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Elliptic Divisibility Sequences:
Seen In Their Natural Habitat

P e E(Q)
ap bp
*= (% &)
, B df
P, 2P, 3P, 4P, ... € E(Q)

1 1 ! !
dp, dop, d3p, dap, ... € L



Example % +y =2+ 2° — 22
P =(0,0)

P= %%) dp =1
e (59) dop = 1
= (-5 5) dsp =3
= 1i“_§z> dap = 11

2739 77033
_'1444’_'54872>
89566 31944320
62001’_15438249>
2182983 20464084173
_'5555449’_‘13094193293)
1169154495  41440508823358
76860289 * 673834153663 )

dsp =38 =2 x 19

dep = 249 = 3 x 83
drp = 2357

dgp = 8767 = 11 X 797
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Elliptic Divisibility Sequences:
Two Good Definitions
W, € 7, for all n € Z

Definition A Definition B
Define elliptic functions (Given initial conditions
o(nz
\Ijn<z) — O_((Z>n)27 n >0 W07 W17 W27 W37 W4

Fix elliptic curve C/A Wo =0, Wi =1, Wa Wy, WoWs # 0

and rational point z € C/A
(z not 2- or 3—torsion,
A appropriately normalised) Wt Wen—n =

and recurrence for all m,n € Z

W, = 0 n=~0

\Ifn(Z) n >0 Wm+1Wm_1W3 — Wn+1Wn_1WTZn
—U_,(2) n<0




 Morgan Ward, 1948: Definitions A and B

are equivalent. (From the initial conditions in
Definition B, one can explicitly calculate the curve and
point needed for Definition A.)

* An EDS has the divisibility property:
If n|m, then W,,|W,,.



Reflects the structure of a cyclic
subgroup of the Mordell-Well group

* P ¢ F(Q) is an n-torsion point iff W,, =0
enP =0in E(F,) iff W,, =0 mod p

e Suppose P € F(Q) is an integral point,
and gcd(Ws, W3) = 1. Then
nP is an integral point iff W,, = £1




Research (Partial List)

Applications to Elliptic Curve Discrete Logarithm Problem in
cryptography (R. Shipsey)

Finding integral points (M. Ayad)
Study of nonlinear recurrence sequences (Fibonacci

numbers, Lucas numbers, and integers are special cases of
EDS)

Appearance of primes (G. Everest, J. Silverman, T. Ward,
...) —- Friday, 10:35, Patrick Ingram

EDS are a special case of Somos Sequences (A. van der
Poorten, J. Propp, M. Somos, C. Swart, ...)

p-adic & function field cases (J. Silverman)

Continued fractions & elliptic curve group law (W. Adams, A.
van der Poorten, M. Razar)

Sigma function perspective (A. Hone, ...)
Hyper-elliptic curves (A. Hone, A. van der Poorten, ...)
More...



From Sequences to Nets

It is natural to look for a generalisation
that reflects the structure of the entire

Mordell-Well group:
Wp € Z indexed by all P € E(Q)

If P, Q € FE, then the subgroup of F(Q)
they generate can be indexed over Z X Z:

Wm,n — VWmP+nQ




Elliptic Divisibility Nets: Rank 2 Case

Win € Z, for all m, n € Z

Definition A

Define doubly elliptic functions on £ X E

o(mz + nw)

O-(Z)mQ—mnO-(z + w)mno-(w>n2—mn

Un(2z,w) = ., m,n €7

Fix elliptic curve C/A and rational points z,w € C/A

_ qjm,n(sz) (m,n) % (070)
Wmm"{ 0 (m.n) = (0,0)




Elliptic Divisibility Nets: Rank 2 Case

Win € Z, for all m, n € Z

Definition B

(Give initial conditions
Wo.0, W10, Wo1, W11, Wia, Wia, Woa, Woo

Woo=0, Wio=Wo1=Wi1=1
and recurrence for all p, ¢, v, s € Z X Z

WatgrsWe— Wi sWi
+WaorrrsWao iWoisWis
+WipgrsWegWarsWez =0
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Example ¢ +y =2+ 2° — 22
P =(0,0), Q = (1,0)

4335| 5959 | 12016 |-55287 | 23921 | 1587077 | -7159461
04| 479| 919|-2591|13751| 68428| 424345
-31 53| -33| -350| 493, 06627 48191
-5 g -19; -41| -151 989| -1466

1 3 -1 -13| -36 181| -1535

1 1 2 -5 / 39 -149

0 1 1 -3 11 38 249

P—
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P =(0,0), Q = (1,0)

4335| 5959 | 12016 |-55287 | 23921 | 1587077 | -7159461
04| 479| 919|-2591|13751| 68428| 424345
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Example ¢ +y =2+ 2° — 22
P =(0,0), Q = (1,0)

4335 | 5959 | 12016 |-55287 | 23921 | 1587077 | -7159461
94| 479| 919]|-2591| 13751 68428 | 424345
-31 53| -33| -350| 493, 06627 48191
-5 g -19; -41| -151 989| -1466

1 3 -1 -13| -36 181| -1535

1 1 2 -5 / 39 -149

0 1 1 -3 11 38 249
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Example ¢ +y =2+ 2° — 22
P =(0,0), Q = (1,0)

4335| 5959 | 12016 | -55287 | 23921 | 1587077 | -7159461
94 479 919|-2591|13751| 68428 424345
-31 53| -33| -390, 493, 06627 48191
-5 8| -19| -41| -151 989| -1466

1 3 -1 -13] -36 181 -1535

1 1 2 -5 / 39 -149

0 1 1 -3 11 38 249

P—




Theorem (KS):

(Under some extra technical conditions)
1. Definitions A and B are equivalent

2. Definitions give a coherent net of

Integers (i.e. all instances of recurrence are
consistent and give integers)

*The equivalence is explicit, as in rank 1
*Can be generalised to arbitrary rank
*Proof involves intricate calculations




» Corollary (Divisibility condition)

Let p be a prime of good reduction for E. Then
{veZ x7Z:p|\Wgz} is a sublattice of Z x Z.

* Corollary (Independence in Mordell-Weil)

Let P, @ € E(Q). Then P and @ are independent
if and only if W, ,, # 0 for all (m,n) # (0,0)

in the associated elliptic divisibility net.
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