Divisibility condition)

• Corollary (Independence in Mordell-Weil)
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